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1. Introduction 
Input-output  tables  (IOTs)  are  very  common  in  the  economic  literature  because  of  their 
characteristics  to act  as both accounting and analytical  tools. Since 1968,  thanks  to  the 
work of Richard Stone  (UN, 1968),  IOTs are calculated by an elaboration of Supply and 
Use tables (SUTs).   
SUTs  are  essentially  accounting  tools  that  can  be  optimal  snapshots  to  know  how  a 
complex  economic  system  is  organized.  On  the  other  hand,  IOTs  are  proper  analytical 
tools to simulate the behavior of a system under certain conditions. But to act in a proper 
way,  IOTs need to have a structure “with appropriate physical units  for  the characteristic 
output of each sector” (Weisz and Duchin, 2006). It follows that monetary IOTs (MoIOTs) 
and physical IOTs (MaIOTs)1 fail to accomplish this task, hence a different framework has 
to be developed if one wants to assess the real interactions of an economic system. 
Therefore  this paper  introduces a micro-founded hybrid  Input Output  table  (mHIOT) with 
the aim to solve  the problems encountered by MoIOT and MaIOTs. Furthermore, briefly, 
some concepts on the meaning of SUTs and IOTs are presented.  
The paper  is  thus structured. Section 2  introduces some general knowledge about SUTs 
and  IOTs mostly  present  in  economic  literature  and  highlights  the  limits  of MoIOTs  and 
MaIOTs. Section 3 introduces hybrid SUTs (HSUTs), and shows the link with MoSUTs and 
MaSUTs. Furthermore some concepts about the meaning of SUTs are deepened. Section 
4 describes how  to obtain a mHIOT  that keeps all  the  information of HSUTs and, at  the 
same  time, models a complex system  in a proper way. Section 5  introduces a demand-
driven model (Miller and Blair, 1995) in a micro-founded hybrid framework, calculating the 
environmental pressures and the value-added chain. This helps to validate and generalize 
the well-known  Input Output modeling  (IOM)  in  a  hybrid  framework.  Section  6  shows  a 
numerical  example  that  encompasses  most  of  the  concepts  introduced  in  the  previous 
parts and, finally, Section 7 is dedicated to conclusions. 
 
2. Input Output framework 
IOTs  were  introduced  by Wassily  Leontief  in  the  first  half  of  the  last  century  (Leontief, 
1941)2.  They  account  for  all  the  transactions  taking  place  in  an  economic  system  in  a 
given time (usually one year).  
In the System of National Accounts 1968 (SNA68), thanks to the work of Richard Stone, a 
MoIOT  is  considered  as  the  result  of  an  elaboration  of  MoSUTs  (UN,  1968,  Eurostat, 
2006). 
MoSUTs  can  be  considered  as  snapshots  of  the  reality  and  are mostly  represented  by 
(rectangular) matrices where there are commodities are structured in rows and industries 

                                            
1 Here, for exposition purposes, instead of the most famous acronyms MIOT (Monetary IOTs) and PIOT 
(physical IOTs) are used respectively MoIOT and MaIOT but the meaning is exactly the same. 

2  A  former  idea  of  an  IOT  can  be  traced  back  to  Francois  Quesnay  (1694-1774)  with  his  Tableau 
Economique. 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in columns. The monetary Supply  table shows  the worth of different products  realized  in 
every  industry or  imported  in a given  time.  It  has  to be noted  that an  industry,  group of 
establishments engaged  in  the same, or similar, kinds of activity  (UN, 1999), can realize 
more than one type of outputs. In this case the main production is defined as principal and 
the other ones as secondary3.  
On  the  other  side,  the  monetary  Use  table  describes  the  costs  of  production  in  every 
industry (UN, 1999). 
 
Fig. 1 – SUTs, MoIOT and MaIOT  

 

 
sources: elaboration of Hoekstra (2003)  and Hoekstra  and van der Bergh (2006)  
 

                                            
3   A principal production is used to allocate a firm in the appropriate industry. For more information see UN 
(1968) or Eurorostat (1995). 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A MoIOT derived from MoSUTs (Fig.1) has instead a symmetric structure – square shape - 
that  can  be  either  commodity  by  commodity  or  industries  by  industries.  The  former 
describes  technological  relations  and  is  based  on  the  so-called  unit  of  homogeneous 
production whilst  the  latter  shows market  relations  and  is  based  on  the  homogeneity  of 
activity (Eurostat, 2006).   
Each  of  the  two  types  of  IOTs  relies  upon  two  different  assumptions;  in  the  case  of 
commodity  by  commodity  there  are  assumptions  about  either  product  technology  or 
industry  technology.  In  the case of  industries by  industries  there are assumptions about 
either  fixed  product  sales  structures  or  fixed  industry  sales  structures  (Eurostat  2006). 
Thus, though starting from the same MoSUTs, the choice of the type and the use of one or 
a mix of the above mentioned assumptions may generate different MoIOTs: it all depends 
on the decisions taken by analysts.     
MaIOTs  (Konijn  et  al.,  1995;  Stahmer  et  al.  1997;  Gravgård-Pederson,  1999;  Nebbia, 
2000;  Mäenpáá  and  Muukkonen,  2001;  Giljum  and  Hubacek,  2003)  are  analogous  to 
MoIOT but with  the difference  that, accounting  the mass  instead of worth,  they can  take 
into  account  the  flows  with  no  economic  value,  for  example  natural  resources  and 
emissions  (Fig.1).  For  these  reasons,  in  the  last  decades, MaIOTs have  been  intensely 
developed  to  analyze  the  interactions  between  technosphere  and  biosphere  in  order  to 
assess the environmental impact of economic systems.  
However, though there is a quite long story of uncountable input-output studies to assess 
the behavior of  economic  systems and  their  environmental  impacts,  there are  still  some 
doubts of how IOTs are handled. 
Firstly,  as  it  has  been  seen  above,  known  the MoSUTs,  the  content  of  a MoIOT  is  not 
unequivocally determined but relies on the choices of the analyst in charge to calculate it. 
Furthermore,  in  a  recent  article, Weisz  and Duchin  (2006)  clearly  show  the  limits  of  an 
approach based on MoIOT  to model  the  transactions  in an economy.  Indeed, whenever 
the prices differ per purchaser, a MoIOT modifies the real relations of a production system 
(Hoekstra, 2003; Weisz and Duchin, 2006).  
On  the  other  side,  a  MaIOT  has  the  limit  that,  accounting  just  the  mass,  excludes  the 
process with a no-mass-output (Hendrickson et al, 1998, Weisz and Duchin, 2006). 
Moreover  every  time  there  are  processes  in  a  economic  system providing by-products4, 
every  symmetric  input  output  table,  either  MoIOT  or  MaIOT,  is  a  mathematical 
simplification  that  may  fail  to  asses  the  real  transactions:  the  more  by-products  are 
realized, the more distant the IOT is from the real behavior of a system (see Section 4). 
So,  once  such  problems  are  exposed,  it  is  time  to  focus  on  how  it  can  be  possible 
overcome them and develop an IOT able to model a complex economic system in a proper 
way. Hereafter this will be the task of the paper, with the help of interesting clues already 
included in the Input-Output Literature. 
As usual, following the Stone's teaching, first SUTs will be introduced and then an IOT as 
result of their transformation. 
 
