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1. Introduction

The conflict between products and industries in input-output analysis manifests
itself at two, independent levels, i.e. the dimension of the table and the method of
construction. As regard the type of table, product tables describe the technological
relations between products, how to produce products in terms of the others,
independently of the producing industry. In contrast, industry tables depict inter-
industry relations, showing for the industries the use of each other’s produce. See
Eurostat (2008). The choice between product and industry tables seems to us a matter of
scope of applications rather than axioms or tests. For instance, the Leontief type model
may be appropriate for backward impact studies using product tables (derived from
assumptions on input structures), while the Ghosh type model may be suitable for
forward impact analyses using industry tables (derived from assumptions on sales
structures).

Most countries construct and use product tables and do so on the basis of the so-
called product technology model, which indeed has nice properties (Kop Jansen and ten
Raa, 1990, and ten Raa and Rueda Cantuche, 2003) and has been endorsed by the
United Nations (1993). Runner up construction method in the realm of product tables is
the so-called industry technology model (which is not plagued by the problem of
negative coefficients). A few but hard to neglect countries—Canada, Denmark, Finland,
the Netherlands, and Norway—construct and use industry tables, most frequently on the
basis of the fixed product sales structure assumption (which is also free of the problem
of negatives). Here the runner up is the fixed industry sales structure model. Industry
tables are dark horses, which have not been scrutinized yet.

In what follows, e will denote a column vector with all entries equal to one,
will denote transposition and ' inversion of a matrix. Since the latter two operations
commute, their composition may be denoted . Also, = will denote diagonalization,
whether by suppression of the off-diagonal elements of a square matrix or by placement
of the elements of a vector. ~ will denote a matrix with all the diagonal elements set
null. A use matrix U = (Ujj) comprises commodities i (=1, ..., n) consumed by sectors j
(=1, ..., n) and a make matrix V = (vji) shows the produce of commodities i in terms of
industries j; it is the transposed of a supply matrix (Eurostat, 2008).

The next section presents the established constructs currently used for industry
tables. Section 3 shows a general framework based on transfers over columns and over
rows that encompasses them. Subsequent sections sort the input-output constructs
axiomatically and single out one method through characterization. The last section
concludes.

2. Industry coefficients

The assumption of a fixed industry sales structure postulates that each industry has its
own specific sales structure, irrespective of its product mix. Eurostat (2008) shows that
the corresponding matrix of industry input-output coefficients is given by:



(1) A (U,V) = (\7e)V'Tu (\7e)1

The alternative assumption of a fixed product sales structure postulates that each
product has its own specific market shares (deliveries to industries) independent of the
industry where it is produced. Here market shares refer to the shares of the total output
of a product delivered to the various intermediate and final users. Eurostat (2008) shows
that the consequent matrix of industry input-output coefficients is given by:

@) A, (U,V) = V(\//T\e)-l U(\//E)_l

It seems more reasonable to assume that secondary outputs have different
destinations than the primary outputs. This is the reason why the fixed product sales
structure assumption catches more attention in the literature; see Thage and ten Raa
(2006) or Yamano and Ahmad (2006). Moreover, (2) has no negative elements, unlike
(1), because of the inversion of the output table. Denmark, the Netherlands, Finland,
Norway, Canada, the US and the OECD fully or partially adopt (2) to compile industry
tables (Yamano and Ahmad, 2006).

3. General framework

In the construction of a product symmetric input-output table (SIOT), secondary outputs
are transferred out to the industries where they are primary outputs.

mdustry ;
O
O+—>
Secondary o
products of @r—
industry ; o
O—
OH—>
product i 0000 90
\—Y_—J
INTERMEDIATE Product ;
SUPPLY produced
MATRIX elsewhere

Figure 1: Transfers for a product table

In the construction of an industry SIOT, secondary products are transferred in to
the primary output of the industry.
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Figure 2: Transfers for an industry table

The transfers are mirrored on the input side. Here the principle is the following.
When outputs are transferred, the corresponding inputs must be transferred along.
There are alternative ways to decide how much input corresponds with output. Ten Raa
and Rueda-Cantuche (2007) use a flexible framework to address this issue, indexing
input-output coefficients by three subscripts. The first subscript indexes the input, the
second the observation unit, and the third the output. Hence a product coefficient is
defined as the amount of product i used by industry j to make one unit of product K.
Similarly, we define an industry coefficient, a;i, as the delivery by industry j in product
market i per unit of output of industry K.

