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Introduction

With regard to John von Neuman’s model( 1945), Tjalling Koopmans (1964) in his article Economic growth at a maximal rate asserts that “The[von Neuman’s] paper contains the first explicit statement, known to his author, of what has subsequently been called activity analysis model of production. This is a model in which there is a finite number of production processes, each of which is characterized by constant ratios of inputs to outputs, hence by constant returns to scale.”
Indeed von Neuman (1945) commences the article with another statement. “The subject of this paper is the solution of a typical economic equation system” given specific ‘properties’. This ‘first explicit statement’ identified by Koopmans and subsequently used as a yardstick to classify a number of economic models has also been as a foundation stone to build up the so-called ‘theory of production’.  This theory starts from that ‘explicit statement’ seen as a matrix containing commodity flows as the input of industries, (a matrix representing  ‘methods of production’, to use a favourite of Sraffa’s) and with the language of matrix algebra and vector spaces there is a lot to play with, so that the  ‘theory of production’ has expanded into a distinctive body of mathematical economics in its own right. Getting back to economic papers using the lens of mathematics, the foundation stone of activity analysis was used to draft a number of economic models. Theory of production specialists used to refer to John von Neuman, Wassily Leontief and Piero Sraffa’s economic models as theoretical approaches having a common base. It was from this common base that such models acquired their true economic effectiveness.
The historical environment of the models
First of all, let us describe the historical scenario of these models.

In the introduction to readings on Growth economics, Amartya Sen (1970) writes: ‘The war-damaged economies were trying hard to reconstruct fast, the underdeveloped countries were attempting to initiate economic development, the advanced capitalistic countries being relatively free from periodic slumps were trying to concentrates on raising the long-run rate of growth, and the socialist countries were determined to overtake the richer capitalistic economies by fast economic expansion........With this immensely practical motivation it would have been natural from growth theory to take a fairly practice-oriented shape. This, however, has not happened…’. However, ‘…even in these rather esoteric studies growth theory has thrown up issues that are more than theoretical, and the literature is worth reading not merely for intellectual delight (is such are sources of one’s delight) but also for noting major questions of importance, even though the answers are usually not very clear.’ 

In this context, von Neuman’s model was introduced through the aforementioned article by Koopmans. The title - Economic growth at a maximal rate – contains what seems the essence of the economic insight given by this model, described in a paper of 9 pages. As far as references to articles and books reporting the model, it seems that von Neuman did not add any further contributions subsequent  to its presentation apart from the association with the turnpike theorem (which is, precisely, a theorem). The economic curiosity supported by this model is that today we could have been better off having preserved the  economic structure of our country, let us say, from two centuries ago. In fact, in this model, ‘economic growth at a maximal rate’ is achieved when all the sectors of the economy grow at the same rate.  No one affirms that maximization of economic growth is the basic economic objective; however, in this respect von Neuman’s model does not throw any remarkable new light.
In 1943 (and in 1951 for the second edition), Wassly Leontief published The Structure of American Economy, 1919-1939, An Empirical Application of Equilibrium Analysis.  Dorfman, Samuelson and Solow,(1958) presented Leontief’s basic monograph on his input-output approach, writing: “In addition to a statement of the theory, the volume includes input-output tables for the United States for 1919, 1929, and 1939 and three applications for the techniques to current economic problems.” Here, it is important to note that Leontief’s seminal book on input-output approach contains: a) ‘a statement of the theory’, b) ‘input-output tables for the United States’ and c) ‘applications ... to current economic problems’. A few years later, Leontief (1953) published Studies in the structure of the American Economy containing reports by members of the staff of the Harvard Economic Research Project on a number of aspects of input-output analysis. Among the topics treated was the stability of input-output coefficients over time, a dynamic input-output model, and detailed research into the production functions of a number of industries. Interactions between theory and empirical applications were to characterize the scientific production of Leontief for many years to come. 

