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Abstract:
Modern multidimensional trade models that follow the tradition of Eaton and Kortum postulate the existence of aggregative summary statistics applicable across continuum goods that can be used to rank countries by absolute and comparative advantages. In so doing the models completely bypass the problems of determining the pattern of comparative advantage and the complex interactions between the comparative advantage and the terms of trade that are characteristic of multicountry multicommodity trade situations. In spite of their sweeping postulates they nevertheless end up with very special conclusions, eg. that each good is purchased by a given importing country from only one exporting country. Analytical frameworks of the Eaton-Kortum type are in striking contrast with the older multidimensional trade models of Graham, McKenzie and Jones which are based on the assumption of given productivity and demand conditions in different countries. From these data alone the Graham-type models are able to determine the entire range of trade related variables, viz, the intercountry trade pattern, the intercountry trade volumes and values as well as the intercountry terms of trade. Even though they are based on very simple assumptions they generate more general conclusions as compared with the vastly more complex Eaton –Kortum models.
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I  Introduction
In two contributions to the Quarterly Journal of Economics [Graham (1923, 1932)], and subsequently in his magnum opus [Graham (1948)], Frank D. Graham of Princeton University formulated and solved examples of multicountry multicommodity trade and used them not only to criticize classical and early neoclassical economists for wrongly projecting conclusions drawn from the 2x2 apparatus to the general context but also to establish new methods and propositions in trade theory and its applications to the transfer problem, import duties etc. Graham’s ,model had Ricardian features; one primary factor labor and differing productivities of labour across industries and countries to which be added fixed share demand equations. Even with such simple assumptions Graham produced a set of examples with a rich variety of propositions about international trade. McKenzie (1954), Jones (1961), used Graham’s model to make further contributions but afterwards the subject of multicountry multicommodity trade was itself abandoned by the profession for several years. About two decades ago Eaton-Kortum (2001) revived the interest of the profession in the subject of multicounty multicommodity trade by producing a model that unified into one framework several models from the trade literature including a) the Dornbusch, Fischer and Samuelson model, b) the gravity equation of international trade, c) Krugman’s geography and trade model and d) imperfect competition and trade models.  In so doing they made strong postulates regarding the representability of absolute advantages and comparative advantages in the production of continuums of goods across countries by means of aggregative parameters. While these postulates considerably simplify the process of testing the model against trade data, their use entirely conceals the theoretical complexities that characterize multicountry multicommodity trade situations, particularly that of the circular dependence between the assignment of commodities to countries, the terms of trade between the countries and the allocations of resources between industries in the individual countries. Moreover, the Eaton-Kortum model is constrained by unduly restrictive implications regarding the pattern of international specialization eg. that each good is imported by a given importing country from only one exporting country. These theoretical limitations are entirely absent in Graham’s model.
The purpose of this paper is to given an exposition of Graham’s model with a view to bring out its implications in relation to those of the Dornbusch, Fischer and Samuelson model (1977) and the Eaton-Kortum model (2001). The paper is divided into five sections.  The second section explains the method of obtaining equilibrium in autarky, the third gives an example of two-country several-commodity trade and contrasts the conclusions of Graham’s model with those of Dornbusch, Fischer and Samuelson (1977), the fourth section solves Graham’s four country three commodity trade model and the fifth section makes some concluding observations.
II Autarkic Equilibrium 

