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SURGXFWLYLW\� JDLQV�ORVVHV� LQ� WKH� SURGXFWLRQ� RI� DW� OHDVW� SDUW� RI� LWV� LQSXWV�� %RWK� WKH

GLUHFW�UDWH�RI�VHFWRUDO�SURGXFWLYLW\�JURZWK�DV�ZHOO�DV�DOO�WKH�HIIHFWLYH�UDWHV�GHULYHG�LQ

WKH�VWDWLF�LQSXW�RXWSXW�IUDPHZRUN�DUH�HTXDO�WR�WKH�UHODWLYH�GHFUHDVH�LQ�WKH�SURGXFWLRQ

SULFH�RI� WKH�RXWSXW�RI� WKH�VHFWRU��)RU� WKH� WUDGLWLRQDO�GLUHFW�PHDVXUH� DOO� LQSXW�SULFHV

KDYH� WR� EH� WUHDWHG� DV� H[RJHQRXV� FRQVWDQWV�� ,Q� WKH� FDVH� RI� WKH� HIIHFWLYH�PHDVXUHV�

SULFHV� RI� WKH� LQSXWV� UHJDUGHG� DV� SURGXFHG� DUH� WUHDWHG� DV� YDULDEOHV� GHSHQGLQJ� RQ

SURGXFWLRQ� WHFKQRORJ\�� ZKLOH� WKH� UHVW� RI� WKH� LQSXW� SULFHV� DUH� VWLOO� H[RJHQRXV

FRQVWDQWV�

7KH� IXOO\� HIIHFWLYH� UDWH� RI� VHFWRUDO� SURGXFWLYLW\� JURZWK� LV� GHULYHG� IURP� WKH� SULFH

HTXDWLRQV�RI�WKH�FORVHG�G\QDPLF�LQSXW�RXWSXW�PRGHO�DIWHU� WKDW� WKH�DEVROXWH� OHYHO�RI

WKH�UHODWLYH�SULFHV�KDV�EHHQ�IL[HG�� ,W� LV� HTXDO� WR� WKH� UDWH�RI�GHFUHDVH� LQ� WKH�VHFWRUDO

SURGXFWLRQ� SULFH� ZKHQ� WKH� SULFHV� RI� DOO� LQSXWV�� KXPDQ� FDSLWDO� DQG� KXPDQ� WLPH

LQFOXGHG�� GHSHQG� RQ� SURGXFWLRQ� WHFKQRORJ\�� ,W� FDQ� EH� LQWHUSUHWHG� DV� WKH� UDWH� RI

FKDQJH�LQ�WKH�TXDQWLW\�RI�JURZWK�SRWHQWLDO�RI�WKH�HFRQRP\�XVHG�XS�SHU�XQLW�RI�RXWSXW

LQ� WKH� VHFWRU�� 7KH� RYHUDOO� UDWH� REWDLQHG� DV� D� ZHLJKWHG� VXP� RI� WKH� IXOO\� HIIHFWLYH

VHFWRUDO�UDWHV�LV�HTXDO�WR�WKH�UHODWLYH�FKDQJH�LQ�WKH�JURZWK�SRWHQWLDO�RI�WKH�HFRQRP\�
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7KH�LPSDFW�RI�WHFKQLFDO�FKDQJH�RQ�WKH�HIILFLHQF\�RI�SURGXFLQJ�WKH�ILQDO�RXWSXW�RI�D