 

                                            
4  By-products are part of secondary productions and, because of adopted technology, are strictly linked to 
the principal outputs processes. See UN (1999) for further information. 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3. Hybrid Supply and Use tables (HSUTs)  
A macro tool,  like the SUTs,  is a snapshot of what occurs  in an economic system where 
the actions of many different agents take place. The agents can be essentially divided in 
two  groups:  consumers  and  producers.    The  former  ask  for  a  specific  amount  of 
commodities  to  satisfy  their  own  needs  -  demand  -  and  the  latter  carry  out  production 
processes  to  satisfy  these  requests  -  supply5.  After  the  consumption,  or  after  the 
production  processes,  refuses  are  realized  and  managed  by  industrial  activities  or 
discharged  to  the  environment.  Indeed,  for  the  law  of  mass  conservation  (first  law  of 
Thermodynamics), nothing can utterly disappear into the void (Ayres and Kneese, 1969). 
Furthermore  producers  and  consumers,  to  carry  out  their  processes,  interact  with  the 
environment extracting natural resources and producing emissions.  Finally, it is important 
to note that all  the actions of consumers and producers are strictly connected but do not 
happen in the same time period (Settani and Heijungs, 2008). 
This  description  of  an  economic  system,  even  though quite  simplistic,  can give  a  rough 
idea of the mechanisms SUTs have to deal with. Firstly, it  is important to describe all the 
processes  undertaken  by  both  actors:  producers  and  consumers.  Hence  it  seems 
reasonable to extend SUTs introducing the consumption as a set of processes, with inputs 
and outputs, and not only as a ”black hole” of commodities as it is normally treated in the 
usual SUTs6. The complete-system hypothesis encompasses these properties. 
Furthermore,  to  account  all  the  transactions  of  a  system,  SUTs  must  include  many 
different measures peculiar to commodities - kg, MJ, m2, hours and so on (Miller and Blair, 
1985; Hendrickson  et  al,  1998; Hoekstra,  20037; Weisz  and Duchin,  2006).  It  creates  a 
hybrid framework (multi-units framework).  
Figure 2 illustrates a generalized HSUTs based on the concepts mentioned so far; for the 
sake of simplicity a closed economy is shown8.  
It can be noticed that, due to hybrid framework, HSUTs include all the flows shown in the 
MaSUTs and  in  the MoSUTs  (Fig.  1)  and many more with a no-mass and no-monetary 
metrix. Indeed Eq.3 shows that the number of elements in a hybrid framework is not less 
than the sum of elements in MoSUTs and MaSUTs.  
In Fig.1 packaging processes are included. Process residuals display the refuse produced 
by industries to carry out their common activities. 
As  it  has  been  displayed  in  the  previous  section,  SUTs  respect  the  flows  consistency 
hence the incoming flows (use table) can be easily connected to the outgoing ones (supply 
table). In a hybrid framework some more words have to be said. 
In HSUTs, a material9 balance – sum per row – is quite simple and it can be easily done 
                                            
5  For further information see Mas Colell et al. (1995) 
6  Indeed IOTs are considered T-accounts. In this paper it is considered a wider dimension that partially 
remember a Social Accounting Matrix (SAM) (Eurostat, 2006).  

7  Hoekstra (2003) refers to them as “natural units”. 
8  Notice  that only  intermediate (or  “ordinary”)  inputs are  included  in  the  framework. But,  in an accounting 
period, fixed assets or durable goods might be produced, purchased or delivered to waste management 
and  so  they  should  be  introduced  into  the  framework.  For  simplicity  those  cases  are  not  dealt  with  in 
these pages but some words will be said in the numerical example at Section 6. Furthermore, as stated 
by  Hoekstra  and  van  den  Bergh  (2006),  the  inputs  can  be  used  to  calculate  the  composition  of 
commodities. 