The point of departure for the construction of a product SIOT is the amount of
product i used by industry j (to produce products K): intermediate use Ujj. For industry
tables this will be viewed as a product i contribution of industry j to industry k.
Schematically, the transformation underlying product tables,

product i — industry j — product K,
is reconsidered for industry tables as:
industry j — product i — industry k.

In the construction of product tables secondary products (of industry j), and
their input requirements are transferred out from industry j to industry k; the flipside of
the coin is that products produced elsewhere as secondary and their input requirements
are transferred in from industries k. Ten Raa and Rueda Cantuche (2007) use this
principle to show how both the commodity technology and the industry technology
models for product tables can be derived in a unifying framework, under alternative



assumptions of the variation of coefficients across industries. The reasoning extends to
industry tables as follows. In the construction of industry tables the intermediate supply
does not originate exclusively from the main supplier of product i. Secondary supplies
Vi, j # i, and their product deliveries to industries K, ajiVji, are transferred out from
market i to industry j. The flipside of the coin is that amounts a;yVij are transferred in
from markets j, j # i. Hence, the amount delivered by industry i to industry k becomes:

(3) Uik = D j#i &jik T Xji QijkVij

To construct an industry table, inputs and outputs should be transferred over the
rows and not over the columns as in the product tables. In other words, the rows of the
use table are shifted from a product classification to an industry classification while the
columns still remain as industries and therefore, no column-based transfers will be
needed. However, figures 1 and 2 jointly show that by using the transposition of U and
V, the column-based transfers approach might still be valid and thus its mathematical
expressions.

The Fixed Industry Sales Structure Model

Industry SIOTs consist of input-output coefficients aj, which measure the unitary
supplies of industry i to industry k. Now the total delivery of industry i to industry K is
given by (3) and the total output of industry i is Yjvjji. Simple division yields the
industry input-output coefficient:

4) ik = (Uik = Xjai jikVji T Xjwi @ijkVij)/ 2j Vi

We will show that if we postulate that all industries have unique input delivery
structures, irrespective the product market, then (4) becomes (1). In other words,
industry j's unitary deliveries to industry k must be independent of the product (i) sold.
Indeed, under this postulate the second subscript may be removed by defining fixed
industry sales coefficients bj. Formally, the fixed industry sales assumption is defined
by condition (FI):

(FI) ajik = by for all i

In assumption (FI) inter-industry sales coefficients by are the deliveries from industry j
to industry k per unit of sales of industry j. These deliveries consist of products i. In
fact, vji is the amount of product i supplied by industry j. The share delivered to industry
k is bjVji. Summing over supplier industries j, product i is delivered to industry K in a
total amount of )j bjV;i. This must match the observed quantity,

(5) Uik = 'y bjuvji
Theorem 1. Under assumption (FI) the input-output coefficients (4) reduced to fixed
industry sales structure coefficients (1).

Proof. Under assumption (FI), equation (4) reads:



ik = (Uik = X DjVji + Yjai Divif)/ 2 Vi
and:

AUV) = (u ~V'BUV)+ (\7e) B(U,V)) (\//E)l -

(©6) (U=(V"=V)BUN) +(Ve) B(U,V)_\A/B(U,V))(%)—l _
-(u —VTB(U,V)+(\//5)B(U,V))(\//\9)1 _

-1

-U (\7e)1 —VTB(U,V)(\7e)71 +(\7e) B(U,V)(\?e)

Next, by substituting (5), i.e. U = V'B(U,V), equation (6) becomes equation (1) indeed:

-1

U(\//E)_l —vTv-Tu(\%)_] +(\//E)V‘TU(\//E) = A, (UV)

The supply table needs to be square to compute its inverse and negatives may emerge
from this operation.