Sraffa published his Production of Commodities by means of Commodities with a meaningful sub-title: Prelude to a critique of economic theory in 1960.  Sraffa’s book is divided in three parts: Part I – Single-product industries and circulating capital - Part II – Multiple-product industries and fixed capital – and Part III – Switch methods of production. The second and third parts offer abundant material for addressing intellectual resources to on purely theoretical and apparently practical problems. The first part is much more interesting, mostly on the grounds of the history of economic thought. In this part, Sraffa makes a basic distinction between ‘Production for subsistence’ (Chapter I) and ‘Production with surplus’ (Chapter II). He considers production for subsistence typical of a ‘simple society which produces just enough to maintain itself’.  Commodities are used to produce commodities and part of them (as inputs) are used ‘as substance for those who work’. This society, as opposed to a ‘simple’ one is what existed before the industrial revolution
.   ‘Production with surplus’ characterizes an economy which ‘produces more than a minimum necessary for replacement and there is a surplus to be distributed’; that is to say, the economy which came to light with the industrial revolution.  The innovative event is the novelty of the surplus ’because the surplus (or profit) must be distributed in proportion to the means of production (or capital) advanced in each industry’; Sraffa adds that ‘the rate of profits … must be uniform for all industries’ and affirms that ‘the system is assumed to be in a self-replacing state’. Now, in the prices of commodity equations, the rate of profit plays the role of a mark-up while wages are considered the price of a unit of labour; Sraffa writes: ‘We suppose labour to be uniform in quality or, what amounts to the same thing, we assume any differences in quality to have been previously reduced to equivalent differences in quality so that each unit of labour receives the same wage’.  Subsequently, wages and the rate of profit are assumed equalized between sectors. 
‘One effect of the emergence of a surplus must be noticed’, Sraffa writes. This effect is that ‘now there is room for a new class of ‘luxury’ products which are not used, whether as instruments of production or as articles of subsistence, in the production of others’ commodities’. And it is made clear that ‘these products have no part in the determination of the system. Their role is purely passive.’  The distinction between the old class of commodities and the new class, denominated ‘luxury’ commodities, is crucial to understanding  Sraffa’s representation of the economic system. He says:  ‘If an invention’ modifies the method of production of a luxury commodity this will impact on its price’; however, ‘the price relations of the other products and the rate of profits would remain unaffected. But if such a change occurred in the production of a commodity of the opposite type, which does enter the means of production, all prices would be affected  and the rate of profits would be changed.’  This statement makes what Sraffa means by the  ‘ purely passive…..role’ of luxury commodities as far as their impact on prices and the rate of profits, clear.  A luxury commodity is defined considering what would happen ‘if we eliminate from the system the equation representing the production’ of it. And in contrast, what happens ‘if we eliminate one of the other, non-luxury, equation’. The elimination of a luxury commodity does not affect the production of non-luxury commodities. If a non-luxury commodity ceases to be produced, the economic system collapses (Sraffa says: ‘the system would become indeterminate’).
Examples of luxury goods are instructive. Some of them may be used just for their reproduction, like racehorses. Others are used directly or indirectly for their production; the example is given of ostriches which give ostrich-eggs and feathers. An example of an intermediate luxury product is raw-silk. Given these examples, we should assume that the elimination of racehorses, ostriches and silk-worms would not produce any impact on the economic system. It might prove difficult to share this assumption with the people living in Suzhou, China, but then we must not forget that such examples came from Cambridge, UK.
In our time, the example of a non-luxury commodity might be represented by electricity. If electric plants are switched off, the economic system suddenly collapses.
After the introduction of this kind of particular commodity, the distinction between luxury and non-luxury is maintained by renaming commodities respectively as non-basic and basic products.