9  The term material is used to refer to a generic commodity, resource, emission, refuse, etc. 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because of homogeneity of unit of measurement down the rows. So, during an accounting 
period, materials supplied are somehow used (Fig.2) 
 
Fig. 2 – HSUTs   

 
 
(3)    

 
Instead  a  balance  per  industrial  process10  –  sum  per  column  –  is  meaningless:  it  is 
impossible  to  sum  materials  with  different  units  of  measurement11.  Hence,  for  balance 
purposes, a further homogenization of data is required and a proof of coherence could be 
the  respect  of  balance  laws,  for  example  the  first  law  of  thermodynamics,  the  cash 
balance, the energy balance (Jones, 1989) and so on. The rest of the Session will be used 
to explain how to do that. 
It  is  well  known  that  each  material  may  have  different  ways  to  be  represented.  For 

                                            
10  Same thing for consumers and stocks. 
11  Indeed, a thing that can be easily noticed is the absence of the row of totals in Fig. 2. 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example crude oil can be represented using the mass value but also following its energy 
content  or  worth.  These  can  be  referred  to  as  units-of-balance.  Moreover  it  can  be 
assumed  that  each  unit-of-balance  has  a  selected  unit  of measurement  for  accounting. 
Tab.1  below  shows  some  possible  units-of-balance  and  their  relative  units  of 
measurement. 
 
Tab. 1 – Units-of-balance and their related units of measurement 
 

Units-of-balance (u) Unit of measurement 
Mass  Kg 
Energy   MJ 
Worth  euro (€) 

 
The  idea  is  that  a  balance  per  industry  can  be  done  using  one  of  the  above  units-of-
balance. But, before speaking about that, some other things have to be introduced 
Let Φγ be a material characteristic vector where γ indicates the type of material (see note 
10).  Φγ  has  at  least  as  many  elements  as  the  units  of  balance  u  and  each  of  those 
elements  indicates  the  units  of  measurement  a  single-unit  of  γ-material,  expressed  in 
“natural unit” (see note 6), contains. Hence, for a chosen a material, if the “natural unit” is 
the same of a unit-of-balance u,  that corresponding element of Φ� will be equal  to 1  (for 
example apples, measured  in kg, have a unitary value  for  the mass).  Instead, when  the 
chosen material  cannot  be  represented  by  a  unit-of-measurement,  that  specific  element 
will be zero (for example, electric energy has a zero value for  the mass or,  to say more, 
oxygen may have a null price12).    
Therefore,  based  on  Tab.1  above,  a  γ-material  characteristic  vector  may  have  the 
following composition:   
 
(4) 
 
 
Once  the material  characteristic  vectors  are  known  for  all  the materials13  shown  in  the 
HSUTs  the  homogeneous  elements  are  selected and  clustered  in  order  to  create  three 
different balance vectors: φmass, φenergy  and φmoney  (Fig.3). In this way, taking for example 
the vector φmass, it indicates the mass for all the materials of the HSUTs. 
To  this  point,  each  of  the balance  vectors  pre-multiply  the  quantities  in HSUT  so  as  to 
have three different SUTs, respectively: 
 
1. MaSUTs; 
2. energy SUTs (EnSUTs); 
3. MoSUTs. 

                                            
12 Indeed, the worth of a material is the price of a single-unit. 
13  Notice that, according to the hybrid framework here exposed, the characteristic vectors should have 
elements as many as to include all the flows in the reality (for example also hours, pieces, m2 and so on). 
Here, for exposition purposes, just three-elements vectors are considered and the others are deliberately 
not included. 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Fig. 3 – Characteristic vectors and balance vectors 

 
 
 
This can be expressed in matrices algebra. For example the matrix   of MaSUTs (Fig.1) 
can be calculated as follows: 
 
(5.a)          
 
where    is  a  diagonal  matrix  with  the  value  of  mass-balance  vector  of  α-
commodities down the diagonal, U is the hybrid Use table and f( ) is a function deleting null 
rows and columns.  
In an analogous way to Eq.5.a, the remaining matrices of MaSUTs can be calculated and, 
using the energy-balance vector, the EnSUTs can be traced too14. 
Instead some more words have to be said in the case of MoSUTs. Indeed, in an economic 
system, when the price differs per consumer, as state Weisz and Duchin (2006), φmoney  is 
a matrix rather than a single vector. In this case the Eq.5.a becomes: 
 
(5.b)      
 
where the operator * indicates the Hadamard product (Horn and Johnson, 1994)15.  
Once  the  three  SUTs  are  obtained,  the  units  of  measurement  are  homogenous  and, 

                                            
14  Eq. 5 can be used to build all the SUTs where the unit-of-balance of a material is unequivocally 
determined by a single value. 

15  Be   and  then  where the elements of C are given by: 
 . 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finally, three different balances for industries, households and stocks can be determined: 
 

(6)        

 
where the row vectors   are appropriate summation vectors. Eq. 6, in 
the case of the mass balance, represents the first law of Thermodynamics, in the case of 
the monetary worth, the cash-flow and so on.  
Before concluding, some considerations are necessary. First, a single-unit framework (for 
example mass or monetary) excludes  flows happening  in  the  reality because  its  relative 
balances vectors contain some null values. Practically,  the more null values a single-unit 
framework  has,  the  more  transactions  are  not  taken  into  account.  Hence  a  loss  of 
information appears.  
Second,  it  is  important  to  say  that  practically  it  is  quite  difficult  to  have  all  the  data 
necessary to satisfy this hybrid framework. Hence, from a practical point of view, because 
of lack of collected data, this framework represents an ideal structure to approach to and 
all the reality-flows might be inserted as soon as they are collected. 
Anyway  a  value  of  residuals  could  indirectly  be  calculated  in  order  to  assess  missing 
materials, allowing the balance property. 
 