VHFWRU�LV�QRW�OLPLWHG�WR�WKH�GLUHFW�SURGXFWLYLW\�FKDQJH�RULJLQDWLQJ�LQ�LW��7KH�HIIHFWLYH

UDWH�RI�SURGXFWLYLW\�FKDQJH�LQWURGXFHG�E\�+XOWHQ��������WDNHV�LQWR�DFFRXQW�WKH�IDFW

WKDW�WKLV�LPSDFW�GHSHQGV�DOVR�RQ�SURGXFWLYLW\�JDLQV�ORVVHV�REWDLQHG�LQ�WKH�SURGXFWLRQ

RI� LQWHUPHGLDWH� LQSXWV� IRU� WKH� VHFWRU�� 7KH� WHUP� �HIIHFWLYH�� ZDV� XVHG� E\�+XOWHQ� WR

SRLQW� RXW� WKH� DQDORJ\�ZLWK� HIIHFWLYH� WD[� LQFLGHQFH�� ,Q� IDFW� LW� ZDV� REYLRXV� DOUHDG\

IURP�WKH�DJJUHJDWLRQ�UXOH�GHULYHG�E\�'RPDU��������WKDW�WKH�FRQWULEXWLRQ�RI�D�VHFWRU

WR� WKH� RYHUDOO� SURGXFWLYLW\� JURZWK� GHSHQGV� EHVLGHV� WKH� GLUHFW� SURGXFWLYLW\� JURZWK

ZLWKLQ�LW�DOVR�RQ�WKH�FKDQJHV�LQ� WKH�HIILFLHQF\�LQ� WKH�SURGXFWLRQ�RI� LWV� LQWHUPHGLDWH

LQSXWV��+XOWHQ��������SURYHG�WKDW�D�ZHLJKWHG�DYHUDJH�RI�KLV�HIIHFWLYH�UDWHV�SURGXFHG

WKH� VDPH� DJJUHJDWH� UDWH� RI� 7)3� JURZWK� DV� WKH� 'RPDU� ������� DJJUHJDWLRQ� RI� WKH

GLUHFW�UDWHV�

7KH�LGHD�RI�WUHDWLQJ�LQWHUPHGLDWH� LQSXWV�DV�SURGXFHG�LQSXWV� LQ�VHFWRUDO�SURGXFWLYLW\

DQDO\VLV� KDV� EHHQ� GHYHORSHG� IXUWKHU� LQ� WKH� LQSXW�RXWSXW� IUDPHZRUN� E\� 3HWHUVRQ

��������:ROII��������DQG�&DV�DQG�5\PHV���������7KH�ORJLFDO�QH[W�VWHS��WDNHQ�E\�DOO

RI� WKHP�� LV� WR� UHJDUG� DOVR� SK\VLFDO� FDSLWDO� DV� SURGXFHG�� :KHQ� UHVWULFWHG� WR

UHSODFHPHQW� RI� IL[HG� FDSLWDO� �:ROII�� ������ WKLV� FDQ� EH� GRQH� LQ� D� UDWKHU

VWUDLJKWIRUZDUG�PDQQHU��SURYLGHG�WKDW�GHSUHFLDWLRQ�LV�LQ�IL[HG�SURSRUWLRQ�WR�RXWSXW�

,QFOXGLQJ� DOVR� WKDW�SDUW�RI� FDSLWDO� LQSXW��ZKLFK�PDWHULDOLVHV� LQ�FDSLWDO� VWRFNV�EHLQJ

WLHG�XS�LQ�WKH�SURGXFWLRQ�SURFHVV��LV�PRUH�SUREOHPDWLF��3HWHUVRQ��������VXJJHVWV�WKLV

WR�EH�GRQH�E\� WUHDWLQJ� JURVV� DGGLWLRQV� WR� FDSLWDO� VWRFN� DV�SURGXFHG� LQSXW��&DV� DQG

5\PHV��������KDYH�D�VDPH�W\SH�RI�DSSURDFK�

,Q�WKLV�SDSHU�LW�LV�GHPRQVWUDWHG�WKDW�WKH�FORVHG�G\QDPLF�LQSXW�RXWSXW�PRGHO�SURYLGHV

DQ�DSSURSULDWH�IUDPHZRUN�IRU�WUHDWLQJ�HYHQ�FDSLWDO�VWRFNV�WLHG�XS�LQ� WKH�SURGXFWLRQ

SURFHVV� DV� SURGXFHG� LQSXWV� LQ� SURGXFWLYLW\� DQDO\VLV�� ,W�PDNHV� LW� DOVR� SRVVLEOH�� DQG

HYHQ�QHFHVVDU\�� WR� LQFOXGH�KXPDQ�FDSLWDO� DQG�KXPDQ� WLPH�DV�ZHOO� �VHH� H�J��$XOLQ�

$KPDYDDUD���������7KLV�RQ� WKH�RWKHU�KDQG� LV�DOVR�DQ�REYLRXV�FRQFOXVLRQ� IURP� WKH

WHQGHQF\� RI� UHJDUGLQJ�PRUH� DQG�PRUH� LQSXWV� DV� SURGXFHG� LQ� VHFWRUDO� SURGXFWLYLW\

DQDO\VLV��7KHUHIRUH�LW�LV�RQO\�ORJLFDO�IRU�WKLV�SDSHU�WR�HQG�XS�LQWURGXFLQJ�D�VHFWRUDO

SURGXFWLYLW\�PHDVXUH�EDVHG�RQ�WKH�FORVHG�G\QDPLF�LQSXW�RXWSXW�PRGHO�

7KH�SDSHU�VWDUWV�E\�VKRZLQJ�WKDW�WKH�WUDGLWLRQDO�GLUHFW�UDWH�RI�VHFWRUDO�7)3�JURZWK�LV�

LQ�VWDWLF� LQSXW�RXWSXW�IUDPHZRUN��HTXLYDOHQW� WR� WKH�UHODWLYH�GHFUHDVH� LQ� WKH�SULFH�RI

RXWSXW�RI�WKH�VHFWRU�ZKHQ�DOO�WKH�LQSXW�SULFHV�DUH�WUHDWHG�DV�H[RJHQRXV�FRQVWDQWV��,W

FDQ�EH�GHULYHG�GLUHFWO\�IURP�WKH�SULFH�HTXDWLRQ�RI�WKH�LQSXW�RXWSXW�PRGHO��,W�JRHV�RQ

E\�VKRZLQJ�WKDW�DOO�WKH�GLIIHUHQW�HIIHFWLYH�UDWHV�VHFWRUDO�SURGXFWLYLW\�JURZWK�FDQ�DOVR

EH� GHULYHG� LQ� WKH� VDPH� ZD\� GLUHFWO\� IURP� WKLV� VDPH� SULFH� HTXDWLRQ�� 7KH� RQO\

GLIIHUHQFH�LV�WKDW�LQ�FDVH�RI�WKH�HIIHFWLYH�UDWHV�WKH�SULFHV�RI�DOO�WKH�LQSXWV�UHJDUGHG�DV

SURGXFHG�DUH�WUHDWHG�DV�YDULDEOHV�GHSHQGLQJ�RQ�SURGXFWLRQ�WHFKQRORJ\��ZKLOH�WKH�UHVW

RI�WKH�LQSXW�SULFHV�DUH�VWLOO�WUHDWHG�DV�H[RJHQRXV�FRQVWDQWV�

)LQDOO\��LQ�VHFWLRQ���DQ�HIIHFWLYH�UDWH�RI�VHFWRUDO�SURGXFWLYLW\�JURZWK�LV�GHULYHG�IURP

WKH�SULFH�HTXDWLRQ�RI�WKH�FORVHG�G\QDPLF�LQSXW�RXWSXW�PRGHO�DIWHU�WKDW� WKH�DEVROXWH

OHYHO�RI�WKH�UHODWLYH�SULFHV�KDV�EHHQ�IL[HG��,Q�WKLV�FDVH�WKH�SULFHV�RI�DOO�LQSXWV��KXPDQ
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FDSLWDO�DQG�KXPDQ�WLPH�LQFOXGHG��DUH�WUHDWHG�DV�YDULDEOHV��7KHUHIRUH�WKLV�UDWH�LV�KHUH

FDOOHG� WKH� IXOO\� HIIHFWLYH� UDWH� RI� VHFWRUDO� SURGXFWLYLW\� FKDQJH�� 7KH� RYHUDOO� UDWH

REWDLQHG�DV�D�ZHLJKWHG�DYHUDJH�RI�WKHVH�IXOO\�HIIHFWLYH�VHFWRUDO�UDWHV�LV�VKRZQ�WR�EH

HTXDO�WR�WKH�UHODWLYH�FKDQJH�LQ�WKH�EDODQFHG�UDWH�RI�JURZWK�SRVVLEOH�IRU�DQ�HFRQRP\

XWLOLVLQJ�WKH�SURGXFWLRQ�WHFKQRORJ\�UHSUHVHQWHG�E\�WKH�WZR�WHFKQRORJLFDO�PDWULFHV�
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LQSXWV�

7KH� UDWH� RI� GLUHFW� VHFWRUDO� SURGXFWLYLW\� JURZWK� LV� WUDGLWLRQDOO\� GHILQHG� DV� WKH

GLIIHUHQFH�RI�WKH�JURZWK�UDWHV�RI�WKH�RXWSXW�DQG�WKH�LQSXWV�
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)URP�WKLV�IRUP�LW�LV�HDV\�WR�VHH�WKDW�WKH�LQGH[�RI�VHFWRUDO�IDFWRU�SURGXFWLYLW\�FKDQJH

DFWXDOO\�LV�D�FRQWLQXRXV�DQDORJXH�RI�WKH�/HRQWLHI��������LQGH[�RI�VWUXFWXUDO�FKDQJH�

7KH� ODWWHU�� LQ� LWV� RULJLQDO� GLVFUHWH� IRUP�� LV� HTXDO� WR� WKH� ZHLJKWHG� DYHUDJH� RI� WKH

UHODWLYH�FKDQJHV� LQ� WKH� LQSXW� FRHIILFLHQWV� �ERWK� LQWHUPHGLDWH� DQG�SULPDU\��ZLWK� WKH

DYHUDJH�VKDUHV�RI�WKH�LQSXWV�LQ�WRWDO�LQSXW��RU�RXWSXW��DV�ZHLJKWV�

7KH�IRUPXOD�LQ������FDQ�EH�VLPSOLILHG��E\�XWLOLVLQJ�����DQG�������WR
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2Q� WKH� DVVXPSWLRQ� WKDW� DOO� WKH� LQSXW� SULFHV� LQ� ����� DUH� H[RJHQRXV� FRQVWDQWV

GLIIHUHQWLDWLQJ�LW��ZLWK�UHVSHFW�WR�WLPH��DQG�PXOWLSO\LQJ�ERWK�VLGHV�E\� �S−− Ö �JLYHV�WKH

HTXDWLRQ������GLUHFWO\��7KXV�ZH�KDYH�

5HVXOW����7KH�WUDGLWLRQDO�GLUHFW�PHDVXUH�RI�VHFWRUDO�7)3�JURZWK�LQ�����LV�HTXLYDOHQW

WR�WKH�UHODWLYH�GHFUHDVH�LQ�WKH�SURGXFWLRQ�SULFH��XQLW�SURGXFWLRQ�FRVW��RI�WKH�RXWSXW�RI

WKH� VHFWRU� LQ� HTXDWLRQ� ������ ZKHQ� DOO� WKH� LQSXW� SULFHV� DUH� WUHDWHG� DV� H[RJHQRXV

FRQVWDQWV
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3DUW�RI�WKH�RXWSXW�RI�D�VHFWRU�FDQ�EH�XVHG�DV�DQ�LQWHUPHGLDWH�LQSXW�ZLWKLQ�WKH�VHFWRU

LWVHOI��7KLV�DGGV�WR�WKH�LPSDFW�RI�WHFKQRORJLFDO�FKDQJH�RQ�WKH�SURGXFWLYLW\�JURZWK�LQ

WKH�VHFWRU��:KHQ�WKH�FKDQJH�LQ�SURGXFWLRQ�SULFH�RI�WKH�RXWSXW�RI�WKH�VHFWRU�XVHG�DV

LQSXW� E\� WKH� VHFWRU� LWVHOI� LV� WDNHQ� LQWR� DFFRXQW�� WKH� UHODWLYH� FKDQJH� LQ� WKH� XQLW

SURGXFWLRQ�FRVW�EHFRPHV�
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7KH�ULJKW�KDQG�VLGH�RI�WKH�VHFRQG�HTXDWLRQ�LQ������LV�WKH�QHJDWLYH�RI�WKH�PHDVXUH�RI

WRWDO� IDFWRU� SURGXFWLYLW\� JURZWK� LQ� ZKLFK� WKH� SURGXFWLYLW\� JDLQV�ORVVHV� ZLWKLQ� WKH

VHFWRU� M� LWVHOI� KDYH� EHHQ� WDNHQ� LQWR� DFFRXQW�� VXJJHVWHG� E\� &DV� DQG� 5\PHV� ������

S������ 7KH� GHULYDWLRQ� RI� WKH� HTXDWLRQ� ����� VKRZV� WKDW� LW� LV� HTXDO� WR� WKH� UHODWLYH

GHFUHDVH� LQ� WKH�XQLW�SURGXFWLRQ�FRVW�� ,Q� WKLV� FDVH� WKH�SULFH�RI� WKH� LQSXW�RULJLQDWLQJ

IURP� WKH� VHFWRU� LWVHOI� LV� DOORZHG� WR� FKDQJH� DORQJ�ZLWK� WKH� SURGXFWLRQ� WHFKQRORJ\�

ZKLOH�DOO�WKH�RWKHU�LQSXW�SULFHV�DUH�WUHDWHG�DV�FRQVWDQWV�

%XW�DOO�WKH�LQWHUPHGLDWH�LQSXWV�DUH�DFWXDOO\�SURGXFHG�E\�WKH�SURGXFWLRQ�V\VWHP�DQG

WKHLU�SULFHV�DUH�GHWHUPLQHG�VLPXOWDQHRXVO\�E\�WKH�V\VWHP�RI�HTXDWLRQV�LQ�������7KXV

WKH�ORJLFDO�QH[W�VWHS�LV�WR�OHW�DOO�WKH�SURGXFW�SULFHV�WR�FKDQJH�ZKLOH�NHHSLQJ�WKH�IDFWRU

SULFHV�FRQVWDQW��)RU�WKLV�SXUSRVH�WKH�SURGXFW�SULFHV�DUH�H[SUHVVHG�DV�D�IXQFWLRQ�RI�WKH

LQSXW�FRHIILFLHQWV�
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����� �γµ UZ +=S