Sraffa writes: “We have up to this point regarded wages as consisting of the necessary subsistence of the workers and thus entering the system on the same footing as the fuel for the engines or the feed for the cattle”. This approach to wages may be informative about the world represented in ‘Production for subsistence’. This  world  was mostly characterized by a labour force of serfs such as the world described by Nicolaj Vasilievich Gogol in ‘Dead Souls’;  there, the commodities used to maintain and reproduce  the workers are properly considered a means of production. But, in production with a surplus, ‘We must – Sraffa writes – now take into account the other aspect of wages since, besides the ever-present element of subsistence, they may include a share of the surplus product. In view of this double character of wage it would be appropriate, when we come to consider the division of the surplus between capitalists and workers, to separate the two component parts of the wage and regard only the ‘surplus’ part as variable; whereas the goods necessary for the subsistence of the workers would continue to appear, with the fuel, etc., among the means of production’. 
Because of the presence of the surplus, in order to model the price formation of the basic products, the amount of labour times the wage per unit of labour (which represents the surplus part of wages) is added to the cost of production.  This model aims to draw from some of Marx’s ideas. The subsistence located among the means of production is ‘wage goods’. The surplus is divided according to the result of the ‘class struggle’. However, the part of surplus conquered by the workers spent to buy non-basic goods may be considered a capitalistic dissolute attitude, which is in striking contrast with the celebrated virtue of the working class.
The model with a surplus and labor together with the means of production appears suited to tackle the problem of the ‘Reduction to dated quantities of labor’. This problem is treated in Chapter VI, the last chapter of Part I. Here, the transformation question finds an answer.  The economy ahead of us has reached a long-run equilibrium. We do not know how we got it and no scarcity constraints hit the reproduction of input and output; labor – the ‘primary factor’ – is abundant being available from the Marxian ‘industrial reserve army’. In this long-run equilibrium, the rate of profit and wage per unit of labor is the same across industries. Sraffa moves backward along the time axis from this equilibrium to measure the content of labor in the unit of basic commodities. The transformation does not give the desired result. In fact, the ‘value of labor terms’ turns out to depend on the distribution of the surplus. This investigation reveals the peculiar perspective of the Sraffa’s modelling approach.
Sraffa’ book, Part II and Part III are another story.

The modelling perspective. Travelling along the time axis

J. von Neuman left his model in the hands of mathematical economists. They played with it travelling in the forward direction of the time axis. This is why this model is usually found in the field of growth economics. The main contributions supported by von Neuman’s model concern the sectoral as well global rate of growth and curiosities such as the turnpike theorem (see Koopmans (1953)).
Sraffa supports his representation of the production of commodities by means of commodities in the presence of a surplus with a group of assumptions; among them, that the rate of profit and the unit labour cost – the wage – are equalized between sectors. Then, he moves backwards along the time axis trying to evaluate the amount of labour embodied in the present prices of commodities. That is to say, the transformation problem of the past into the present in terms of the quantity of labour, representing the primary factor which, according to a Marxian point of view, moves everything.

Leontief skips along the time axis. In his book (Leontief, 1943), he touches on three years, 1919, 1929 and 1939, and takes a picture of the observed economy of the United States. Leontief‘s research strategy is clearly revealed from the structure of his book.  The first edition is composed of three parts. Part I: Quantitative input and output relations in the economic system of the United States in 1919 end 1929, Part II: The theoretical scheme. Part III: Data and variables in the American economic system 1919-1929. The second part – the theoretical scheme – comes after the definition of fundamental concepts of national account items and their statistical application, and before the use of the input-output table for studying price and output reactions, the behaviour of individual industries and structural change investigations. The second edition reproduces the three parts of the first edition ‘without any changes’ and presents a fourth part: the application of the input-output technique to the American economic system in 1939.
The observed economy and the imagined economy.