4. Micro Hybrid Input-Output Table (mHIOT) 
In  the  previous  sections  HSUTs  have  been  introduced  which  account  perfectly  the 
transactions  in  the  reality  in  a  span  of  time  and  allow  the  construction  of  different  unit-
based SUTs on the condition that the characteristic vectors are known for all the materials. 
But to pass from a hybrid to unit-based framework determines a loss of information due to 
null values in the balance vectors. 
So  now,  supposing  that  there  is  already  an  economy  perfectly  depicted  by HSUTs,  the 
next step is to know what are the changes that the movement of such system carries out. 
Changes are meant to be the differences between the starting and the finish lines. To do 
that an IOT has to be built.  Indeed the  latter  is quite often used for  these aims being an 
effective steady-state model - where it is assumed that the structure of an economy does 
not change with time - to trace the movement of a (pre)accounted economic system16.  
But until now the IOTs used for these purposes were built in monetary or in mass terms or 
using a mix of both of them (Hawkins et al, 2007) and little attention has been dedicated to 
a hybrid framework where multi-units are included nonetheless Leontief already in the ‘70s 
used  this  framework  (Leontief,  1970).  The  relevance  of  a  hybrid  framework  is  to  link 
production units more and more  to  reality  reducing  considerably  the  loss of  information. 
Indeed,  having  the  advantage  to  include  all  the  flows  in  a  system,  many  limits  of  IOM 
(Hoekstra,  2003;  Weisz  and  Duchin,  2006)  can  be  overcome  and  a  consistent  and 
coherent IOT can be realized and properly used in modeling. 
But before developing an  IOT  in a hybrid  framework some concepts about  classification 

                                            
16 Practically an IOT may be also used as an accounting tool but, essentially, adds no further information to 
the SUTs. That is the why here the IOT is exclusively treated as a modelling tool.  
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and  symmetry  have  to  be  told.  In  a  hybrid  framework  it  is  reasonable  to  have  an 
asymmetric commodity by activity IOT. This helps a lot when there is a production process 
that realizes two or more market commodities and it is not feasible to split it into separated 
processes. For example, considering the case of a sheep husbandry producing both milk 
and wool by the same animals, if an analyst wants to obtain two separated processes – to 
construct a commodity by commodity IOT17 - he or she might incur into serious annoying 
problems.  For  example  negative  values  can  appear,  as  with  the  MoIOT,  which  is  well 
known  in  literature  (UN,  1999;  Eurostat  2006).  But  in  a  hybrid  framework  this  problem 
becomes  even  bigger:  the  analyst  has  to  correct  the  negative  values  of many  different 
units of measurement. This job can be quite annoying and, essentially, not necessary.  
Indeed, a solution consists in embracing the activity classification as stated by Konijn and 
Steenge (1994) down the columns of IOT rather than and industry or commodity ones. An 
activity  classification, based on  the  idea of Konijn  and Steenge    (1994),  is  indeed more 
related to  the really enforced  industrial processes and  it does not  imply  to split artificially 
processes when it is not necessary hence negative values do not appear. In the example 
above, the sheep husbandry represents an activity, or in other words a process, producing 
two commodities, milk and wool. The milk might be considered as the principal production 
and the wool as a by-product.  
Down  the  rows,  where  there  are  the  (intermediate)  inputs  or  the  purchased  goods,  it 
seems  reasonable  to  keep  a commodity classification  so  as  to  generate  an  asymmetric 
IOT. A cheese factory, to be bound to the previous example, buys sheep milk to process it 
but does not purchases the wool as well or, in other words, all the heterogeneous outputs 
of the activity. The same thing is valid for consumers. 
So  resuming,  it  should  be  preferable  to  have  an  asymmetric  IOT,  i.e.  commodity  by 
activity,  because  it  coherently  synthesizes  the  real  production  processes  and  does  not 
generate negative values. Indeed, there is no need to have symmetric IOT in modeling, as 
it will be showed in the next pages. Hence, unlike Fig.2, it is assumed that the HSUTs are 
revised and reclassified using an activity classification for the columns and not an industry 
one18. 
Clarified  these  basic  concepts,  time  is  ripe  to  practically  construct  an  IOT  starting  from 
HSUTs. 
For the sake of simplicity it is assumed that matrices V and U of HSUTs are square. This 
means that the number of commodities is the same of activities.  
Furthermore it is assumed that rows and columns classifications are strictly linked, hence 
the  outputs  down  the  diagonal  of  V   are  all  positive  and  represent  the  principal 
productions19. All  the other produced and traded commodities,  included in V, are treated 
as  by-products  (Stone  method  (Stone,  1961;  UN,  1999)  or  by-product  technology 
assumption (Miller and Blair, 1985)).  

                                            
17 Note that, in a micro founded hybrid framework, the industry by industry IOT loses its importance because 
there  are  heterogeneous  productions  with  different  units  of  measurement that  make  not  possible  to 
realize a sum.  

18 Note  that  industry and activity are often used as synonymous  in many statistical manuals.  Instead, here 
the activity has a meaning more related to the real (physical) processes as stated by Konijn and Steeng  
(1994) than the socio-economic one where the establishment is the basic unit (see UN 1993, par V). 

19 No reuse is considered. 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Therefore  the  principal  productions  in  V  are  deleted  and  clustered  in  a  proper  vector 
indicated with xS. The resultant matrix,  indicated with  , describes  the production of by-
products by activities. 
So now everything  is  ready  to calculate  the micro-founded hybrid  transaction matrix Z  in 
the following way: 
 
(7)       
 
The  matrix  Z  can  be  thought  as  a  hybrid Use  table  with  the  by-product  introduced  as 
negative inputs. It represents the core of IOT. Notice that, for homogeneity of commodity 
along  the  rows, a by-product has  the same characteristics of  the commodity whose  it  is 
substitute for21. The matrix Z has an asymmetric structure, commodity by activity. 
The other matrices composing the IOT can be easily traced taking the remaining matrices 
of Use table with a positive sign and those of Supply one with a negative. This resulting 
IOT is defined as micro-founded hybrid Input Output table (mHIOT). Fig.4 shows it. 
 