ZKHUH

���� �������DQG���� �� $,N$,O −− −=−= γµ
7KH�HOHPHQWV� M�DQG� γµ

M
�RI� WKH�WZR�URZ�YHFWRUV� γµ �DQG� � LQ� ����� UHSUHVHQW� WKH� WRWDO

UHTXLUHPHQWV�RI�ODERXU�DQG�FDSLWDO�SHU�XQLW�RI�ILQDO�RXWSXW�LQ�VHFWRU�M�

'LIIHUHQWLDWLQJ�������DQG�SRVWPXOWLSO\LQJ�E\� �Ö −
S �\LHOGV

���� ���ORJ�Ö��ORJ  WSS � GGUZGG −=+= −γµ

+HUH� W LV�WKH�URZ�YHFWRU�ZLWK�HOHPHQWV�LGHQWLFDO�ZLWK�WKH�UDWH�RI��LQYHUVH��WHFKQLFDO

FKDQJH� DV�GHILQHG�E\�:ROII� ��������6XEVWLWXWLQJ� ����� LQ� ����� UHYHDOV� WKDW� WKH\� DUH

DOVR�LGHQWLFDO�ZLWK�WKH�7)3�JURZWK�UDWHV�IRU�WKH�YHUWLFDOO\�LQWHJUDWHG�VHFWRUV�GHILQHG

E\�3HWHUVRQ���������2Q�WKH�RWKHU�KDQG�GLIIHUHQWLDWLQJ�WKH�RULJLQDO�SULFH�HTXDWLRQ�����

NHHSLQJ�RQO\�WKH�SULFHV�RI�FDSLWDO�DQG�ODERXU�FRQVWDQW�JLYHV

�����Ö��ORJ  �S$SNO$SS −+++= GUGZGGG

DQG��IXUWKHUPRUH

���� ��ORJ�Ö����ORJ  WS$,NOZ$SS �� GUGGGG −=−++= −−

7KH�HTXLYDOHQFH�ZLWK������FDQ�EH�HVWDEOLVKHG�E\�VXEVWLWXWLQJ

������DQG������� $$,$$, GGGNGGGO γγµµ −−=−−=
FDOFXODWHG�IURP�������LQWR������DQG��WKHQ�VLPSOLI\LQJ�DQG��PDNLQJ�XVH�RI������

7KH� UHODWLRQVKLS� EHWZHHQ� WKH� WUDGLWLRQDO� GLUHFW� PHDVXUH� DQG� WKH� HIIHFWLYH� UDWH� RI

VHFWRUDO�SURGXFWLYLW\�FKDQJH�FDQ�HDVLO\�EH�HVWDEOLVKHG��3RVW�PXOWLSO\LQJ�ERWK�VLGHV�RI

HTXDWLRQ������E\�SÖ �DQG�VXEVWLWXWLQJ�WKH�UHVXOW�LQ������JLYHV

����� ���Ö��ÖORJORJ  ��S$,SWW −−−= GG

ZKLFK�LV�LQ�DJUHHPHQW�ZLWK�:ROII��������DQG�VKRZV�WKDW�WKH�HIIHFWLYH�UDWH�GHILQHG�LQ

����� LV�DOVR�HTXLYDOHQW�ZLWK�WKH��QHZ�PHDVXUH��RI�&DV�DQG�5\PHV��������S������ LQ

FDVH�RQO\�LQWHUPHGLDWH�LQSXWV�DUH�WUHDWHG�DV�SURGXFHG�LQSXWV��7KXV�ZH�KDYH�

5HVXOW� ��� $OO� WKH� HIIHFWLYH� � UDWHV� RI� VHFWRUDO� SURGXFWLYLW\� JURZWK� LQ� ZKLFK

LQWHUPHGLDWH�LQSXWV�DUH�WUHDWHG�DV�SURGXFHG�LQSXWV�DUH�HTXDO�WR�WKH�UHODWLYH�GHFUHDVH

LQ�WKH�XQLW�SURGXFWLRQ�FRVW�RU�SURGXFWLRQ�SULFH�ZKHQ�WKH�SULFHV�RI�LQWHUPHGLDWH�LQSXWV

DUH� DOORZHG� WR� EH� GHWHUPLQHG� E\� SURGXFWLRQ� WHFKQRORJ\�� 7KH� IRUPXOD� IRU� WKLV

HIIHFWLYH�UDWH�RI�VHFWRUDO�7)3�JURZWK�FRXOG�EH�GHULYHG�GLUHFWO\�E\�GLIIHUHQWLDWLQJ�WKH

RULJLQDO�SULFH�HTXDWLRQ������E\�WUHDWLQJ�WKH�SULFHV�RI�LQWHUPHGLDWH�LQSXWV�DV�YDULDEOHV

GHSHQGLQJ�RQ�SURGXFWLRQ�WHFKQRORJ\�DQG�WKH�SULFHV�RI�SULPDU\�LQSXWV�DV�H[RJHQRXV

FRQVWDQWV�

1RWH��$W�WKH�OHYHO�RI�D�QDWLRQDO�HFRQRP\�LQWHUPHGLDWH�LQSXWV�FDQFHO�HDFK�RWKHU�RXW�

7KHUHIRUH�WUHDWLQJ�WKHP�DV�SURGXFHG�LQSXWV�GRHV�QRW�KDYH�DQ\�HIIHFW�RQ�WKH�PHDVXUH

RI�RYHUDOO�7)3�JURZWK�LQ������6ROYLQJ�HTXDWLRQ������IRU� WORJG �DQG�VXEVWLWXWLQJ�WKH

UHVXOW�LQWR�����JLYHV�E\������WKH�IROORZLQJ�DJJUHJDWLRQ�UXOH�

���� ��ÖORJ��ORJ  <SWS< �G7G −=
7KLV� LV� LGHQWLFDO�ZLWK�WKH�DJJUHJDWLRQ�UXOH�JLYHQ�E\�+XOWHQ�������� IRU�KLV�HIIHFWLYH

UDWHV��,W�LV�DOVR�LGHQWLFDO�ZLWK�WKH�DJJUHJDWLRQ�UXOH�JLYHQ�E\�3HWHUVRQ��������IRU�WKLV

7)3�JURZWK� UDWHV� IRU� WKH�YHUWLFDOO\� LQWHJUDWHG� VHFWRUV�� DV�ZHOO� DV� WKH�RQH� JLYHQ�E\
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:ROII��������IRU�WKH�UDWHV�RI��LQYHUVH��WHFKQLFDO�FKDQJH�DQG�&DV�DQG�5\PHV�������

IRU� WKHLU� �QHZ�PHDVXUH�� �LQ� FDVH� RQO\� LQWHUPHGLDWH� LQSXWV� DUH� WUHDWHG� DV� SURGXFHG

LQSXWV���7KLV� LV� QDWXUDO� VLQFH� DOO� WKHVH�PHDVXUHV� DUH�� DV�ZDV� VKRZQ� LQ� WKLV� VHFWLRQ�

HTXLYDOHQW� WR� WKH�QHJDWLYH�RI� WKH� UDWH�RI� FKDQJH� LQ� VHFWRUDO� SURGXFWLRQ� SULFH�ZKHQ

SULFHV�RI�LQWHUPHGLDWH�LQSXWV�DUH�GHWHUPLQHG�E\�SURGXFWLRQ�WHFKQRORJ\�ZKLOH�SULFHV

RI�SULPDU\�LQSXWV�DUH�H[RJHQRXV�FRQVWDQWV�

��� (IIHFWLYH�UDWHV������&DSLWDO�DV�SURGXFHG�LQSXW

7KH�GHILQLWLRQ�RI�FDSLWDO�LQSXW�KDV�VR�IDU�QRW�EHHQ�GLVFXVVHG�LQ�WKLV�SDSHU��,W�ZLOO�EH

GLVFXVVHG� KHUH� RQO\� WR� WKH� H[WHQW� WKDW� LV� QHFHVVDU\� IRU� WKH� H[SRVLWLRQ� RI� WKH� LGHDV

SUHVHQWHG� LQ� WKLV� SDSHU�� 2EYLRXVO\� FDSLWDO� LQSXW� KDV� WR� EH�� LQ� RQH� ZD\� RU� RWKHU�

UHODWHG�WR�WKH�FDSLWDO�VWRFN�LQYROYHG�LQ�WKH�SURGXFWLRQ�SURFHVV��/LNHZLVH�LW�LV�HYLGHQW

WKDW� WKH� SK\VLFDO� FDSLWDO� LQSXW� FRQVLVWV� EHVLGHV� IL[HG� FDSLWDO� DOVR� RI� LQYHQWRULHV� RI

UDZ� PDWHULDOV� DV� ZHOO� DV� WKRVH� RI� VHPL� ILQLVKHG� DQG� HYHQ� ILQLVKHG� JRRGV

LQGLVSHQVDEOH�IRU�UXQQLQJ�WKH�SURGXFWLRQ�SURFHVV��7KH�OHYHO�RI�WKH�LQYHQWRULHV�LV�SDUW

RI�WKH�GHVFULSWLRQ�RI�WKH�SURGXFWLRQ�WHFKQRORJ\��,Q�IDFW�DV�'RPDU�>������S�����@�KDV

SRLQWHG� RXW� �WKH� GLVWLQFWLRQ� EHWZHHQ� UDZ� PDWHULDOV� DQG� VKRUW�OLYHG� FDSLWDO� LV

DUELWUDU\��DQG�LW�FDQ�EHFRPH�WURXEOHVRPH�LI�WKH�OHQJWK�RI�WKH�WLPH�SHULRG�LV�FKDQJHG

�IURP�D�\HDU�WR�D�GHFDGH�DQG�YLFH�YHUVD��IRU�LQVWDQFH���� �$V�WR�WKH�LQWDQJLEOH�DVVHWV

WKH� RQHV� WKDW� DUH� FRQVXPHG� LQ� WKH� SURGXFWLRQ� SURFHVV� DQG� WKHUHIRUH� KDYH� WR� EH

UHSURGXFHG�VRRQHU�RU�ODWHU�VKRXOG�EH�LQFOXGHG��7KRVH�DVVHWV�WKDW�DUH�XVHG�WR�LPSURYH

SURGXFWLRQ�WHFKQRORJ\��L�H��WR�FKDQJH�WKH�PRPHQWDU\�YDOXH�RI�SURGXFWLYLW\�ZKLFK�LV

EHLQJ�PHDVXUHG��VKRXOG�REYLRXVO\�EH�H[FOXGHG�

6RPH�DXWKRUV�GUDZ�DQ�DQDORJ\�EHWZHHQ�FDSLWDO�LQSXW�DQG�ODERXU�LQSXW��&DSLWDO�LQSXW

LV�VHHQ�DV�VHUYLFHV�RI�FDSLWDO�LQ�WKH�VDPH�ZD\�DV�ODERXU�LQSXW�LQYROYHV�WKH�VHUYLFHV�RI

ZRUN�IRUFH��-RUJHQVRQ�HW�DO���������S��������7KHUH�LV�KRZHYHU�D�VLJQLILFDQW�GLIIHUHQFH

EHWZHHQ� WKHVH� WZR� W\SHV�RI� LQSXW��7KH�SURGXFWLRQ�XQLW� WKDW� XVHV� ODERXU� LQSXW�GRHV

QRW�RZQ�WKH��KXPDQ��FDSLWDO�QHHGHG�WR�SURGXFH�WKDW�LQSXW��,W�EX\V�SDUW�RI�WKH�VHUYLFHV

RI�WKH�XQLW�RI�KXPDQ�FDSLWDO�QHHGHG�WR�SURGXFH�ODERXU��,W�LV�RI�FRXUVH�SRVVLEOH�WR�EX\

VHUYLFHV� RI� SK\VLFDO� FDSLWDO� DV� ZHOO�� %XW� WKHQ� WKH\� DUH� WUHDWHG� DV� DQ� RXWSXW� RI� D

VHSDUDWH� DFWLYLW\�� FDOOHG� RSHUDWLQJ� OHDVLQJ�� LQ� WKH� 61$�� ,Q� WKLV� SDSHU� ODERXU� LV

UHJDUGHG� DV� DQ� RXWSXW� RI� WKH� KRXVHKROG� VHFWRU�� $FFRUGLQJO\� WKH� KXPDQ� FDSLWDO

QHHGHG�WR�SURGXFH�ODERXU�EHORQJV�WR�WKH�KRXVHKROGV��,Q�WKLV�VHQVH�ODERXU�LQSXW�KDV�D

FORVHU� UHVHPEODQFH� WR�RSHUDWLQJ� OHDVLQJ� WKDQ� WR� WKH� FDSLWDO� LQSXW�SURSHU��7KHUHIRUH

KXPDQ�FDSLWDO� WKDW� LV� WLHG�XS� LQ� WKH�ZRUNIRUFH�ZLOO�QRW�� LQ� WKLV�SDSHU��EH� WUHDWHG�DV

SDUW�RI�WKH�FDSLWDO�LQSXW�XQWLO�ODERXU�LV�WUHDWHG�DV�D�SURGXFW��ZKLFK�WDNHV�SODFH�LQ�WKH

QH[W�VHFWLRQ�

&DSLWDO�LQSXW�FDQ�EH�GLYLGHG�LQWR�WZR�GLIIHUHQW�SDUWV�����GHSUHFLDWLRQ�RI�IL[HG�FDSLWDO

DQG� ��� WKH� SUHVHQFH� RI� FDSLWDO� DW� WKH� SURGXFWLRQ� SURFHVV�� L�H�� NHHSLQJ� WKH� FDSLWDO

VWRFNV� �IL[HG�FDSLWDO� DQG� LQYHQWRULHV�� WLHG�XS� LQ� WKH�SURGXFWLRQ�SURFHVV��8WLOLVDWLRQ

UDWH�RI�FDSLWDO�VWRFN�LV�KHUH�WUHDWHG�DV�D�SURSHUW\�RI�WKH�SURGXFWLRQ�WHFKQRORJ\��7KH

IDLOXUH�RI�D�VHFWRU�WR�DGDSW�LWV�FDSLWDO�VWRFNV�WR�WKH�YDULDWLRQ�RI�ILQDO�GHPDQG��RU�YLFH

YHUVD�� LV� LQGLFDWLYH� RI� LQHIILFLHQF\�� � 7KLV� PHDQV� WKDW� WKH� SRVVLEOH� HIIHFW� RI� WKH

XWLOLVDWLRQ� UDWH� RQ� WKH� GHFD\� RI� IL[HG� FDSLWDO� KDV� WR� EH� WDNHQ� LQWR� DFFRXQW� LQ

PHDVXULQJ�GHSUHFLDWLRQ��2Q�WKH�RWKHU�KDQG�DOO� WKH�FDSLWDO�VWRFNV�WKDW�DUH�SUHVHQW� LQ
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WKH�SURGXFWLRQ�SURFHVV�DQG�DUH�QRW�DW�WKH�VDPH�WLPH�XVHG�WR�SURGXFH�VRPHWKLQJ�HOVH

DUH�SDUW�RI�WKH�FDSLWDO�VWRFN�WLHG�XS�LQ�WKH�SURGXFWLRQ�SURFHVV�

,I�WKDW�SDUW�RI�FDSLWDO�VWRFN�WKDW�KDV�GHSUHFLDWHG�GXULQJ�D�SHULRG�LV�UHSODFHG�GXULQJ�WKH

VDPH�SHULRG��LW�LV�UDWKHU�QDWXUDO�WR�WUHDW�GHSUHFLDWLRQ�RU�UHSODFHPHQW�UHTXLUHPHQWV�DV

D� SURGXFHG� LQSXW�� 7KLV� FDQ� EH� GRQH�� IROORZLQJ� :ROII� �������� E\� DGGLQJ� WR� WKH

SURGXFWLRQ�V\VWHP�D�QHZ�VHFWRU��7KH�RXWSXW�RI� WKLV�VHFWRU� LV��FDSLWDO��� ,W�XVHV�RQO\

SURGXFWV� RI� WKH� UHVW� RI� WKH� VHFWRUV� DV� LQSXWV�� ,W� GRHVQ
W� QHHG� DQ\� FDSLWDO� RU� ODERXU

LQSXWV�LWVHOI��7KH�EDODQFH�HTXDWLRQV�RI�SURGXFW�PDUNHW�LQ�WKH�DXJPHQWHG�V\VWHP�DUH

���� �������� 
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ZKHUH J �LV�WKH�URZ�YHFWRU�VKRZLQJ�WKH�DPRXQW�RI�FDSLWDO�VWRFN�UHSODFHG�SHU�XQLW�RI