While discussing the autarkic equilibrium of an economy Graham considered the allocation of “productive resources” in the economy between the various industries but did not describe them in detail. We shall suppose that by productive resources he meant homogenous labour. Further, Graham worked strictly within the pure context i.e., without monetary considerations. We shall find it convenient to suppose a given money wage rate in each country in terms of a fiat money. These two deviations are not as great a departure from Graham’s theory as they might appear at first glance because Graham nowhere discusses problems that arise in reallocating ‘productive resources’ between industries due say to the technical specificities of machines or the skill specificities of labour. Considering this, all commentators on Graham’s work have also supposed that Graham assumed homogenous labour. As regards our assumption of a given money wage rate, Graham himself stated, “it is only in the case of independent monetary systems (with debt, fiat or other non-commodity monies not used in any but the jurisdiction of issue) that the introduction of money makes no difference to the normal ratio of exchange. A money which has no use in the arts, and does not circulate in any country but the country of origin is “purer” in the sense, that it serves simply as a numeraire and does not disturb the commodity exchange relationships that would evolve under a frictionless form of barter of commodities not including the money material, than any commodity money could possibly be,” [Graham (1948, p.152)]. At any rate our assumption of a given money wage rate in each country gives an occasion to test this conjecture of Graham.

Except for these two aspects there will be no deviation whatsoever from Graham’s framework. Thus we shall suppose with Graham that consumer tastes and preferences for various goods are represented by fixed shares of total income devoted to purchase them, and that technology is of fixed-coefficients constant-returns-to scale-type.

Autarkic equilibrium in these conditions is easily described. Let L be the total labour, w the money wage rate, 
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the share of total income spent on commodity i and 
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units of commodity i. The equilibrium may be written as,
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No other equilibrium is possible. Because the unit price of each commodity is simply 
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and the expenditure on the commodity being
[image: image7.wmf]wL

i

a

, the quantity demanded of commodity i is, 






[image: image8.wmf]i

i

i

i

id

l

L

wl

wL

X

a

a

=

=






             … (2)

which will be equal to the quantity supplied given in (1) only if the labour allocated to the production of i is 
[image: image9.wmf]L

i

a

. In other words, the demand price of the commodity


[image: image10.wmf]is

i

id

X

wL

P

a

=


is equal to the supply price 
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The size of the money wage rate affects only the levels of prices, nothing ‘real’

As an example consider an economy that produces 4 commodities, has 100 units of labour, pays a wage rate of $2 and has the labour coefficients of production li = 0.5, 2, 1, 0.8 and average (equal to marginal) propensities to consume  and average (equal to marginal) propensities to consume 
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= 0.2, 0.3, 0.1, 0.4.  Then in equilibrium it will employ 20, 30, 10 and 40 units of labour in the four industries and produce 40, 15, 10 and 50 units of outputs at prices of $1, 4, 2 and 1.60 respectively. 
Then the equilibrium for the economy is shown in table 1.
(Table 1)

Equilibrium in autarky 
	Industry
	Labour
	Output
	Price (USD)

	1
	20
	40
	1.00

	2
	30
	15
	4.00

	3
	10
	10
	2.00

	4
	40
	50
	1.60


III
Two Country Five Commodities Trade
Eaton and Kortum (2001) have relied upon the classic paper of Dornbusch, Fischer and Samuelson (1977) in formulating their model.  It will be recalled that the DFS model postulates two countries trading in an infinite continuance of commodities arranged in order from the lowest to the highest ratio of the intercountry prices of the commodities and postulated that this chain of comparative advantage would be broken at the commodity whose intercountry price ratio was equal to intercountry ratio of wage rates.  This is itself an erroneous conclusion. In the Graham model the chain will be broken by the currency exchange rate as we shall illustrate below (figure 1).
	
	
	
	


                 P1A/P1B                                                          EAB                                         PnA/PnB
If P1A/P1B    are the intercountry price ratios of good i (i = 1…n) arranged from the lowest to the highest and EAB is the market exchange rate then all commodities to the left of  EAB will be A – exportables and those to the right will be A – importables.  More importantly EAB will be such as to ensure trade balance (in the absence of other transactions) of both countries and will not except by fluke be equal to the ratios of wage rates or the ratios of price levels in the countries.
Consider two countries trading in five commodities.  Their autarky equlibria are shown in tables 2and 3.
(Table 2)
	