Fig. 4 – mHIOT 

 
 
A mHIOT, compared  to  the  famous  IOT, monetary or  in mass  terms,  is asymmetric, has 
many units of measurement and respects the complete-system hypothesis22. 
Now moving more into IOM, the micro-founded hybrid coefficient matrix T can be derived 
in the usual way of the Leontief model (Miller and Blair, 1985): 
 
(8)                         

                                            
21In  reality,  it  is  the  function  of  the  commodities  that  should  be  homogenous  along a  row. See Numerical 
example  for  clarifications.  However  in  general,  taking  a  row,  if  a  by-product  differs  somehow  from  the 
principal output whose substitutes for a recalibration should be realized for activities using that by-product as 
input.  For  the  sake  of  simplicity,  here  this  is  not  realized  hence  it  is  assumed  that  there  is  a  complete 
homogeneity of commodity per row. 
22  There are many possible links between HSUTs and the full-MaIOT (Hoekstra and van den Bergh, 2006). 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It  is worth noticing  that matrix T has all pure numbers down  the diagonal. So  the micro-
founded hybrid inverse matrix of Leontief can be defined as follows: 
 
(9)    
 
In this way it is possible to use the IOM that potentially includes all the flows occurring in 
the reality accounted in the HSUTs and, at the same time, to respect the complete system 
hypothesis and so the balance properties. Moreover it is fundamental to notice that, using 
a mHIOT in the IOM (Eq. 9) rather than MoIOT or MaIOT, the problems exposed by Weitz 
and Duchin (2006) are overtaken. Indeed, it is not a case if also Leontief used a multi-units 
IOT in modeling (Leontief, 1970). 
A generic column of   indicates the use of commodities (positive values) by activities to 
produce one single unit of principal commodity and at the same time, because of the by-
product  technology  assumption,  all  the  produced-and-traded  by-products  and  the  saved 
goods (negative value). 
This  framework  using matrix  LH  is  defined  as micro-founded  hybrid  Input-Output  model 
(mHIOM) since it can be easily inferred that matrix   can be considered as a “macro” 
version of  the Technology Matrix  (TM) used  in Life Cycle Assessment (LCA) (Guinée, et 
al.,  2002;  Heijungs  and  Suh,  2002;  Heijungs,  1994).  Indeed  the  use  of  IOM  (Eq.9) 
techniques implies that even if one starts from a macro accounting tool, i.e. the SUTs, he 
or she ends up to use an average single-unit production matrix,  i.e. coefficients matrix T 
(Eq.8),  that  in  the context of mHIOM can doubtless be considered as a set of processes 
(representative  activity  processes  or  production  recipes).  Hence,  roughly  speaking,  the 
main  differences  between  the  framework  of  LCA  and  mHIOM  are  the  choice  of 
classification  detail, more  aggregated  activities  in  the  case  of  IOM,  and  the  inclusion  of 
complete-system hypothesis whilst  in  the  LCA  there  are  truncations  (Heijungs  and Suh, 
2002).  
 
5. Demand-driven model and micro-founded Hybrid Input-Output Modeling (mHIOM) 
In  Section  4  it  has  been  seen  that  it  is  possible  to  build  an  IOT  that  keeps  all  the 
information  availability  of  HSUTs  and  overcomes  the  limits  of  MoIOTs  and  MaIOTs. 
Furthermore some brief concepts about modeling have been introduced. Now, to go a little 
bit  further  into  modeling,  the  demand-driven  model  (Miller  and  Blair,  1985)23,  the  most 
famous IO model, will be introduced. This model assumes that the production follows the 
(exogenous) demand and no infrastructure limits are applied.  
In  particular  it  will  be  shown  how  to  calculate  the  environmental  pressures  (EPs), 
determined by total exploited natural resources and by total emissions to biosphere, of a 
given final demand vector yH and, furthermore, how the demand worth, i.e. the consumer 
outlay,  is  distributed  to  the  primary  factors  taking  part  in  the  production  process  (value-
added chain). Indeed with a hybrid framework all of that can be calculated simultaneously.  
Here the final demand includes the request of commodities yY   and also post-consumption 
waste  management  service  demand  yCW    as  consequence  of  the  complete  system 

                                            
23  See Ghosh (1958) and Papadas and Dahl (1999) for supply-driven models. 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hypothesis adoption (Fig. 4).  
Vector xD indicates the number of single-unit-processes carried out, directly and indirectly, 
by activities to satisfy the final demand24: 
 
(10.a)         
 
Instead, the quantities of commodities, principal and by-products, realized as consequence 
of xD processes are equal to: 
 
(10.b) 

€ 

xT = ˆ V ⋅ xD . 
 
where 

€ 

ˆ V = V ⋅ diag(xs
−1) is the supply matrix by activities producing a single-unit output. The 

differences between xD and xT are due to the presence of by-product productions. 
So resuming, xD indicates the enforced processes as consequence of the demand yH while 
xT is the production of commodities associated to xD. 
Eq.10.a needs some more precautions. Indeed it may happen that xD has a negative value 
component, i.e.  , due to the use of by-product technology assumption  in a demand 
driven model. A  negative  quantity  of  processes means  that  in  an  economic  system,  to 
satisfy the request of consumers, some activities produce more commodities (by-products) 
than  those  demanded.  In  other  words,  a  negative  production  indicates  that  an 
overproduction  of  by-products  has  occurred.  It  follows  that  the  final  demand  has  to 
increase  to  absorb  the  overproduction.  To  this  aim,  the  following  iterative  procedure  is 
introduced  to  correct  negative  values  on  a  chosen  threshold  ξ  by  the  allocation  of  the 
overproduction to stocks thus increasing the final demand.  
So, chosen a threshold negative value   close to zero, initially , and so   
represents  the  original  production  vector  from  Eq.  10.a.    is  the  set  of  commodities 
produced by all activities both as principal output and as by-products. The condition below 
determines the start of the iterative procedure: 
 
(Condition 1)       

€ 

if ∃˙ ̇ ̇ a ∈ ˙ ̇ ̇ A : xD
n (˙ ̇ ̇ a ) < ξ  

 
then   and let   be a vector with all zeros except for the  component equal to: 
 