The Fixed Product Sales Structure Model

Industry coefficients can also be derived from an alternative assumption. If we postulate
that all products require unique industry deliveries, irrespective the industry of
fabrication, then (4) becomes (2). In other words, product i's unitary deliveries to
industry k must be independent of the supplier industry (j). Hence the first subscript
may be removed by defining fixed product sales coefficients Ci. Formally, the fixed
product sales assumption is:

(FP) ajik = Cix for all

In assumption (FP) product-by-industry sales coefficients (market shares) Cix are the
deliveries of product i to industry k per unit of output of product i. These deliveries are
supplied by industry . Actually, vji is the amount of product i supplied by industry j.
The share delivered to industry K is Civji. Summing over supplier industries j, product i
is delivered to industry Kk in a total amount of )} Civji. This must match again de
observed quantity Ui. Briefly speaking, intermediate uses are now proportional to total
commodity outputs.

(7) Uik = Y j CikVji

Theorem 2. Under assumption (FP) the input-output coefficients (4) reduced to fixed
product sales structure coefficients (2).

Proof. Equation (4) turns out to be:



aik = (Uik - Xji CikVji + 2 jiai CikVij)/ 2 Vi
_—~\-1
where Cix = Ui/Yj Vji or C(U,V) = (VTe) U. Therefore:

—~

A(U,V) = [U —(VATejC(u,V)HN/C(U,V)] (\Te)1

© ( C(U V) +VC(U, V)+(v V)C(U V))(Ve)
8

( C(U V) +VC(U, V))(Ve)

~U(Ve) —( Te)C(U,V)(\//E)1+VC(U,V)(\//\e)1

Then, by substituting (7), i.c. U= (\7T\e)C(U,V), (8) becomes (2) indeed:

o[ (TR {5 (7

The supply table does not need to be square and negatives do not emerge.

-1

U(\//E)_l =A,,(U,V)

4. An axiomatic context for industry tables

The four axioms described by Kop Jansen and ten Raa (1990) for product tables can be
respecified for industry tables.

Let aj be the delivery of industry j (of products i) per unit of output of industry k and vy
the total output of industry k. Then, aji are the total deliveries of industry j to industry
k for making its primary and secondary production. In addition, the amount of product i
supplied by industry j is only part (secondary) of its total output, V;i/vj. Therefore,
summing over the supplier industries j, we obtain that:

9) Ui =Y (Vilv)agvk  or U=V" (\We)l A(U,V)(\//E)

Axiom M. Based on equation (9), we can define the material balance as the equality of
supply and demand of products in the following way:

(M) Ve (\7e)1 A(U,V)(\Te)e = Ue



Axiom F. Dual to the material balance is the financial balance, where supply and
demand for all industries must be coincident. Notice that axiom M is defined by the
equivalence of the row sums of both sides of equation (9) while the axiom F will be
defined by the column sums instead. The financial balance equates revenues and costs
for all sectors and reads:

(F) e'V' (\7e)1 A(U,V)(\?e) =¢e"U

Axiom P. In the spirit of Kop Jansen and ten Raa (1990), price invariance avoids the
possibility that a change in the base year prices could affect industry coefficients.
Equation (9) becomes for industry j:

v u, DV y

i ik

i _ _ Vi€ Uy
Vi Vi Vi kai Vi Vi
i

a; (U, V)=

where Vv, is the row vector of product outputs of industry j and v, e the same but for

industry k. Revaluating intermediate uses by pjuik and commodity outputs by pivji, we
can write:

2. U VpuU
ajk(ﬁu’vﬁ): i ik N ik _
Piv;i z PiVie Vi Vi.P

Vi.eVvi.pu, v.e VP v,.e
—_ J ik ke _ ajk(UBV) ke
Vi.e Vi Vi.pVv.E Ve Vi

Now, since Ve is the j-th element of the main diagonal of (\//E) and likewise for
industry k, v;pcan also be considered to be the j-th element of the main diagonal

of(\//B). The same applies for industry k, v,,p. Hence, in matrix terms, the price

invariance is given by:

(P) A(PU,Vp) = (\//E))(\//E)l A(U,V)(\//\e)(\//ﬁ)q forall p> 0

Axiom S. The scale invariance considers multiplication of inputs and outputs of
industries by factors. So, we multiply all product requirements and outputs of industry 1
by a common scale factor, say S;, and likewise for other industries. From equation (9):