VHFWRUDO�RXWSXW�DQG

K LV�WKH�FROXPQ�YHFWRU�VKRZLQJ�WKH�LQWHU�LQGXVWU\�LQSXWV�UHTXLUHG�WR�SURGXFH

RQH�XQLW�RI�FDSLWDO�VWRFN�

7KH�ILUVW�HTXDWLRQ�LQ������FDQ�EH�UHZULWWHQ�DV�IROORZV�

���� �������
a

;KJ$,J;K<< −−=−=
ZKHUH� <

a
LV�WKDW�SDUW�RI�WKH�RULJLQDO�ILQDO�RXWSXW�YHFWRU�WKDW�LV�QRW�QHHGHG�WR�UHSODFH

GHSUHFLDWLRQ�RI�IL[HG�FDSLWDO�

7KH�SULFH�HTXDWLRQV�RI�WKLV�DXJPHQWHG�V\VWHP�DUH�

���� [ ] [ ] [ ]��aaaa �O
�J

K$
SUS ZU +
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RU�HTXLYDOHQWO\

���� �aa��DQG����aaa KSOJ$SS =++= UZU

RU��DIWHU�VXEVWLWXWLRQ�RI�WKH�VHFRQG�HTXDWLRQ�WR�WKH�ILUVW�RQH�

����� ������aa OKJ$SS Z++=
,Q������WKH�SULFH�RI�FDSLWDO� Ua LV�H[SUHVVHG�DV�D�ZHLJKWHG�VXP�RI�SURGXFW�SULFHV�ZLWK

WKH�LQWHUPHGLDWH�LQSXW�FRHIILFLHQWV�WR�WKH�VHFWRU�SURGXFLQJ�FDSLWDO�DV�ZHLJKWV��6LQFH

FDSLWDO�LV�QRZ�WUHDWHG�DV�SURGXFHG�LQSXW�WKHVH�LQWHUPHGLDWH�LQSXW�FRHIILFLHQWV�DUH�SDUW

RI�WKH�GHVFULSWLRQ�RI�SURGXFWLRQ�WHFKQRORJ\�LQ������DQG�WKH�SULFH�RI�FDSLWDO�GRHV�QRW

H[SOLFLWO\�DSSHDU�LQ�LW�

'LIIHUHQWLDWLQJ������RQ�WKH�DVVXPSWLRQ�WKDW�DOO�WKH�LQSXW�SULFHV�DUH�FRQVWDQW�\LHOGV

���� [ ] Öaaaa
ORJ �

SOKJS$SW
−++−= ZGGGG

ZKLFK� LV� DQDORJRXV� WR� WKH�GLUHFW� VHFWRUDO�PHDVXUHV� RI� SURGXFWLYLW\� JURZWK� LQ� �����

7RWDO�GLUHFW�DQG�LQGLUHFW�UHTXLUHPHQWV�RI� WKH�RQO\�SULPDU\�LQSXW�� ODERXU�SHU�XQLW�RI

ILQDO�RXWSXW��QRZ�DUH�HTXDO�WR
�KJ$,O −−−= ��aµ �

7KH�HIIHFWLYH�VHFWRUDO�UDWHV�RI�7)3�JURZWK�DQDORJRXVO\�WR������DQG������DUH�HTXDO�WR

����� �Öa�����aa��ÖaaaORJ
a

ORJ  ��� SKJ$,OKJS$SSSW −−− −−++=−=−= ZGGGZGGG µ
7KXV�ZH�KDYH�

5HVXOW� ���7KH� HIIHFWLYH� VHFWRUDO� UDWH� RI� SURGXFWLYLW\� JURZWK� LV� HTXDO� WR� WKH� UDWH� RI

GHFUHDVH� LQ� WKH� SURGXFWLRQ� SULFH� HYHQ�ZKHQ�� EHVLGHV� RUGLQDU\� LQWHUPHGLDWH� LQSXWV�
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DOVR�UHSODFHPHQW�UHTXLUHPHQWV�RI�IL[HG�FDSLWDO�DUH�WUHDWHG�DV�SURGXFHG�LQSXWV��,Q�WKLV