(11) 

€ 

˜ y n (˙ ̇ ̇ a ) = −xD
n−1(˙ ̇ ̇ a ) /LH (˙ ̇ ̇ a ;X(˙ ̇ ̇ a )) 

 

where    is the   value down the diagonal of micro-founded hybrid inverse 

matrix of  Leontief  (Eq. 9).    indicates  the amount of  commodity 

€ 

˙ ̇ ̇ a  which has  to be 

                                            
24  Consumer demand could be classified per needs or purposes (see Classification of Individual 
Consumption According to Purpose, COICOP: 
http://unstats.un.org/unsd/cr/registry/regcst.asp?Cl=5%20&Lg=1). It follows that consumption is 
represented by matrix. In that case the demand vectors are the sums per rows. For example  
and   where i is an appropriate summation vector. 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(extra)demanded  to  eliminate  the  negative  value  in  . The  introduction  of   

allows, considering the indirect productions, a reduction of the numbers of loops. It follows 

that:  

 
(12)          
 
Procedure has to be repeated until condition 1 is not valid.  
 
When  the  loops are  finished,  the  last   represents  the  real  vector of direct and  indirect 
processes to carry out in order to satisfy the demand 

€ 

yH . In this case, the overproduction 
that is equal to the output realized but not demanded becomes part of the stocks: 
 
(13)    

 
After  having  solved  the  negative-values  problem,  time  is  ripe  to  calculate  the  EPs,  as 
indicated in Miller and Blair (1985). Let   be the total vector of natural resource extracted 
and    the  total vector of emission disposed  to biosphere  in order  to satisfy  the demand 
. Eq.14 describes how to determine them: 

 
(14.a)        
(14.b)       
 
The matrices   and   indicate the average natural resources 
extracted and emissions disposed to nature by each activity to produce a single-unit output 
while    and  are  respectively  the  requirements  of  natural  resources  and  the 
emissions referred to consumption bundle and, due to demand driven model hypothesis, 
are exogenous. 
Now,  moving  to  monetary  level,  the  value-added  chain  is  calculated.  To  this  aim  the 
values-added of each activity have to be traced25. 
Indeed in a hybrid framework, assuming that prices differ per consumer, the values-added 
of activities are not unequivocally determined in the IOT because they depend on who is 
the buyer. For this reason some other calculations have to be introduced in respect to the 
well-know methodology (Duchin, 2004). 
Let yM  be the monetary demand vector determined as follows: 
 
(15)    
 
where  pC is a vector of consumer prices and yH is the demand in natural units. The sum of 

                                            
25 Note that a 2 period model is considered: the first period (t) is relative to the purchase of intermediate 
inputs and the second one (t+1) to the purchases of consumers. See Settani and Heijungs (2008) for 
further information about dynamic in IOM. 



  14 

the elements of yM  is  the  total consumers’ outlay  (see  . Then,  the vector of  the worth of 
direct and indirect produced commodities is so obtained: 
 
(16)    
 
where pI is the matrix of intermediate inputs prices by activities, * indicates the Hadamard 
product, 

€ 

ˆ U = U ⋅ diag(xS
−1)   is  the use matrix U per  single-unit  output.  Looking at  the  right 

side of Eq.16, the first addend indicates the direct worth generated by demand, the second 
one the indirect value. After this the vector of average prices, i.e. pA, can be calculated as 
follows: 
 
(17)  

€ 

pA = diag(xT
−1) ⋅ xT ;M  

 
Indeed pA  is a consequence of market transactions according to final demand hence it  is 
not  determined  a  priori  but  can  be  thought  as  a  weighted  mean  of  consumer  and 
intermediate inputs prices26. 
Once  the  average  prices  paid  out  to  producers  are  known,  the  value-added  per  each 
activity can be traced as follows: 
 
(18)    

€ 

v = [ ˆ V '⋅pA ]− [(pI * ˆ U )'⋅i] 
 
The vector v represents the worth paid out to primary factors of activities per unit of output 
when their productions are valued following average prices pA27. 
So  finally  the  value-added  chain  disaggregated  per  activity  can  be  calculated  in  the 
following way: 
 
(19) 

€ 

G = diag(v) ⋅ xD
n − ˙ ̇ ̇ g ( pA * SU )]      where      

 
is a function that subtracts the worth of overproduced commodities, if they occur, to the 

specific activities producing them as by-products.  
Equation  19  shows how  the  outlay  of  consumers  is  distributed  to  the  primary  factors  of 
activities. 
Concluding,  a mHIOM keeps all  the  information availability  of HSUTS and,  at  the  same 
time, makes the modeling developed for MoIOT more consistent. mHIOM can be useful in 
connecting coherently mass (Adriaanse et al. 1997; Eurostat, 2001; van der Voet, 1996) 
and economic  levels, helping,  for example,  to address eco-efficiency. Additionally, many 
more  interdisciplinary  analyses  can  be  realized  easing  the  fulfillment  of  sustainability 
challenges.  Indeed,  the  more  units  of  balance  are  known,  the  more  SUTs  can  be 

                                            
26 Indeed, an alternative way to write Eq.17 is 

€ 

pA = (I −α) *{[diag( ˆ U ⋅ xD )−1] ⋅ [(pI * ˆ U ) ⋅ xD ]} + {α * pC }  
where the vector α indicates the ratio between the consumed commodities and the total commodities 
production: 

€ 

α = diag(xT
−1) ⋅ yH . 

27 Eq.18 could be even written using the time dimension: 

€ 

vt +1 = [ ˆ V '⋅pA ;t +1]− [(pI ;t * ˆ U )'⋅i]  

€ 

xT ;M = yM + [(pI * ˆ U ) ⋅ xD
n ]
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calculated28 and  the broader spectrum of analyses will be. For example also  the  loss of 
quality  of  materials  and  primary  factors  (Georgescu-Roegen,  1971)  and  the  exergy 
analysis (Lozano and Valero, 1993; Sciubba, 2005) could be easily included. 
 