2.V U

a, (U, V)= —
* Vi kai




and by re-scaling, we obtain:

PRI
=] J i1
uikSk — Skuik

a, (U, §V)= 1 -
ik ’
ViiS; kaisk SVi S Vi
1

=2, (U, V)

Axiom S postulates that industry coefficients should not change when input
requirements and product outputs vary proportionally. So, for all industries, it must be
that:

(S) A(US,3V) = A(U,V) forall s >0

The axiom is not a constant returns to scale assumption, but merely postulates that if
industry coefficients are constant for each product, then industry coefficients must be
fixed (Kop Jansen and ten Raa, 1990).

5. Performance

Table 1 summarizes the results of the performance of models (1) and (2).The fixed
industry sales structure model (1) fulfils all the four axioms while the fixed product
sales structure model (2) only fulfils the financial balance. This is not surprising since
the financial balance accounts for the equality between supply and demand of industry
outputs and the industry by industry input-output tables are balanced. Proofs of the
latter are relegated to the Appendix.

TABLE 1
PERFORMANCE OF 10 CONSTRUCTS FOR INDUSTRY TABLES
Material Financial Price Scale
Model . . . :
balance balance invariance invariance
Fixed industry sales structure \ \ \ \
Fixed product sales structure V

Theorem 3. The input-output industry coefficients derived from the fixed industry sales
structure model are industrial and financially balanced; and price and scale invariant.

Proof. From (1), we obtain for Axiom M that:
V' (V) Au(U.V)(Ve)e=V"(Ve) (Ve)V TU(Ve) (Ve)e=
=V'VUe = Ue

For the financial balance,



e'V! (\7e)1 AFI(U,V)(\//E) =e"V! (\7e)1 (\//E)V’TU (\%)] (\7e) =
=e'V'V'U=¢e'U
For the price invariance axiom,
AU, VD) = (VB)e) (VD) BU((VB)e) =(VBe)v s
v () (58] (7o) (7%

(V) Antwv:( V) (V)

cC
—_
<>

o

D
- |

(VP
(VP
And for axiom S,

An(US,8V) = ((é,v/Te)(év)'T ug((@v/Te)_l = (Velss'vTuss” (\%)1

_ (@)vu(\%) = AL (U,V)

—

since (8V)e=e' (VTé) = (\//E)é )

We may conclude that the fixed industry sales structure model is axiomatically
the best one to construct industry coefficients. Furthermore, since the fixed industry
sales structure assumption depends on the inverse of the supply matrix, it also must be
square and may cause negatives as well as the product technology model for product
tables. Conversely, the fixed product sales structure model has the advantage of coming
out without negatives.

6. Characterization

Following the first work providing a characterization result concerning the construction
of input-output coefficients for product tables (Kop Jansen and ten Raa, 1990), this
paper provides the other side of the coin, i.e. two characterization theorems for the
construction of industry tables. This aims to an almost definite debate settlement than
the previous literature which it was mainly devoted to the comparison of alternative
methods and to product tables. This section shows the main results. They determine the
fixed industry sales structure model as the single method that fulfils the desirable
properties listed in the fourth section. As a matter of fact, if we accept one balance and
one invariance axiom, then we must impose the fixed industry sales structure model.

Theorem 4. (real sphere) The material balance and scale invariance axioms
characterize the fixed industry sales structure model.



Proof. The fixed industry sales structure model implies that the material balance and
scale invariance axioms hold by Theorem 3. Conversely, let us assume that the material
balance and scale invariance are met. By axiom M,

V! (\7e)1 A(U,V)(\?e)e = Ue

for all A(U,V). Replace A(US,8V) . Then

L —

By axiom S and since ((éV)e) = (\//\e)é and §e=s,

being:

— —_ —

V'8 (Ve) A(U,V)(Ve)s=V'(Ve) A(U,V)(Ve)s=Us.

Since this holds for all positive S and thus for a basis, the matrices acting on them must
be equal:

— -

V'(Ve) A(U,V)(Ve)=U

Therefore,

— . |

A(U,V) = (Ve)V TU(Ve)

Theorem 5. (nominal sphere) The financial balance and price invariance axioms
characterize the fixed industry sales structure model.