FDVH�WKH�SULFHV�RI�ERWK�RUGLQDU\�LQWHUPHGLDWH�DQG�UHSODFHPHQW�LQSXWV�DUH�DOORZHG�WR

FKDQJH� ZLWK� SURGXFWLRQ� WHFKQRORJ\� DQG� RQO\� WKH� SULFH� RI� WKH� VROH� SULPDU\� LQSXW

ODERXU�LV�NHSW�FRQVWDQW�

1RWH����,Q�WKH�PHDVXUHV�GHILQHG�E\�HTXDWLRQV������DQG������WKH�UHSODFHPHQW�RI�IL[HG

FDSLWDO� LV� WUHDWHG� VLPLODUO\� WR� LQWHUPHGLDWH� LQSXWV��7KH�RQO\�GLIIHUHQFH� LV� WKDW� IL[HG

FDSLWDO�RI�DOO�WKH�SURGXFWLRQ�VHFWRUV�KDV�H[DFWO\�WKH�VDPH�LQSXW�VWUXFWXUH�JLYHQ�E\�WKH

YHFWRU�K��7KLV� VKRUWFRPLQJ�FDQ�EH� HDVLO\�DYRLGHG�E\� UHSODFLQJ� WKH�PDWUL[�KJ�E\� D

QHZ� PDWUL[� RI� UHSODFHPHQW� FRHIILFLHQWV� 5�� � 5HSODFHPHQW� UHTXLUHPHQWV� RI� IL[HG

FDSLWDO�DUH�KRZHYHU�LQ�IL[HG�SURSRUWLRQ�WR�RXWSXW��DQG�DFFRUGLQJO\�FDQ�EH�WUHDWHG�DV�D

IHDWXUH� RI� SURGXFWLRQ� WHFKQRORJ\� RQO\�� LI� HLWKHU� JHRPHWULF� GHFD\� RI� FDSLWDO� LV

DVVXPHG�RU� LI� WKH� HFRQRP\� LV� LQ� D� VWDWH� RI� EDODQFHG� JURZWK�� ,Q� WKH� ODWWHU� FDVH� WKH

GHFD\�RI�FDSLWDO�VWRFN�FDQ�DVVXPH�DQ\�SDWWHUQ��VHH�$XOLQ�$KPDYDDUD��������

1RWH� ���7KH� VHFRQG� SDUW� RI� FDSLWDO� LQSXW�� L�H�� WKH� SUHVHQFH� RI� FDSLWDO� VWRFN� DW� WKH

SURGXFWLRQ� SURFHVV�� LV� QRW� WDNHQ� LQWR� DFFRXQW� LQ� WKH� PHDVXUHV� GHILQHG� E\� WKH

HTXDWLRQV� ����� DQG� ������ ,W� LV� SRVVLEOH� WR� JLYH� WKHVH� HTXDWLRQV� D� GLIIHUHQW

LQWHUSUHWDWLRQ��)ROORZLQJ�3HWHUVRQ��������WKH�YHFWRU�J�FDQ�EH�LQWHUSUHWHG�DV�WKH�JURVV

LQFUHDVH� LQ� FDSLWDO� VWRFN� SHU� XQLW� RI� RXWSXW� LQ� HDFK� VHFWRU�� %XW� LQ� WKLV� FDVH

FRHIILFLHQWV� J� RI� FRXUVH� GHSHQG� EHVLGHV� WKH� SURGXFWLRQ� WHFKQRORJ\� DOVR� RQ� WKH

JURZWK�RI�RXWSXW�LQ�HDFK�RI�WKH�VHFWRUV�

1RWH� ���$� VLPLODU� DSSURDFK� WR� LQFOXGH� WKH� VHFRQG� SDUW� RI� FDSLWDO� LQSXW� KDV� EHHQ

SUHVHQWHG�E\�&DV�DQG�5\PHV���������ZKR�ZDQW�WR�WUHDW�WKH�VHUYLFHV�RI��QHW��FDSLWDO

VWRFN� DV� SURGXFHG� LQSXWV�� 7KHLU� SULFH� HTXDWLRQV� �S�� ���� WDNH�� DIWHU� KDYLQJ� EHHQ

VLPSOLILHG� E\�PHUJLQJ� FDSLWDO� FRQVXPSWLRQ� DOORZDQFHV� ZLWK� RUGLQDU\� LQWHUPHGLDWH

LQSXWV��WKH�IROORZLQJ�IRUP

���� �OS(S$S Z++=
ZKHUH�(� LV� WKH�PDWUL[� RI� LQWHU� LQGXVWU\� FRHIILFLHQWV� RI� FDSLWDO� VHUYLFHV� SHU� XQLW� RI

RXWSXW�� � 7KH� GLUHFW� UDWHV� RI� VHFWRUDO� SURGXFWLYLW\� JURZWK� GHULYHG� IURP� WKLV� SULFH

HTXDWLRQ��DQDORJRXVO\�WR������QRZ�DUH
�SO(S$SW −++−= Ö��ORJ ZGGGG

7KH� HIIHFWLYH� UDWHV� ZKHQ� RQO\� WKH� SULFHV� RI� SULPDU\� LQSXWV� DUH� KHOG� FRQVWDQW� DUH

DQDORJRXVO\�WR�HTXDWLRQV������DQG������HTXDO�WR

�Ö�����ORJ  ��S($,O(S$SW −−−−++= ZGGGG

ZKHUH�WKH�UHODWLRQVKLS�EHWZHHQ�WKH�GLUHFW�PHDVXUH�DQG�HIIHFWLYH�RQH�LV� WKH�VDPH�DV

WKH�RQH�JLYHQ�E\�&DV�DQG�5\PHV��������S�������2Q�WKH�KDQG��&DV�DQG�5\PHV�������

S����

���� %( U=
ZKHUH�U� LV� WKH�XQLIRUP�UDWH�RI� UHWXUQ�RQ� FDSLWDO� DQG�%� WKH�PDWUL[�RI� LQWHU� LQGXVWU\

VWRFN�FRHIILFLHQWV��7KLV�LQGLFDWHV�WKDW�LQ�WKH�SURGXFWLYLW\�PHDVXUHV�DERYH�WKH�UDWH�RI

UHWXUQ�RQ�FDSLWDO�LV�WUHDWHG�DV�D�WHFKQRORJLFDO�SURSHUW\�RI�WKH�SURGXFWLRQ�V\VWHP��7KH

SUREOHP�LV�KRZ�MXVWLI\�WKLV�

��� )XOO\�HIIHFWLYH�UDWHV��$OO�SULFHV�GHWHUPLQHG�E\�SURGXFWLRQ�WHFKQRORJ\



�

,I� KRZHYHU� DOVR� ODERXU� �RU� PRUH� JHQHUDOO\� KXPDQ� WLPH�� LV� SURGXFHG� ZLWKLQ� WKH

V\VWHP�� WKHQ� WKH� LQSXW�RXWSXW�PRGHO� FDQ� EH� FORVHG�� 7KH� SURGXFWLRQ� RI� ODERXU� FDQ

VLPSO\� EH� LQFOXGHG� E\� DGGLQJ� RQH� URZ� DQG� FROXPQ� IRU� WKH� KRXVHKROG� VHFWRU� WR

PDWULFHV�$�DQG�%��%XW�EHVLGHV�WKH�VHUYLFHV�RI�KXPDQ�FDSLWDO��L�H��ODERXU��KRXVHKROGV

DOVR�SURGXFH�KXPDQ�FDSLWDO�LWVHOI��7KH�SURGXFWLRQ�RI�D�XQLW�RI�KXPDQ�FDSLWDO��FDSDEOH

RI�SURGXFLQJ�ODERXU��FDQ�WDNH�XS�WR����\HDUV��7KHUHIRUH�D�PRUH�DFFXUDWH�GHVFULSWLRQ

RI� WKH�SURGXFWLRQ� WHFKQRORJLHV�RI�GLIIHUHQW� W\SHV�RI� ODERXU� DQG�KXPDQ� FDSLWDO� �VHH

H�J�� $XOLQ�$KPDYDDUD�� ������ ZRXOG� LPSURYH� WKH� SUHFLVLRQ� RI� SURGXFWLYLW\

PHDVXUHPHQW�

7KH�RXWSXW�SURSRUWLRQV; �DQG�WKH�EDODQFHG�UDWH�RI�JURZWKλ RI�D�FORVHG�V\VWHP�DUH�

LI� WKH� HFRQRP\� LV� FDSDEOH� RI� EDODQFHG� JURZWK�� XQLTXHO\� GHWHUPLQHG� E\� WKH

WHFKQRORJLFDO�PDWULFHV�$�DQG�%�DV�IROORZV�

���� ��� ;%;$, λ=−
7KH� HTXLOLEULXP� SULFH� SURSRUWLRQV S �� DV� ZHOO� DV� WKH� QRUPDO� UDWH� RI� SURILW� λ �� DUH

GHWHUPLQHG�E\�WKH�WHFKQRORJLFDO�PDWULFHV��LQ�WKH�GXDO�V\VWHP�

���� ��%S$SS λ+=
,Q�D�VWHDG\�VWDWH�HTXLOLEULXP�WKH�QRUPDO�UDWH�RI�SURILW��GHWHUPLQHG�E\�SULFH�HTXDWLRQV�

DQG� WKH� EDODQFHG� UDWH� RI� JURZWK�� GHWHUPLQHG� E\� WKH� RXWSXW� HTXDWLRQV�� DUH� HTXDO�

7KHUHIRUH�WKH\�DUH�ERWK�KHUH�GHQRWHG�E\�λ �

7KH�IRUPXOD�IRU�GLUHFW�VHFWRUDO�UDWHV��ZLWK�DOO�WKH�LQSXW�SULFHV�KHOG�FRQVWDQW��FDQ�QRZ�

DQDORJRXVO\�WR�������EH�ZULWWHQ�DV�IROORZV�

���� ��Ö��ORJ �S%S$SW −+−= GGG λ
7KLV�WLPH�KRZHYHU�ODERXU�DQG�KXPDQ�FDSLWDO��DUH�WUHDWHG�LQ�WKH�VDPH�ZD\�DV�WKH�UHVW

RI� WKH� LQWHUPHGLDWH� DQG� FDSLWDO� LQSXWV��$FFRUGLQJO\� WKHVH�PHDVXUHV�RI�SURGXFWLYLW\

FRYHU�DOVR�WKH�VHFWRUV�SURGXFLQJ�WKHP��7KH�PDWUL[�$�LQFOXGHV�DOVR�WKH�FRHIILFLHQWV�RI

UHSODFHPHQW� IRU� IL[HG�FDSLWDO��&DSLWDO� LQSXW�FRQVLVWV�RQO\�RI� WKH� VWRFNV�RI�GLIIHUHQW

W\SHV� RI� IL[HG� FDSLWDO� DQG� LQYHQWRULHV�� ZLWK� KXPDQ� FDSLWDO� DQG� ODERXU� LQFOXGHG�

�/DERXU� DQG�RWKHU� VHUYLFHV� DUH� WLHG� XS� LQ� VHPLILQLVKHG� SURGXFWV��� 3ULFHV� RI� FDSLWDO

LQSXWV�FRQVLVW�RI�WZR�FRPSRQHQWV��YL]��WKH�SURGXFWLRQ�SULFHV� S �DQG�WKH�QRUPDO�UDWH