	A
	B

	1
	2WA = 10P1A
	4WB = 80p1B

	2
	2WA = 20P2A
	4WB = 50p2B

	3
	2WA = 2P3A
	4WB = 8p3B

	4
	2WA = 40P4A
	4WB = 20p4B

	5
	2WA = 50P5A
	4WB = 40p5B


If WA = ¥1 and WB = $1 then the equilibrium prices are as follows
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(Table 3)

	P1A = ¥ 0.2
	P1B =  $0.05

	P2A = ¥ 0.1
	P2B =$0.08

	P3A = ¥ 1
	P3B = $0.5

	P4A = ¥ 0.05
	P4B = $0.2

	P5A = ¥ 0.04
	P5B =$0.1


Then the ‘natural’ exchange rates (intercountry commodity price ratios) are 
[image: image15.wmf]

 EMBED Equation.3  [image: image16.wmf][image: image18.png]EL
-



=4, [image: image20.png]EZ2,
-



=1.25, [image: image22.png]EZ
-



=2,[image: image24.png]E}
-



=0.25,[image: image26.png]E2,
-



=0.4. These can be arranged from lowest to highest as shown in figure (2):

               (0.25)          (0.4)                       (1.25)                       (2)                   (4)
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The ranking implied by figure (2) is a ranking by comparative advantage; A has the maximal comparative advantage in commodity 4 and B in commodity 1 with other commodities lying between.

When the economies are opened to trade some industries will close down in the respective countries and their labour endowment will be reallocated among the industries that operate in the post-trade situation.  The question is which industries will operate in which country? It is of course clear that industry 4 will operate in A and industry 1 in B.  But what about industries 5, 2 and 3?  Some trial and error is required because of the following circularity among the unknowns; until the currency exchange rate is unknown we cannot ascertain which country gains by importing which of the commodities but the exchange rate cannot be known until the trade pattern between the countries is known.  Thus, suppose we try the trade pattern A-4,5 B – 1,2,3  that is to say we are supposing that the currency exchange rate will lie in the interval  ([image: image38.png]E2,
-
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) in figure 2,  then industries 1, 2, 3 will be closed down in A and industries 4, 5 in B and the labour will be reallocated between the industries that operate.  
Then the world demand-supply equations will be constructed as illustrated below. For instance for commodity 1 the equation will be as follows,
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The left had side shows the total supply of commodity 1; a quantity (autarky allocation times X1B shows the new allocation that must be determined) of employment divided by the labour coefficient of industry 1 in B gives the total supply.  The right-hand side shows the total demand for commodity 1; the first term shows expenditure of country A on commodity 1, (0.2) (10WA) which is in yen and must be converted into dollars in order to purchase commodity 1 at its dollar price of $0.05 and the second term is the B’s domestic demand .  In like manner we may write out the equations for the other four commodities.  For example for commodity 5 it will be:
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In effect there will be 4 independent demand equations involving 7 unknowns, the five labour allocations X4A, x5A, and X1B, X2B, X3B and two exchange rates EAB and EBA.  In view of EAB = 1/EBA one exchange rate stands eliminated leaving 6 unknowns in 4 equations.  The two additional equations required are the full-employment conditions for A and B.

             2X4A + 2X5B = 10
            4X1B + 4X2B + 4X3B = 20

The solution obtained is X4A =X5A =2.5, X1B = X2B = X3B = 1.6666 and EAB = 0.75.  At this exchange rate both countries gain from trade; 1 yen would have purchased 5, 10 and 1 units respectively of commodities 1, 2, 3 at home but can buy $1.3333 which in turn would buy 26.66, 16.66 and 2.66 units of the three commodities in country B and whereas 1 dollar would have purchased 6.66 and 13.33 units of commodities 4 and 5 in B it can be used to buy ¥0.75 which in turn buys larger quantities of 15 and 18.75 units in A.  
The international trade equilibrium is as follows:



A


              B
1

_____________
6.66WB = 133.33 P1B
2

______________
6.66 WB =    83.33 P2B 
3

______________
6.66 WB =     13.33 P3B

4

5 WA = 100 P4A
___________________

5

5WA = 125 P5A               ___________________

It will be noticed that Graham’s model differs from that of Dornbusch, Fischer and Samuelson (1977) although both models are essentially Ricardian in nature. Whereas the chain of comparative cost is broken by the ratio of intercountry ratio of wage rates (or the price levels) in the Dornbusch, Fischer and Samuelson model that is not so in the Graham model. In Graham’s model the chain of comparative cost is broken at the point where the currency exchange rate is such as to confer positive gains from trade to both countries for the commodities they import as well as to ensure trade balance of both countries (in the absence of other transactions  between them) and world commodity markets are cleared . Further it will be noted that the empirical fact that the Eaton-Kortum model seek to explain, viz. that factor rewards  are far from equal [see Eaton-Kortum (2001) page No 1] is seen to be present in the example above ; the real wage rate in terms of all commodities differ between A and B even with access to trade, eg. WA EBA/ P1 = 26.66 and WB / P1B = 20, etc.  With regard to two other basic facts referred to by Eaton-Kortum (2001) viz. that trade diminishes dramatically with distance and that price vary across locations with greater difference between places farther apart, they can be easily shown to be straight forwarded inferences of including transport cost. Even a consideration of two countries A and B trading in two commodities 1 and 2 will suffice. In the absence of transport cost the gain from trade can be represented by the size of the interval[image: image45.png]EL
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 as shown in the figure 3 below:
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Intercountry demands should determine  [image: image53.png]


 within that interval for trade to be gainful for both countries. Let 
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  be the cost of transporting a unit of commodity 1 from A to B and 
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  be that of transporting 2 from B to A, then effective natural exchange rates with transport cost will be:
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These are shown by the rightward shift of [image: image58.png]EL
-



 and leftward shift of [image: image60.png]EZ2,
-



 showing a decline in the gain from trade. In the situation those transports costs are steep enough to nullify the gain from trade, autarky will prevail and price differences will prevail too.
IV Graham’s 4 Country 3 Commodity Example

Consider Graham’s example of 3 commodities being produced in 4 countries whose sizes (measured in terms of the output of commodity 1 in autarkic equilibrium) are in the ratio 1:2:3:4 [Graham (1948), Chapter V]. Graham further supposes that in each country 1/3rd of the income is spent on each commodity. 
The labour coefficients of production are supposed to be:

(Table 4)
	
	A
	B
	C
	D

	1
	4/10
	6/20
	9/30
	12/40

	2
	4/19
	6/40
	9/40
	12/112

	3
	4/42
	6/48
	9/90
	12/160


Then if we suppose that sizes of the labour endowment in the 4 countries are 12, 18, 27 and 36 respectively and the money wage rates are say USD 1, GBP 1, JPY 1 and EUR 1 the autarkic equlibria are:
(Table 5)
	
	A
	B
	C
	D
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The first column for each country shows the labour allocated and the second column the output produced (Note that sizes of industry 1 in the four countries are in the ratio 1:2:3:4). The prices of the commodities are simply the money wage rates multiplied by the labour coefficients shown in table 4. 
The natural exchange rates are as below,
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We shall skip the intermediate steps in the trial and error process that leads us to the equilibrium production trade pattern which is A-3, B-1, C-1, 3 D-2, 3 and simply proceed to verify its equilibrium status and call attention to its properties. The world-demand supply equations are:
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Observe that there are two independent demand-supply equations and two full employment equations, ie. A total of four equations in four unknowns labour allocations [image: image90.png]X1e X3 XogX3g




All the currency exchange rates are implied by the trade pattern itself; since commodity 1 in produced in common between B and C [image: image92.png]
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=0.9523, [image: image100.png]