Proof. Necessity has already been proved in Theorem 3. For the sufficiency proof, let
us assume that the financial balance and price invariance axioms hold. By axiom F,

~\—1 o~
e"V! (Ve) A(U,V)(Ve) =e"U
for all A(U,V). Substitute A(PU, VP) . Then:

e" (V)" ((Vf)\)e)_l A(ﬁu,vm((v/ﬂe) = e"pU



for which the LHS, since e'pV' =p"V", is:

p™V" (VBe)  A(BU.VP)(VBe)=p™V" (Vb) AU, Vp)(Vp)=
v (3 () A (%)
_pTVT (\7e)1 A(U,V)(\?a)
and then, since e'pU =p'U:
p'V! (\%)] A(U,V)(\//E) —p'U.
Since this is true for all p > 0, we may proceed to conclude that:
~\ -1 o~
V7 (Ve) A(U,V)(Ve) -U

and hence (1).

7. Conclusions

Product tables and industry tables coexist and each type can be constructed in
accordance with a product or an industry based model. For product tables, it is well
accepted that the product (technology) model is superior to the industry (technology)
model, on the basis of the axiomatic analysis of Kop Jansen and ten Raa (1990). This
paper brings in two characterization theorems for industry tables and argues that the
fixed industry sales structure model emerges as the best one to construct industry tables
in comparison with the fixed product sales structure model. At least in principle, this
argument provides a justification for the current statistical practices in Canada,
Denmark, Finland, the Netherlands and Norway, although they most frequently use the
fixed product sales structure assumption (also free from negatives) instead.
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Appendix

This Appendix details the performance of the fixed product sales structure model for
industry tables. It fulfils only the financial balance axiom. By using the same fictitious
use and supply matrices (originally make matrix) as in Kop Jansen and ten Raa (1990),
we will present counterexamples that violate some of the balance axioms.

Axiom F

Since equation (2) provides the formulation of the fixed product sales structure model
and (F) the financial balance, by substitution in the LHS of (F):

1

U(Ve)  (Ve) :eTV(\//T\e)_ u.

-1

~ -1 —
e’V (Ve) V(VTe)
Therefore, since e'V' =e’ (\//\e) and e'V =g’ (\7?6) , then:

— N |
eT(VTe)(VTe) U=e'U.

Axiom M

Let us define the following use and make tables:

1/2 0 I 1 2
g v ) e

A straightforward computation shows that:



—~ (20 2Y = (10 (1
Ve = ; Ve=| |; V= ; Vie=
0 1 1 0 2 2

and therefore, equation (2):

o (1)1 1) (1/2 0\ (1/2 0) (1/2 1/4
AFP(U,V):V(V e) U(Ve) = _
o 1)lo 12l 1 12l o 1) \1/4 1/4

being the material balance (M),

(o —~ 1 0)(1/2 0)(1/2 1/4)(2 0)(1 5/8
R L O ol o e
1 1)L 0 1){1/4 1/4){0 1)1 11/8

. 1/2 0 (1 1/2
which is not equal to: Ue = = .
I 1/2){1 3/2

Axiom P

The price invariance axiom (P) is violated since for:

. 2 0\1/2 0 I 0 . (1 1)y(2 O 2 1
(0 1}(1 1/2) (1 1/2] (o J(o 1] (0 J
-1

A BUVD)= (V9 (VB) e | pU((VPJe) =

2 1)(1/2 01 0)(1/3 0) (1/2 1/4

{0 J[o 1/2}(1 1/2}(0 1)2(1/6 1/4}
5358 A ) -

(3 0)(1/2 0)(1/2 1/4)(2 0)(1/3 0) (1/2 3/8
o 1)lo 1)l1/a 174)lo 1)L o 1) \1/6 1/4

For the scale invariance axiom (S),

being:

Axiom S



An(UsV) = (V) (Ve | us((EV]e) =
[0 J(W 1/3j(2 1?2}[11)4 (1)):(71//162 1;3
and

(1/2 1/4}
AFP(U’V):

1/4 1/4)

are different and hence, (S) does not hold.
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