RI�SURILW�λ �

7KH�DSSOLFDWLRQ�RI�WKH�DJJUHJDWLRQ�UXOH�LQ�����WR�HTXDWLRQV������JLYHV�WKH�IROORZLQJ

RYHUDOO�PHDVXUH�RI�7)3�JURZWK�

����� �����ORJ �<S;%$S −+−= GG7G λ
2Q�WKH�RWKHU�KDQG�PXOWLSO\LQJ�ERWK�VLGHV�RI������E\� S DQG�VROYLQJ�IRU�λ \LHOGV�

����� �;%S;$,S −−= ����λ �

)XUWKHUPRUH�GLIIHUHQWLDWLQJ� WKH� HTXDWLRQV� LQ� ������PXOWLSO\LQJ� ERWK� VLGHV� E\� S DQG

PDNLQJ�XVH�RI������\LHOGV�DV�D�OLQHDU�DSSUR[LPDWLRQ�

���� �;S%;%$S −+−= ���� GGG λλ �

)LQDOO\��GLYLVLRQ�E\������\LHOGV�LQ�YLHZ�RI������

����� �ORJ� 7GG =λλ
7KXV�WKH�UHODWLYH�FKDQJH�LQ�WKH�EDODQFHG�UDWH�RI�JURZWK�LV�DSSUR[LPDWHO\�HTXDO�WR�WKH

UDWH�RI�RYHUDOO�7)3�JURZWK�FDOFXODWHG�RQ�WKH�EDVLV�RI�WKH�EDODQFHG�JURZWK�VROXWLRQ�

6LQFH�WKH�EDODQFHG�UDWH�RI�JURZWK� LV� LQYHUVHO\� UHODWHG� WR� WKH�DYHUDJH� WXUQRYHU� WLPH



��

�VHH� %URG\�� ������ WKH� RYHUDOO� SURGXFWLYLW\� JURZWK� LV� DOVR� HTXDO� WR� WKH� UDWH� RI

GHFUHDVH� LQ� WKH� DYHUDJH� WXUQRYHU� WLPH�� L�H�� WR� WKH� VXFFHVV� RI� WKH� HFRQRP\� LQ

HFRQRPLVLQJ�WLPH�

6LQFH� WKH� YHFWRU� S � RQO\� JLYHV� WKH� SULFH� SURSRUWLRQV�� LW� LV� QHFHVVDU\� WR� PDNH� WKH

SULFHV�DEVROXWH�� LQ�RUGHU� WR�EH�DEOH� WR�FDOFXODWH� WKHLU� UHODWLYH�FKDQJHV��7KLV�FDQ�EH

GRQH�E\�VHWWLQJ�WKH�IROORZLQJ�FRQGLWLRQ�

���� �=∑ L
S �

ZKLFK�WRJHWKHU�ZLWK�WKH�UHZULWWHQ�SULFH�HTXDWLRQV

���� �$,%SS
−−= ��λ

GHILQH�D�V\VWHP�RI� �+Q �HTXDWLRQV�ZLWK� �+Q �XQNQRZQV��6XEVWLWXWLQJ������LQWR�����

JLYHV

����� [ ]
�

�$,%S

−
− 





 −= ∑

L

L
��λ �

DQG�VXEVWLWXWLQJ�������LQWR������UHVXOWV�LQ

����� [ ]( ) �
�� $,%S$,%SS

−−− ∑ −−=
L

���� �

+HQFH

���� [ ] [ ]
L

GGG ∑ −− −−−= �� $,%S$,%SS ��ORJ��ORJORJ

DQG���E\������

����� [ ] λORJ��ORJORJ GGG +−= −�$,%SS �

(TXDWLRQV�������DQG�������GLYLGH�WKH�UHODWLYH�FKDQJH�LQ�WKH�SURGXFWLRQ�SULFHV�LQWR�WZR

SDUWV��NHHSLQJ�WKHLU�VXP�HTXDO�WR�RQH��7KH�ILUVW�SDUW�LV�WKH�FKDQJH�LQ�WKH�SURGXFWLRQ

SULFHV�FDXVHG�E\�WHFKQRORJLFDO�FKDQJH�ZLWKRXW�LPSRVLQJ�WKH�FRQGLWLRQ�WKDW�WKH�VXP

RI�WKH�FKDQJHG�SULFHV�VKRXOG�EH�HTXDO�WR�RQH�DJDLQ�L�H��LW�LV�WKH�UHODWLYH�FKDQJH�LQ�WKH

DEVROXWH�SULFHV��7KH�VHFRQG�SDUW�LPSRVHV�WKLV�FRQGLWLRQ�

7KH� LQWHUSUHWDWLRQ� RI� WKH� ILUVW� SDUW� DV� D�PHDVXUH� RI� WHFKQRORJLFDO� FKDQJH� EHFRPHV

REYLRXV�E\�FRQVLGHULQJ�WKH�IROORZLQJ�PHWKRG�RI�VROYLQJ�WKH�SULFH�HTXDWLRQV�LQ�����

HPSLULFDOO\��%HFDXVH� �$,% −− �� ��GHQRWHG�KHUH�E\�'��LV�D�SRVLWLYH��)UREHQLXV��PDWUL[

ZH� KDYH� �VHH� 7VXNXL� DQG� 0XUDNDPL�� ����� DQG� $XOLQ�$KPDYDDUD�� ������ IRU� DQ\

VHPLSRVLWLYH�URZ�YHFWRU� ��WV �

����� [ ] SSV'V'
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/HW�XV�DVVXPH�WKDW�DIWHU�7�LWHUDWLRQV�WKH�FRQYHUJHQFH�LV�FORVH�HQRXJK�IRU�XV�WR�ZULWH�
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DQG�IXUWKHUPRUH
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77 GGG V'V'S ORJ�ORJ�ORJ �

,Q�YLHZ�RI�HTXDWLRQV������DQG������WKH�YHFWRU� �$,%S −− �� �KDV�WR�EH�DSSUR[LPDWHO\

HTXLYDOHQW� WR� D�PXOWLSOH� RI� WKH� YHFWRU� 7V' ��$FFRUGLQJO\� WKH� SDUWLWLRQ� RI� WKH� SULFH

FKDQJHV� LQ� ����� LV� LGHQWLFDO�ZLWK� WKH�RQH� LQ� ������$V� LV� REYLRXV� IURP� ����� ERWK� RI



��

FRPSRQHQWV�RI�WKH�UHODWLYH�FKDQJH�RI�WKH�SULFH�YHFWRU�GHSHQG�RQO\�RQ�WKH�FKDQJHV�LQ

WKH�HOHPHQWV�RI�WKH�PDWUL[�'���7KH�YHFWRU�V�FRQVLVWV�RI�DUELWUDU\�FRQVWDQWV�

(TXDWLRQ������FDQ�EH�UHZULWWHQ��E\�XWLOLVLQJ�HTXDWLRQ�������DV

���� [ ] ���� S$,%SSS −−−− +−= ���Ö����Ö� λλλ GGG �

7KH� ILUVW� WHUP� RQ� WKH� ULJKW� KDQG� VLGH� LV� GHVLJQDWHG� DV� WKH� YHFWRU� RI� IXOO\� HIIHFWLYH

UDWHV�RI�VHFWRUDO�SURGXFWLYLW\�FKDQJH�IRU�ZKLFK�WKH�IRUPXOD�DFFRUGLQJO\�LV�

���� [ ] �ORJ�Ö���ORJ  SS$,%SW �� GGG −=−−= −−λ
7KH� WK
L HOHPHQW� RI� WKH� YHFWRU� ORJ WG LQ� HTXDWLRQ� ����� TXLWH� REYLRXVO\� UHSUHVHQWV

SURGXFWLYLW\� FKDQJH�� ,W� LV� HTXDO� WR� WKH� QHJDWLYH� RI� WKH� UHODWLYH� FKDQJH� LQ� WKH

SURGXFWLRQ� SULFH� RI� WKH� VHFWRU� FRQFHUQHG�� DV� DUH� DOO� WKH� UHVW� RI� WKH� PHDVXUHV� RI

VHFWRUDO�SURGXFWLYLW\�FKDQJH�GLVFXVVHG�LQ�WKLV�SDSHU��%HVLGHV��LW�LV�GHWHUPLQHG�E\�WKH

FKDQJHV�LQ�WKH�HOHPHQWV�RI�WKH�WZR�PDWULFHV�XVHG�WR�UHSUHVHQW�SURGXFWLRQ�WHFKQRORJ\

LQ� WKH� LQSXW�RXWSXW� FRQWH[W�� ,W� FDQ� EH� FDOOHG� IXOO\� HIIHFWLYH� VLQFH� LW� FRYHUV� DOO� WKH

FKDQJHV�LQ�SURGXFWLRQ�WHFKQRORJ\�WKDW�KDV�KRZHYHU�LQGLUHFW�LPSDFW�RQ�WKH�XQLW�FRVW

RI�WKH�VHFWRU�FRQFHUQHG��7KLV�LV�REYLRXV�IURP�LWV�HTXLYDOHQFH�ZLWK�WKH�ILUVW� WHUP�RI

WKH�ULJKW�KDQG�VLGH�RI�WKH�HTXDWLRQ�������7KXV�ZH�KDYH�REWDLQHG�

5HVXOW����7KH�IXOO\�HIIHFWLYH�UDWH�RI�VHFWRUDO�SURGXFWLYLW\�JURZWK�LV�HTXDO�WR�UHODWLYH

GHFUHDVH�LQ�WKH�SURGXFWLRQ�SULFH�RI�WKH�VHFWRU��ZKHQ�DOO�WKH�SULFHV�WKDW�KDYH�DQ�HIIHFW

RQ� LW� DUH� DOORZHG� WR� FKDQJH�� (YHQ� WKH� HIIHFW� RI� FKDQJHV� LQ� WKH� UDWH� RI� JURZWK� RU

QRUPDO� UDWH� RI� SURILW� λ � RQ� WKH� SURGXFWLRQ� SULFH� LV� WDNHQ� LQWR� DFFRXQW�� 2QO\� WKH

FKDQJH�LQ�WKH�UDWH�RI�SURILW�WKDW�LV�QHHGHG�WR�PDNH�WKH�VXP�RI�SURGXFWLRQ�SULFHV�HTXDO

WR�RQH�LV�H[FOXGHG�

1RWH�� 7KLV� IXOO\� HIIHFWLYH� UDWH� RI� VHFWRUDO� SURGXFWLYLW\� FKDQJH� FDQ� EH�� LQ� YLHZ� RI

�����DQG�������LQWHUSUHWHG�DV�WKH�UDWH�RI�FKDQJH�LQ�WKH�TXDQWLW\�RI�JURZWK�SRWHQWLDO� λ
XVHG�SHU�XQLW�RI�RXWSXW�LQ�WKH�VHFWRU��7KH�DYHUDJH�WXUQRYHU�WLPH�KRZHYHU�LV�LQYHUVHO\

