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Abstract

The Average Propagation Length (APL) is a powerful tool in production chain
analysis. It measures the inter-industry linkages from the dimension of length. The
APL and its variant have been applied to many areas, such as important production
chains identification, upstreamness measure and fragmentation measure. This study
extends the APL from a double counting perspective. It shows that the APL is
equivalent to the time of double counting of a sector’s gross output in the production
of another sector’s final product. From the double counting perspective, we show that
the APL can be easily extended to answer many other interesting questions in a clear
manner. For instance, the APL can be decomposed to separately measure the average
times of each sector visited by the gross output of a specific sector in the production
of a final product. The APL can be extended to group-wise APL, which gives the APL
between any two groups of sectors. Both the APL and the upstreamness measure are
special cases of the group-wise APL. As an empirical study, the position of each
country in the global production chain of all world final products is identified by

means of group-wise APL.



1. Introduction

In the economic system, the production sectors are closely connected to each other via
intermediate transactions. The element of the Leontief inverse is used to measure the
inter-sector linkages in the input-output analysis(Miller and Blair, 2009). The size of
the element in Leontief inverse indicates the strength of the inter-sector linkage.
Another dimension of the inter-sector linkage is the length of the linkage.
Dietzenbacher et al. (2005) propose the average propagation length (APL) index in an
input-output framework to measure the length of the linkage between two sectors. It is
defined as the average number of steps taken by the final product of one sector to
affect the gross output of another sector.

The APL has attracted many researchers’ interests. The relationship between APLs
and direct input coefficients is investigated by Lu and Xu (2013) by using the
Sherman-Morrison formula. Its concept and applicable scope become clearer with a
series of discussions from Oosterhaven and Bouwmeester (2013). The APL has been
widely used in many areas. For instance, Dietzenbacher and Romero (2007) identify
the important production chains in an interregional framework of Europe by means of
APL. Inomata (2008) develops a new measurement of fragmentation based on the
APL approach. Antras et al. (2012) propose an “upstreamness” measure of production
based on the input-output methodology, which can be regarded as an invariant of the
APL. The “upstreamness” measure can be used to identify the position of each
industry in the national production chain. Yu et al. (2014) use APL as one of the
components for their vulnerability index to identify the post-disaster key sector
prioritization.

“Made in the world” has become a distinctive feature of the world economy. The
production of fragmentation impels many international trade insights to be
re-considered in the context of global production network and in terms of value added
(Timmer et al., 2013; Foster and Stehrer, 2013; Koopman, et al., 2014). The global
value chain and global production chain therefore have become important concerns of

current international trade studies (Timmer et al., 2012; Baldwin and Lopez Gonzalez,
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2013). This study is relevant to the global production chain analysis, attempting to
extend the applications of APL in global production chain analysis based on the world
input-output table. We find that answering many interesting questions in global
production chain requires developing a group-wise APL based on the world
input-output table. For instance, where does China as a whole locate at the global
production chain of all world products, upstream or downstream? Where does Korea
as a whole locate at the global production chain of all world electrical products? Since
a specific country includes a group of industries and a specific industry spreads over a
group of countries in the world input-output tables the current sector-wise APL cannot
be used to answer such questions. Instead, a group-wise APL, namely the APL
between two groups, should be used.

This study first revises the APL formula by taking into account the initial effect
which is neglected in the current APL. This revision can add some good properties to
the APL. On the one hand, under this revision it makes no difference which number is
selected as the initial step if only the ordinal position of the APL is concerned"; on the
other hand, the revised APL is equivalent to the time of double counting of a sector’s
gross output in the production of another sector’s final product. Hence, calculating the
APL can be replaced by calculating the time of double counting in certain
complicated situations. Many extensions of the APL can be derived from the double
counting perspective. The APL can be decomposed into a series of sub-APLs, which
indicate the average times of each sector visited by the gross output of a specific
sector in the production of a certain final product. The APL can be further extended to
the group-wise APL, which gives the APL between any two groups of sectors. We
show that both the APL and the upstreamness measure are special cases of the
group-wise APL. The group-wise APL therefore can be regarded as the generalized
APL.