In von Neuman’ article there is no sign whatsoever of an observed economy. In fact, von Neuman declares that the article simply deals with “the solution of a typical economic equation system”. Furthermore, he makes it clear that “The present paper was read for the first time in the winter of 1932 at the mathematical seminar of Princeton University. The reason for this publication was an invitation from Mr. K. Menger, to whom the author wishes to express his thanks”. As far as the literature quoting this model, von Neuman did not spend any further intellectual energy on this subject. Whereas it is clear that Mr. K. Menger is the sole person responsible for having introduced von Neuman’s contribution to the field of economic theory.
Sraffa mentions commodities which can be found in any observable economy: wheat, pigs, iron, coal, ostriches, racehorses, eggs and so on. But Sraffa distinguishes commodities into basic and non-basic. This distinction is crucial to identify a real economy. That is to say, it is not sufficient to list commodities produced in a given economy because we must distinguish those commodities which represent the core of the economy and these basic commodities must be known in advance. Unfortunately, some Sraffians demand economic data describing Sraffa’s vision of the (capitalistic) economy. No one has ever seriously been engaged in translating Sraffa’s definitions of basic and non-basic commodities into the industrial census classifications. On the other hand, Country Statistical Bureaus are not accustomed or interested, in producing national account data seen through Sraffa’s eyes.
Leontief’s contributions to input-output analysis are characterized by a rooted empirical approach. His book (Leontief, 1943) inserts the ‘theoretical scheme’ between ‘fundamental concepts and statistical applications’ and the ‘data and variables of the American economic system’. Later in the ‘second enlarged edition”, on the basis of this theoretical-empirical approach a fourth Part was added; it deals with the application of input-output techniques to the American economic system observed in 1939. The research approach behind Leontief’s book (Leontief, 1951) is clearly seen in the acknowledgement in which Leontief affirms that the research was done thanks to the generous support of the Harvard Committee on Research in Social Sciences and writes: “Maynard Heins, Orville McDiarmid, and Louis Weiner were to a large extent responsible for the difficult task of gathering and organizing the basic statistical material. Whatever deficiencies may be discovered in this part of the work – and doubtless there are many – they certainly are not due to any lack of workmanship or technical ingenuity on part of these skilled statisticians”.  While von Neuman delivered and abandoned his ‘solution of a typical economic equation system’ and Sraffa indulged with his economic model to tackle problems concerning the viewpoints of some classical economists intermingled with ideological concepts, behind Leontief’s work  there was a research group involved in a huge empirical task supported by and interacting with a theoretical scheme.  
Hence, one should not be surprised by the fact that Leontief’s input-output table soon became popular. Rooted in observable and observed economic phenomena, it attracted every economist and statistician involved in the construction of national accounts.  Today, input-output tables are the cornerstone of the national accounts of European Union Member States. Consequently, Leontief’s contribution lies behind every multisectoral macroeconomic model structure.  
The research environment
Von Neuman presented his model in a seminar and wrote the paper (von Neuman, 1945) invited by Mr. K. Menger. 

Sraffa in his book declares that he refers to ‘old classical economists from Adam Smith to Ricardo’, stressing that he shunned any ‘marginalist’ interference. Among the contemporaries, only Lord Keynes is mentioned as having read ‘a draft of the opening proposition of this paper’ in 1928 (thirty years before the publication of his book).  Afterwards, he worked alone on the subject. He took advantage of A.S. Besicovitch, Frank Ramsey and Alister Watson for ‘mathematical help over many years…at different periods’. Sraffians flourished only after the publication of the book Production of Commodities by means of Commodities and suddenly Sraffa became totally silent, in the sense that he did not even answer those questions posed by “pilgrims” visiting him at Cambridge.
Leontief directed many projects which involved a number of researchers, published many papers related to input-output analysis before and after the publication of the book mentioned above. He trained many students who later became collaborators and academic colleagues.
A method of discovering similarities

A method of highlighting the common roots of economic contributions may be represented by a ‘Boolean approach’ applied to the field of ‘economic thought’, as follows:
(John von Neuman)& (Piero Sraffa)& (Wassily Leontief)  = (Theory of production)
Since then the ‘theory of production’ has been used as a junction to easily travel from one economic field to another.  Educated and living in one of these fields, we may be told that we have close relatives somewhere in the world of economics. At first glance, this is good news; it is largely preferable not to be alone in the universe. This news become less welcome when we are told we are indebted to someone we have never met in our life (by economic literature examined in our area of scientific interest).
Karen Polenske and Anne Carter, two Leontief students and later colleagues, implicitly admit that they ignore the existence of any scientific relations outside Leontief’s scientific environment. In the special session in Memory of Wassily Leontief at the 13th International Input-Output Association Conference, Karen Polenske opened her speech on “Leontief’s Magnificent Machine and other Contributions to Applied Economics’ with the statement: “Wassily W. Leontief was an excellent theorist”; furthermore, she stressed that “he [Leontief] was extremely critical of most economic theorists, especially of those who failed to understand economics as an empirical and applied science”.  In particular he sharply criticized economists who tended to separate pure theory from empirical investigation as he considered empirical analysis a necessary “descriptive complement of ….theoretical analysis (Leontief, 1954)”.
In the Newsletter of the International Input-Output Association (Special issues in memory of Wassily Leontief on occasion of the 10th anniversary of his death, February 2009), Anne Carter wrote that “Leontief’s focus was radically different from that of his mainstream colleagues. Some even question whether what he did was truly economics or a different discipline entirely”. In fact, “Instead of explaining the market system and its optimizing properties, he simply described the interdependence of sectors in quantitative terms and explored the nature and the consequences of that interdependence”.
Karen Polenske remembered that Leontief “expressed dismay that some economic theorists believe they are doing empirical studies”.  This criticism should be emphasized even more nowadays in the face of the widespread practice of concluding economic papers with the sentence “Some implications for economic policy”, such contributions being clearly irrelevant for economic policy. Furthermore, living inside their ivory tower, theorists, who are proud not to have any contact with the observable economy, frequently claim ‘empirical evidence’ for their theoretical ideas; it is a matter of fact, that such empirical evidence is cited but does not exist or is incorrectly referred to, as is clear to economists who are used to considering observable economic phenomena as the source and support of their theory. 
Timing, similarities and their relevance