SURSRUWLRQDO� WR�JURZWK�UDWH� �%URG\���������7KXV� WKH� IXOO\�HIIHFWLYH� UDWH�RI� VHFWRUDO

SURGXFWLYLW\� FKDQJH� FDQ� DOVR� LQWHUSUHWHG� WR� LQGLFDWH� WKH� UHODWLYH� FKDQJH� LQ� WKH

WXUQRYHU�WLPH�XVHG�E\�WKH�VHFWRU�SHU�XQLW�RI�RXWSXW�

7KH� VHFRQG� WHUP� RI� WKH� VXP� LQ� �����ZDV� DOUHDG\�� VHH� HTXDWLRQ� ������ VKRZQ� WR� EH

HTXDO� WR� WKH� UDWH� RI� RYHUDOO� SURGXFWLYLW\� FKDQJH� LQ� WKH� FORVHG� JURZWK� V\VWHP�

)XUWKHUPRUH� SRVWPXOWLSO\LQJ� ����� WKURXJK� E\� SÖ � DQG� VXPPLQJ� RYHU� WKH� VHFWRUV

UHVXOWV�LQ�YLHZ�RI������LQ�

����� [ ]∑ −−−= L
GG �$,%S ��ORJ λλ �

$FFRUGLQJO\� D� GHFUHDVH� LQ� WKH� VXP� RI� DEVROXWH� SURGXFWLRQ� FRVW� DOORZV� WKH� UDWH� RI

JURZWK� RU� WKH� UDWH� RI� SURILW� λ � WR� LQFUHDVH� XQWLO� WKH� VXP� RI� WKH� SURGXFWLRQ� FRVW� LV

HTXDO�WR�RQH�DJDLQ��,W�LV�RI�FRXUVH�DOVR�SRVVLEOH�WR�ZULWH�

�����
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+HQFH�LQ�YLHZ�RI�HTXDWLRQ������ZH�KDYH�

5HVXOW����7KH�HTXDWLRQ
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����� � ��ÖORJORJORJ −== HSSWGG7G λ
JLYHV�WKH�RYHUDOO�SURGXFWLYLW\�JURZWK�LQ�WKH�FDVH�RI�WKH�FORVHG�G\QDPLF�LQSXW�RXWSXW

PRGHO�DV�D�ZHLJKWHG�DYHUDJH�RI�WKH�IXOO\�HIIHFWLYH�VHFWRUDO�UDWHV�

��� 6XPPDU\�RI�WKH�UHVXOWV

,W� KDV� EHHQ� VKRZQ� LQ� WKLV� SDSHU� WKDW� WKH� VHFWRUDO�PHDVXUHV� RI� SURGXFWLYLW\� FKDQJH

GHULYHG� LQ� WKH� VWDWLF� LQSXW�RXWSXW� IUDPHZRUN� FDQ� EH� H[SUHVVHG� DV� FKDQJHV� LQ� WKH

SURGXFWLRQ�SULFH�L�H��WKH�XQLW�FRVW�RI�WKH�RXWSXW�RI�WKH�VHFWRU��7KLV�DSSOLHV�ERWK�WR�WKH

GLUHFW� WUDGLWLRQDO� PHDVXUH� DV� ZHOO� DV� WR� WKH� HIIHFWLYH� PHDVXUHV� LQ� ZKLFK� DOVR� WKH

SURGXFWLYLW\�JDLQV�DQG�ORVVHV�LQ�WKH�VHFWRUV�SURGXFLQJ�LQSXWV�DUH�WDNHQ�LQWR�DFFRXQW�

,Q� WKH� GLUHFW� WUDGLWLRQDO� PHDVXUH� WKH� FKDQJH� LQ� WKH� XQLW� FRVW� RI� WKH� RXWSXW� LV

FDOFXODWHG�RQ�WKH�DVVXPSWLRQ�WKDW� WKH�SULFHV�RI�DOO�RI� LQSXWV��ERWK� LQWHUPHGLDWH�DQG

SULPDU\�� DUH� H[RJHQRXV� FRQVWDQWV�� L�H�� DUH� QRW� DIIHFWHG� E\� FKDQJHV� LQ� SURGXFWLRQ

WHFKQRORJ\�� 7KH� ILUVW� VWHS� LQ� WKH� GLUHFWLRQ� RI� HIIHFWLYH� PHDVXUHV� LV� WR� WDNH� LQWR

DFFRXQW� WKH� FKDQJHV� LQ� WKH� SULFHV� RI� LQWHUPHGLDWH� LQSXWV� FDXVHG� E\� WHFKQRORJLFDO

FKDQJH� LWVHOI��7KH�QH[W�DQG�VWLOO� D� UHODWLYHO\� VWUDLJKWIRUZDUG� VWHS� LV� WR� LQFOXGH� DOVR

UHSODFHPHQW�RI�IL[HG�FDSLWDO�� LQ�ZKLFK�FDVH�DOVR�WKH�SULFHV�RI�FDSLWDO�JRRGV�QHHGHG

IRU�UHSODFHPHQW�DUH�GHWHUPLQHG�E\�SURGXFWLRQ�WHFKQRORJ\�

&KDQJLQJ�RYHU�WR�WKH�FORVHG�G\QDPLF�LQSXW�RXWSXW�PRGHO�SURYLGHV�D�QDWXUDO�ZD\�RI

WUHDWLQJ� DOVR� WKH�RWKHU�SDUW�RI�FDSLWDO� LQSXW�� L�H�� WKH�SUHVHQFH�RI�FDSLWDO� VWRFN� �ERWK

IL[HG�FDSLWDO�DQG�LQYHQWRULHV��DW�WKH�SURGXFWLRQ�SURFHVV��DV�D�SURGXFHG�LQSXW��,W�DOVR

PDNHV� LW�SRVVLEOH�� DQG� LQ� IDFW�QHFHVVDU\� WR� WUHDW� HYHQ�KXPDQ�FDSLWDO� DQG� ODERXU� DV

SURGXFWV��7KH� WZR� WHFKQRORJLFDO�PDWULFHV� RI� WKH� G\QDPLF� LQSXW� RXWSXW�PRGHO� QRZ

GHWHUPLQH� DOO� WKH� SULFHV�� XS� WR� DQ� DUELWUDU\� FRHIILFLHQW�� 7KH� IXOO\� HIIHFWLYH� UDWH� RI

VHFWRUDO�SURGXFWLYLW\�FKDQJH�LV�GHILQHG�DV�WKH�UHODWLYH�FKDQJH�LQ�WKH�SURGXFWLRQ�SULFH�

ZKLFK�KDYH�EHHQ�PDGH�DEVROXWH�E\�LPSRVLQJ�WKH�FRQGLWLRQ�WKDW�WKH�VXP�RI�WKH�SULFHV

KDV�WR�EH�HTXDO�WR�RQH���7KH�EDODQFHG�UDWH�RI�JURZWK��ZKLFK�LQ�WKH�FDVH�RI�WKH�FORVHG

G\QDPLF�LQSXW�RXWSXW�PRGHO�LV�HTXDO�WR�WKH�RYHUDOO�UDWH�RI�SURGXFWLYLW\�JURZWK��LV�D

ZHLJKWHG�DYHUDJH�RI�WKH�IXOO\�HIIHFWLYH�VHFWRUDO�UDWHV�

:KDW�GR�FKDQJHV�LQ� WKH�IXOO\�HIIHFWLYH� UDWHV� LQGLFDWH"�7KH�EDODQFHG�UDWH�RI�JURZWK

DVVRFLDWHG�ZLWK� WKH� WHFKQRORJLFDO�PDWULFHV� JLYHV� WKH� JURZWK� UDWH� WKDW� WKH� HFRQRP\

FRXOG�KDYH�LI�LW�ZRXOG�DSSO\�WKH�VDPH�WHFKQRORJ\�FRQWLQXRXVO\��%XW�LW�FDQ�RI�FRXUVH

XVH� WKLV� SRWHQWLDO� JURZWK� WR� DQ\� SXUSRVH� DQG� QRUPDOO\� WHFKQRORJ\� ZRXOG� FKDQJH

IURP�RQH� \HDU� WR� WKH�QH[W��7KH� IXOO\� HIIHFWLYH� UDWH�RI� VHFWRUDO� SURGXFWLYLW\� JURZWK

WHOOV�WKH�UHODWLYH�GHFUHDVH�RI�WKH�JURZWK�SRWHQWLDO�FRQVXPHG�E\�WKH�VHFWRU��SHU�XQLW�RI

RXWSXW��DV�D�FRQVHTXHQFH�RI�WKH�FKDQJHV�LQ�SURGXFWLRQ�WHFKQRORJ\�

2Q� WKH� RWKHU� KDQG� VLQFH� WKH� EDODQFHG� UDWH� RI� JURZWK� LV� LQYHUVHO\� UHODWHG� WR� WKH

DYHUDJH� WXUQRYHU� WLPH�� WKH� IXOO\� HIIHFWLYH� UDWH� RI� VHFWRUDO� SURGXFWLYLW\� FKDQJH� FDQ

DOVR�EH�LQWHUSUHWHG�WR�UHSUHVHQW�WKH�UHODWLYH�GHFUHDVH�LQ�WKH�WXUQRYHU�WLPH�FRQVXPHG

E\�WKH�VHFWRU�SHU�XQLW�RI�RXWSXW��,W�VKRZV�WKH�FKDQJH�LQ�WKH�VXFFHVV�RI�WKH�VHFWRU�LQ
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