The remaining content of this paper is organized as follows. Section 2 introduces
the concept of APL. Section 3 investigates the equivalence between double counting

and APL. Section 4 shows two useful extensions of the APL, the APL decomposition

! The initial step in the APL starts from 0 and the initial step in the upstreamness measure starts from 1.
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and the group-wise APL. Section 5 gives an application of the group-wise APL in
global production chain. Section 6 concludes.
2. The Average Propagation Length (APL)
The average propagation length (APL) is first proposed by Dietzenbacher et al. (2005)
based on the input-output framework. In a closed economic system, for instance, in

the global economic system, the gross output of each sector satisfies
Xj = Zzij + fi 1)
j=1

Where X; is the gross output of sector i; z; is the gross output of sector i consumed

j
by sector j as intermediate input; f, is the gross output of sector i consumed as final

product. Define a; = I as a series of input coefficients of sector j. Formula (1) can

X

be rewritten as
n

X, :Zaijxj + T, (2)
j=1

In matrix form, Formula (2) can be expressed as
X=Ax+f 3)
Where x is the gross output vector; A is the input coefficient matrix; f is the

final demand vector. The solution of Formula (3) is

x=(1-A)'f=Lf (4)
L =(1-A)"is the so-called Leontief inverse. Its expansion is

L=(I-A) "= 1+A+ A+ A’ +... (5)

The element of the Lentief inverse indicates that one unit increase in the final demand

of sector j will directly and indirectly cause I; unit increase in sector i’s gross output.

The expression of I is



aij +Zaikakj +zzaikaksasj +... i # J
Iij = ‘ 2 o (6)
k k s

Formula (6) indicates that the total effect I; can be decomposed into a direct effect
and a series of indirect effects. When i=j, the initial effect “1” is also taken into
account. The effect &; needs to visit one sector or take one step before it arrives at
sector i. In the same sense, the effect a,a,; needs to visit two sectors or take two
steps before it arrives at sector i, etc. The visited sectors can be identical. For instance,
when k =i, the effect a,a, needs to visit sector k and sector i before it arrives at
sector i; when k =i, the effect a,a, also needs to visit two sectors, but the sectors

are the same, namely sector i.
According to Dietzenbacher and Romero’s formula (2007), the APL between sector
i and sector j is defined as the average number of steps taken by the final product of

sector j to affect the gross output of sector i. the APL between sector i and sector j is

) zaikakj zzaikaksasj
Ix— +2x-X | +3x K s | +... 1+
APL, = L i i @
J a. zaikakj zzaikaksasj
Ix—2 4 2x-X +3x K s + =]
l; -1 ;-1 ;-1
The APLs can be expressed in a matrix form?
IxA+2xA®+3xA’+... L(L-1) @

L-1 L-1
Antras et al. (2012) propose an “upstreamness” measure of production based on the
input-output methodology. This measure presents the average distance of a sector’s
gross output from the final products of all sectors. It thus can be used to describe the
upstreamness of each sector in the production chain of the whole economy.

Based on Formula (4) and (6), the gross output of sector i can be expressed as

? The matrix division in this study is defined as element-wise division.
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xi=f+>af+> Y aaf,+> > >aaaf+.. 9
i ik ik s
The upstreamness of sector i is defined as the weighted average distance of its gross
output to the final products. The weight is generated from Formula (9). According to
Antras et al. (2012), the upstreamness of sector i is defined as
2.8, 2.2 ady 2.2 2 Ay
k Ak s

U =1x— +2x- +3x +4
_ X

X X X

+... (10)

In Formula (10), each weight is multiplied by its distance from final products plus one.
As pointed by Antras et al. (2012), this is somewhat ad hoc. Furthermore, Formula

(10) can be expressed as the following matrix form.

U (Ix1+2xA+3xA*+4x A’ +..)f _LLf
a X CLf

(11)

The upstreamness measure can be regarded as an invariant of the APL. If only
consider the average distance of a sector to a specific final product, the upstreamness

measure turns into the following matrix form

L
L

U (12)

The detailed derivation is illustrated in Appendix 1. For the final product of a specific
sector, the upstreamness measure shown by Formula (12) is very similar to the APL
shown by Formula (8). The difference comes from two aspects. First, the initial
distance of a sector’s gross output to final product or the initial step taken by the final
product to affect a sector’s gross output is different. The initial distance or step in
upstreamness measure starts from 1, while that in APL starts from 0. Second, the
initial effect is taken into account to calculate the weight in the upstreamness measure,
while the initial effect is neglected in the APL.