The Joint production problem – one of Sraffia’s strong points - deserves a special mention in a Boolean approach to economic thought. Klein-Morishima’s debate on production functions and input-output coefficients took place in the ‘50s (Klein, 1952-1953, 1957, Morishima 1956-1957, 1957), long before the publication of Sraffa’s book.  First, Klein (1952) observed that ”input-output analysis introduced by Leontief and his followers raises basic questions of economic interpretation. Are the elements of input-output tables structural parameters of an economic system or are they merely ratios of two economic variables? If input-output coefficients are truly structural parameters, can they be identified with well defined technological parameters or are they mixtures of several types of parameters including some that are not purely technological?”.  Then, he emphasised that “in the standard assumptions of input-output analysis … the unrealistic assumption is made that each sector of the economy produces only a single type of output”.  And “in contrast with other studies”, Klein said, “….[he] drops the assumption that each sector produces on a single output. We shall allow joint production in each producing sector. This is not to be regarded as a mere refinement since joint production is the rule and not the exception”. Morishima (1956) shared this point of view: “the case in which each sector produces only one output is not realistic. In fact, joint production is not an exception but a rule”.  This awareness is strongly supported by the inclination to look at the observable economy as emerged in Klein’s comment (1952)“…. even if input-output tables are refined to 1000x1000 classifications, the problem of joint production cannot be avoided”. 
Later, the joint production problem was tackled by splitting the input-output table into two tables named ‘make (or supply)’ and ‘use’. Depending on the constraints satisfied in the data collection process, the two tables are used to deal with the distinction between products and industries, the latter being affected by ‘joint production’ in terms of products. At present, the input-output framework of the European System of Accounts (ESA 1995) consists of three types of tables: 1) supply tables, 2) use tables and 3) symmetric input-output tables.  The symmetric input –output tables are derived from the supply and use ones. In this process, ‘joint production’ may cause ‘economic inconsistency ’.  The remarkable inconsistency is represented by the emergence of negative input-output elements.  Of course, intermediate consumption input-output flows are constrained to be non-negative and such a non-sense outcome must be tackled by looking into a number of potential sources.  
Chapter 11 of the Eurostat “Manual of Supply, Use and Input-output Tables (2008)” contains a detailed discussion (supported by an exhaustive set of numerical examples) on the computation of symmetric input-output tables. Joint production is not stated as a pure theoretical hypothesis; empirical cases are seriously taken into account; different approaches to distinguishing product technologies from the observed industries technologies are presented. Konijn (1994), Thage (2002), Thage, ten Raa(2006)’s contributions are presented with special focus and a detailed presentation of Almon’s method (2000) and evaluated as a proposal to overcome the problem of negative input-output flows in symmetric input-output tables derived from supply and use tables. Although ‘joint production’ is a strong point raised by Sraffians, no contribution from this theorist is mentioned. However, according to the Sraffian Research Programmes and Unorthodox Economics listed by Aspromourgos (2004), ‘joint production’ does not turn out to be among the subjects of the ‘Sraffian Project’.  
All in all, the absence of the ‘joint production problem’ among the subjects of the Aspromourgos (2004) ‘Sraffian Project’ should not be considered an oversight. In fact, some theorists are inclined to create problems, not to solve them.
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