6. Numerical example  
Before concluding an example is included in order to resume all the concepts shown so far 
and to clarify some of potentialities of mHIOM. A hypothetical economy has been built29 for 
this aim.  
22 activities are enforced and, because of square shape, 22 commodities are realized too. 
There are agricultural activities, manufacturers and service providers; recycling processes 
are also  included. Seven different units of measurement  - natural units  - are used  in  the 
economy.  
Three activities produce the same commodity, i.e. electricity. But each of them has its own 
type  of  process:  two  use  renewable  resources, wind  and  sun, whilst  the  third  one  uses 
fossil  fuels. The mix of  electricity  production  is  not  decided by  the purchaser but  by  the 
producers through the grid.  
Recycle plants exist  just  for metals, plastics and organic solid waste. Produced waste  is 
recycled according to a determined rate, the rest of refuses are assumed to end in landfills 
and  in  the  incinerator  plant.  Recycling  plants  and  incinerators  produce  by-products,  i.e. 
recycled  materials  and  electric  energy,  which  are  indicated  as  negative  inputs  in  the 
transaction matrix.  In particular  the plant recycling organic matter produces compost  that 
can substitute for nitrogen fertilizers. The nitrogen percentage of compost is five times less 
than that of chemical fertilizer. So 1kg of compost substitutes for 0.2 kg of N-fertilizer. The 
recycling rate is assumed be the same for both producers and consumers.  
Electricity  produced  by  incinerators  substitutes  for  the  energy  obtained  only  by  fossil 
fuels30.  
Note that it is assumed that the function and the mass of commodities are homogeneous 
along the row hence all the by-products have the same characteristic (mass and price) of 
goods they substitute for. The only exception is for the compost that has same function but 
a different mass32  
Construction activities produce new  fixed assets  that  last after  the end of an accounting 
period.  
Plastics are mostly used by activities for packaging their outputs. The packaging arrives in 
the hands of purchasers that, according to the recycling rate, decide how to handle it.  
Eleven different natural resources and seven kinds of disposals to nature are introduced; 
all,  except  the  land,  are  expressed  in  mass  quantity.  Furthermore  an  extra  row  in  the 
disposals  shows  the  residual  values  that  are  all  the  unaccounted  losses  of  processes, 
calculated by balancing properties.   

                                            
28  Stahmer (2001) has realized three IOTs for Germany: a MaIOT, a MoIOT and hours-based IOT. Well, the 
three matrices belong to the same hybrid one. 

29 The elaboration of data harks back to Ecoinvent dataset (www.ecoinvent.ch) and Ribaudo (2002) 
30 A mix of crude oil, natural gas and soy oil is used to produce the non-renewable energy. 
32 Keeping constant the nitrogen ratio, the mass of compost is bigger than that of a mineral fertilizer hence 
there  is  an  extra-mass.  A  farmer  who  buys  the  compost  rather  than  fertilizers  adds  to  his  ground  the 
extra-mass increasing the accumulation of materials. 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In this exercise the attention is focused particularly on the mass and worth balance hence 
the characteristic vector is supposed to have, for each material, values indicating the mass 
and the prices per purchaser. Land use is shown but not further highlighted. 
It is assumed that the state-of-art of the imaginary economy is: 
 
production  of  electric  energy:  90%  by  fossil  fuels,  5%  by  wind  turbines  and  5%  by 
photovoltaic cells; 
management of waste:  10% to recycling, 27% to incinerator and 63% to landfill. 
 
Fig.  5  shows  the  micro-founded  coefficient  matrix  of  transactions  in  the  hypothetical 
economy  (Eq. 8), Fig 6  the other  incoming and outgoing  flows of mHIOT accounted per 
single  unit  of  principal  output33  and,  finally,  Fig.  7  shows  the  characteristic  vectors  of 
intermediate inputs where mass and prices are traced.  
Now, to show how a mHIOM may work, two different greener scenarios are discussed with 
the aim to immediately ameliorate the actual bad situation but without touching the citizens 
consumption bundle of goods. The two green scenarios are the followings: 
 
Green energy solution (GE):  
energy: 20% by fossil fuels, 40% by wind turbines and 40% by photovoltaic cells; 
waste:  10% to recycling, 27% to incinerator and 63% to landfill. 
 
High-recycling solution (HR): 
energy: 90% by fossil fuels, 5% by wind turbines and 5% by photovoltaic cells; 
waste:  75% to recycling, 7.5% to incinerator and 17.5% to landfill. 
 
The task of mHIOM is to determine which of the two scenarios could be considered as a 
better eco-efficient solution in respect to the former situation.  
Fig.  8  shows  the  quantity  and  the  worth  of  the  demand  of  commodities  and  of  waste 
management  services  for  the  two  scenarios.  As  it  can  be  seen,  the  demand  of  some 
products is unchanged whilst for the commodities related to the scenarios, electricity and 
waste management services, quantities differ. 
Fig. 9 shows  the quantity of  realized commodities,  the worth generated by activities and 
the number of productive processes (single-unit activity) that directly and indirectly should 
be engaged  to satisfy  the households demands  (Fig. 8).  In Fig.9  it can be seen  that, as 
consequence of  by-technology assumption,  the quantity  of  produced commodities  is  not 
equal to the number of single-unit processes. 
Fig.10  shows  how  the  worth  paid  out  by  consumers  is  distributed  to  primary  factors  of 
activities, capital and  labor,  in other words  the value-added chain  (Eq.19). Finally Fig.11 
describes the environmental pressures of two mentioned scenarios where a mass balance 
is realized too.  
                                            
33The choice of showing just the coefficients matrix is mainly driven by the interest to show the 
characteristics of mHIOT. Note that in the Fig. 6 and 7  the use of negative values for input and positive ones 
for outputs is exactly the contrary of that shown in Fig 4. Furthermore, for balance reasons, within the inputs 
in Fig. 6 it has introduced a part describing also the inputs from other activities (defined as: Flows in - 
Technosphere), duplicating in some rows the information already included in the coefficient matrix (Fig. 5). 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Here follows a brief discussion of the results. 
 