If the initial distance or step starts from 0 and the initial effect is taken into account,

easy to verify that the formula for APL is turned into the following expression.

OxI+1xA+2x A% +3xA’+... L(L-1)
L L

APL = (13)

The element APL; inthe APL matrix satisfies
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Z Iiklkj + Iij(ljj _1)
APL, =X | (14)

Ul

We suggest using Formula (13) to calculate the APLs or its variants in practice. First,
the initial effect should be taken into account. On the one hand, the initial effect is
also an effect, although it takes O steps to propagate to itself. A sector benefits
significantly from an exogenous increase in its final demand. It therefore should play
a role in calculating the weight. On the other hand, if the initial effect is taken into
account, the ordinal position of each sector in the production chain of a specific
sector’s final product does not change regardless of which number is selected as the
initial step or distance (see the proof in Appendix 2). Second, Formula (13) can be
intuitively interpreted as the “time of double counting” of a sector’s gross output in
the production of a specific sector’s final product. This will be further investigated in
the next section.

If applying the same rule to the upstreamness measure, namely the initial step or
distance starts from 0 and the initial effect is taken into account, the upstreamness

measure can be revised as

u_0><f+1><Af+2><A2f+3><A3f+... L(L-nf

15
Lf Lf 19)
The element u, inthe umatrix satisfies
22 g i+ 203 -0,
u = k=] j (16)

| Zli
J

3. Double counting and APL

The production sectors in the economic system are connected together via the
production network. The completion of a sector’s final product requires inputs from
other sectors. The total requirement of each involved sector in the production of a

specific final product can be calculated by using the Leontief inverse matrix. For

instance, |;is the total gross output of sector i required to produce 1 unit final product
of sector j. The total requirement of a sector can be further decomposed into a series
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of flows which reach the specific final product via a corresponding series of paths.

l; (i # j) can be decomposed as
ly =ay + D a,a, + D> a4, +...
k k s

The flow a; is the gross output of sector i directly consumed by 1 unit final product

of sector j. It therefore reaches and is embedded in the final product of sector j via

Path 1 in Figure 1. The flow a;a,; is the gross output of sector i indirectly consumed

by 1 unit final product of sector j. The 1 unit final product of sector j first consumes

unit gross output of sector k; this a, unit gross output of sector k further
consumes &, a,; unit gross output of sector i. The flow a;,a,; therefore reaches and
is embedded in the final product of sector j via Path 2 in Figure 1. In the same sense,

the flow a,a,.a; reaches and is embedded in the final product of sector j via Path 3

in Figure 1. Analogically, corresponding paths can be matched to the other flows in

ij

Path 1:
i a;
B SN
Path 2:
BEZRIPEELRE
Path 3:
i [%a%% | k| %%% | s | %Pl | |

Figure 1 Paths of flows

On each path, the corresponding flow needs to visit a series of sectors before it ends

up in a final product. For instance, the flow a; needs to visits one sector, namely
sector j, before it ends up in the final product of sector j; the flow a,a,; needs to

visit two sectors, namely sector k and sector j and the flow a;a,.a  needs to visit

8



three sectors, namely sector k, sector s and sector j, before they end up in the final
product of sector j. Meanwhile, the flow is embedded in the gross output of the sector
visited by it, because it is consumed by this sector. For instance, the flow a,a,a is

si
embedded in the gross output of sector k, when it firstly visits this sector; this flow is
further embedded in the gross output of sector s, when it secondly visits sector s
carried by sector k. Finally, it is embedded in the final product of sector j when it
visits sector j carried by sector s. Obviously, each type of flow is double counted by
the gross outputs of sectors involved in the corresponding flow path. It is self-evident

that the time of double counting of each type flow equals the number of sectors

visited by this flow. For instance, the flow @, a,.a; is double counted three times, by

sector k, sector s and sector j respectively. Meanwhile, the flow a,a,a; visits three

sectors, also sector k, sector s and sector j respectively. Hence, the following Axiom
exists.
Axiom 1 In the production of any final product, for a specific flow from the gross
output of an involved sector to this final product, the time of double counting of the
specific flow along the path equals the number of sectors visited by this specific flow.