= [image: image102.png]EZ
:
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=1.2689 the solution for the labour allocations is:
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The quantities of commodities that can be purchased for unit of the currency of country A in all the countries of the world at the equilibrium exchange rate are tabulated below.
(Table 6)

	
	A
	B
	C
	D

	1
	2.5
	3.5*
	3.5*
	2.625

	2
	4.75
	7.0
	4.66
	7.35*

	3
	10.5*
	8.4
	10.5*
	10.5*


Starred entries show the maximum quantity of a commodity that can be bought in various countries for a unit of currency A at the equilibrium exchange rates. It can be seen that the pattern of maximal elements corresponds exactly with the equilibrium trade pattern A-3, B-1,C-1,3,D-2,3.
The trade equilibrium is found since all outputs are positive and at the market clearing exchange rates the pattern of gains from trade is consistent with the trade assignment.  The world’s production in equilibrium is as follows,
(Table 7)
	
	A
	B
	C
	D

	1
	-
	18wB=60P1B
	17.2wc=57.33P1C
	-

	2
	-
	-
	-
	26.4wD=246.4P2D

	3
	12wA-126P3A
	-
	9.8wc=98P3C
	12wD=128P3D


The international terms of trade can be read from the gains from trade table.  It is 3.5 units of commodity 1 = 7.35 units of commodity 2 = 10.5 units of commodity 3, more conveniently expressed as 10:21:35.  The production, consumption and exports/imports are shown in table 8.
(Table 8)
	
	
	A
	B
	C
	D
	Total

	
	P
	0.0
	60
	57.33
	0
	117.33

	1
	 C
	14.0
	20
	30.00
	53.33
	117.33

	
	X/M
	- 14.0
	40
	27.33
	- 53.33
	 0.00

	
	P
	0.0
	0
	0.00
	246.40
	246.40

	2
	 C
	29.4
	42
	63.00
	112.00
	246.40

	
	X/M
	-29.4
	-42
	-63.00
	134.40
	 0.00

	
	P
	126.0
	0
	98.00
	128.00
	352.00

	3
	 C
	42.0
	60
	90.00
	160.00
	352.00

	
	X/M
	84.0
	-60
	8.00
	-32.00
	 0.00


P-Production C-Consumption X-Exports (+) M-Imports (-)
This is identical to the world trade equilibrium obtained by Graham [Graham (1948) p, 83-84] noting that Graham measures quantities in units of thousands. 
Graham used this example to show that in the general multicountry context a country may produce a commodity and import it as well (country D, commodity 3) and that a country may have a comparative advantage in a commodity and yet import it (country B, commodity 2), contrary to the assertions of classical theory which based its conclusions on 2 x 2 trade situations.

But it will be observed that Graham’s example also shows that a country may import a commodity from more than one country; Country D imports commodity 1 from both countries B and C (26 units from B and 27.33 units from C) whereas the Eaton-Kortum model requires that each good is purchased by a given importing country from only one exporting country. [See Eaton-Kortum (2001) pg 10, n 18]. That country D imports commodity 1 in almost equal quantity from both B and C also means that the fraction  of goods that D buys from B (or C ) will not be equal to the fraction  of expenditure on goods bought  from B (or C ) as required by the Eaton-Kortum model.
 V  Concluding Remarks


This paper has explored the properties of Graham’s model of multidimensional trade.  In contrast with the more contemporary model of Eaton and Kortum. The former is found to be based on lighter assumptions but capable of producing less restrictive conclusions.  For example, Graham’s model has no role for “absolute advantage” which is explicitly required in the Eaton-Kortum model.  Nor does Graham’s model require cross-commodity cross-country pattern of comparative advantages to be representable by means of a single coefficient.  In spite of requiring much weaker assumptions than the Eaton-Kortum model it does not require every country to import a commodity from only one country or require as CGE and monopolistic competition models do that every country exports a unique set of goods to all other countries.
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