Crude oil, CO2 and other gasses emissions: 
The scenario GE, as was predictable, entails a reduction of extraction of crude oil (-1.75%) 
and a subsequent reduction of CO2 (-1.70%) and of no-CO2 gases (-4.25%) emissions34. 
However such reduction is quite low because the consumption of fossil fuels is still high in 
the economy, due to usage in other activities. 
Instead, the scenario HR, providing raw materials in a more environmentally friendly way, 
implies a higher  reduction of  fossil  fuels extraction  (-5.28%) and, on  the emissions side, 
CO2 (-4.7%) and other gasses (-9.65%) emissions35. 
 
Other natural resources and waste: 
Scenario HR implies a higher reduction of natural resources extracted (-11.96% of metals; 
-  80.36%  of  ammonium)  and  a  lower  production  of  solid  waste  disposed  to  the 
environment (-15.99%) than GE where there is slight reduction of solid waste discharged 
to  the  environment  (-0.71%)  while  for  the  other  components  almost  nothing  changes 
compared to the baseline. 
 
Households’ outlay, employment ad distribution of income: 
Moving  to  the  monetary  level  it  can  be  seen  that  scenario  GE  implies  a  very  slight 
reduction of demand outlay; this is due to the lower price of wind energy that compensate 
for  higher  cost  of  solar  energy.  Instead,  in  HR,  because  the  landfill  solution  is  the 
cheapest, there is a small increase of the households’ expense. 
Furthermore some considerations can be made about  the employment. New productions 
imply a shift of the request of labor services from the energetic sector to renewable energy 
activities.  While  for  HR  scenarios  this  occurs  from  mining,  electric  and  transportation 
activities to the recycling plants. 
Instead the partition of consumers’ outlay between labor and capital remain the same for 
both scenarios. But one  thing  to note  in  the HR scenario  is  that  the capital holder  in  the 
sugar beet production loses money because the gains do not cover the variable and labor 
costs36. 
 
Eco-efficiency remarks: 
An eco-efficient solution depends on hazardousness of treated materials, aims of decision 
makers,  availability  of  natural  resources,  cultural  aspects  and  so  on.  Hence  an  eco-
efficient path valid in one place might not be elsewhere. 
Notwithstanding  in  this  simple  example,  roughly  speaking,  to  strive  for  higher  recycling 
rates  seems  to  be  the  eco-efficient  solution  because  most  impact  categories  shrink  as 
shown above.  
                                            
34  For simplicity the use of gas homogenization, for example by Global Warming Potentials (GWP), is 
avoided. 

35 When the inverse matrix of Leontief is calculated for mHIOT (Eq.9), the savings in materials are explicitly 
showed.  

36 Here in this example it is assumed that the compensation to capitalists is a residual value once paid the 
other costs. 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However, this example does not want to give any real suggestions; the only aim is to show 
the potentialities of IOM built on a hybrid framework, because of plenty of information that 
simultaneously can be derived from it.  
 
7. Conclusions 
In this paper a mHIO framework has been presented.  
It has been shown that it is possible to have HSUTs that account all the possible flows and 
stocks  occurring  in  the  reality.  It  follows  that  the  HSUTs  embody  every  kind  of  SUTs: 
monetary, physical, energetic and so on.  
Additionally  a  mHIOT  has  been  calculated  that  enables  an  analyst  to  use  the  IOM 
properties keeping  the  full  information availability of HSUTs. Moreover, by using mHIOT, 
an  analyst  succeeds  to  model  the  behavior  of  a  system,  overcoming  the  limits  met  by 
MoIOT or MaIOTs (Weisz and Duchin, 2006).  
The unique hypothesis used in this methodology relies on principal production as the main 
reason  for  enforcing  productions  -  by-product  technology  assumption.  Hence,  neither 
technology  nor  sales  structure  hypotheses  are  used  as  for  the  construction  of  usual 
MoIOTs.  
Furthermore  the  mHIOT,  including  heterogeneous  flows,  permits  an  elaboration  of 
complex models of an  (economic) system and enables  the  link between Economics and 
other  Social  and  Natural  Sciences,  addressing  eco-efficiency  and  allowing  many  more 
organic  analyses.  For  these  reasons  a  mHIOT  may  be  really  useful  in  searching  for 
sustainable development paths. 
Finally, from a statistical point of view, the presence of many flows in a hybrid framework, 
allowing  more  connections  between  different  variables,  may  help  to  validate  data  of 
National  Accounts  coming  out  from  different  sources  and  surveys,  ameliorating  the 
databases  consistency.  Furthermore  the  comparison  between  economies  of  different 
countries  can  be  more  easily  realized  without  any  data  treatment,  for  example  the 
purchasing power parity. 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Fig. 5 – Coefficients matrix 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Fig. 6 – Physical Flows: Natural Resources, Waste, Commodities and Emissions. 
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Fig. 7 – Characteristic vectors: mass and worth components. 
 

 
 
 
Fig.  8  –  Physical  and  monetary  demand  and  total  households  outlay  by 
scenarios 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Fig.  9  –  Quantity  of  commodities,  worth  and  number  of  processes  directly 
and indirectly generated by the demand (variation respect to the baseline) 
 

 
 
 
Fig.  10  –  Value-added  chains,  breakdown  by  primary  factors  (variation 
respect to the baseline) 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Fig. 11 – Environmental pressures (variation respect to the baseline) 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