As shown in Figure 1, the total gross output of each sector required to produce a
specific final product is realized through a series of paths with different flows. Exactly
as the definition of APL, the number of sectors visited by the total required gross
output of a sector can be defined as the weighted average number of sectors visited by
each flow, with the share of each flow in total required gross output as weight. In the
same sense, the time of double counting of the total required gross output of a sector
can also be defined as the weighted average time of double counting of each flow.
According to Axiom 1, in the production of any final product, the number of sectors
visited by the total required gross output of an involved sector equals the time of
double counting of the total required gross output of this sector.

Hence, in the production of a specific final product, calculating the number of
sectors visited by any involved sector’s gross output and the time of double counting

of this sector’s gross output are two sides of a coin. It therefore can be expected that
9



the formula for the time of double counting of sector i’s gross output in the production
of sector j’s final product and the formula for APL;; are identical. Before verifying this
proposition, we first introduce the formula for the time of double counting of a
sector’s gross output in the production of another sector’s final product.
The gross output of sector i embedded in the gross output of sector j is
if i=]
QX+ D A X; + DD 888X+
k k s
= (8 + D 3y + DD 88+ )X,
k k s

v (17)
if =]
x,-+aijxj+Zk:aikaijj+Zk:zaikaksaijj+...
S
=(1+a +;aikakj +;Zaikaksasj +)X,
S
e (18)

In matrix form, the gross output of a sector embedded in the gross output of another

sector can be expressed as LX , where X is the diagonal matrix generated by the

gross output vectorx . Its elements in the jth column gives the gross output of each
sector embedded in the gross output of sector j.
Next, we investigate the time of double counting of each sector’s gross output in

the production of a specific final good. First, the gross output of each sector x~

required to produce the final good of sector j satisfies

*

x =Lf
Where f;, is a vector with the j™ element equaling f, and the other elements

equaling 0. The gross output of each sector embedded in the gross output of all sectors

required to produce f; is
X =Lx =LLf;
The time of double counting of each sector’s gross output in the production of f; is

10



X" —x"_LLfy —Lf;  L(L-Deg,
Le

*

X Lf( i

Where e ; is a vector with the j" element equaling 1 and the other elements

equaling 0. The time of double counting of each sector’s gross output in the
production of any sector’s final good can be summarized in the following matrix

form.

ok *

X" -X" LLF-LF L(L-1)

~ 19
X LF L (19)

Where F is the diagonal matrix generated from the final demand vector. It can be

seen that Formula (19) is exactly the same as the revised APL matrix shown by
Formula (13). Hence, the following theorem is proved.

Theorem 1 The formula for the time of double counting of a sector’s gross output in
the production of another sector’s final product and the formula for the APL between
these two sectors are identical.

4. Extended APLs

Axiom 1 and Theorem 1 show that calculating the APL and calculating the time of
double counting are the same. Hence, calculating the APL can also be replaced by
calculating the time of double counting. The calculation procedure of the time of
double counting is simpler than that of APL, especially when extending the current
APL to answer other questions discussed later on. This section shows that from the
time of double counting perspective, the APL on the one hand can be easily
decomposed to a series of sub-APLs. Each sub-APL indicates the number of times of
each sector visited by the gross output of an involved sector in the production of a
specific final product. On the other hand, the APL can be easily extended to
group-wise APL. The current APL and the upstreamness measure proposed by Antras
et al. (2012) are both special cases of the group-wise APL.

4.1 Decompose the APL

APL; measures the number of sectors visited by sector i’s gross output in the

production of sector j’s final product. As we point out before, each sector can be
11



visited several times by the same sector’s gross output. Therefore, the sum of the
times of each sector visited by sector i’s gross output equals the number of sectors

visited by sector i’s gross output in the production of sector j’s final product. The

other way around, APL;can be decomposed into a series of sub-APLs; each

sub-APL indicates the times of each sector visited by sector i’s gross output in the
production of sector j’s final product.

According to Axiom 1, in the production of sector j’s final product, if sector i’s
gross output visits sector k m times, sector i’s gross output will be double counted m

times by sector k’s gross output. The gross output of sector i and sector k required to

produce 1 unit sector j’s final product are I; and |,;. In the production of sector j’s

final product, according to Formula (17)-(18), the gross output of sector i embedded

in the gross output of sector k is I, l,;. Hence, the time of sector i’s gross output

Iiklkj

double counted by sector k is . It also indicates that in the production of sector

ij

Iiklkj

j’s final product the times of sector k visited by sector i’s gross output is .In

i
addition, as only double counted time is relevant, when k=j the gross output of sector
i embedded in 1 unit final product of sector j should be deducted. In this situation, the
time of sector i’s gross output double counted by sector j or the times of sector j
visited by sector i’s gross output in the production of sector j’s final product is
I (15 —1)

l; '

Formula (20) demonstrates that the sum of the times of each sector visited by sector

iI’s gross output in the production of sector j’s final product equals APL; .

T Y Y S N
e I L R | B i’ ... +—n

ij ij

ij ij
z Iiklkj + Iij (Ijj _1)
_ k=j

|
= APL,

(20)
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Taking the illustration from the other way around, the APL can be decomposed into a

series of sub-APLs. For instance, APL; can be decomposed into the sum of APL;,

where APLY :Ii:ﬁ(k +j) or APL :—Iik(llkj - (k=1j). The sub-APL “ APL{”
ij ij
indicates the times of sector k visited by sector i’s gross output in the production of
sector j’s final product.
4.2 Group-wise APL
The current APL is defined in a sector to sector manner. This part shows that the APL
can be simply extended to group-wise APL (GAPL) which is defined in a group to
group manner. This extension can show us the number of sectors visited by the gross
output of a specific group of sectors in the production of another group of sectors’
final products or the number of steps taken by a change in a group of final products to
affect the gross output of another group of sectors. In the group-wise case, the flow of
a specific group of sectors to the final products of another group of sectors is realized
via many more paths than the sector to sector case. This causes complexities in the
calculation of each path’s weight. Nevertheless, we find that the GAPL can be simply
calculated from the perspective of double counting.

Suppose P and G are two groups consisting of a series of sectors, respectively.

The gross output of each sector in group P required to produce the final products of

sector group G is i,Lf,, where i, is a summation vector with ones in

corresponding cells of i, for the sectors in group P and the remaining cells are zeros;

fo is a final product vector with final product values of sectors in group G in

corresponding cells of f; and the remaining cells are zeros. In the production of

sector group G’s final products, the gross output of sectors in group P embedded in

the gross output of all involved sectors is i,LLf;. The time of double counting of

sector group P’s gross output in the production of f; is

13



ipLLf, —ipLfs  TL(L-Dfs
i,Lf, i,Lf;

Therefore, the group-wise APL between sector group P and sector group G can be

calculated as

_ipb(L=Dfg _ipL(L-D,

APL _
Pe inLf, inLT,

(21)

Where f, is the normalized vector of f, with the share of each sector in the total

final products of group G.

When group P includes only one sector, say sector i, and group G also includes only

one sector, say sector j, it can be verified that APL.; equals to the APL; in

Formula (14)

Z Iiklkj + Iij(ljj _1)
APL, = |

1

When group P includes only one sector, say sector i, and group G includes all sectors

of the economy, it can be verified that APL.; turns into the upstreamness measure

in Formula (16).

L2 Lyt + 20 (5 -1
U =Kk j

| 2l T,
]

Therefore, the GAPL can be regarded as a generalized APL. The APL and the
upstreamness measure are all special cases of the GAPL.

The GAPL is especially useful in the context of global production chains. For
instance, based on the world input-output table, the GAPL can be used to measure the
position of each country in the whole global production chain, the position of each
country in the global production chain of a specific industry, etc.. As each country has
a group of industries and each industry spreads over a group of countries in the world
input-output table, the GAPL should be used.

5. The position identification in global production chain

As an example of the application of GAPL, this section attempts to identify the

14



position of each country in the global production chain. If the gross outputs of country
A visit more industries in the production of world final products than the gross outputs
of country B, we say that country A is closer to the upstream of the global production
chain than country B. This requires calculating the GAPL between the gross outputs
of all industries in a country and the world final products.

The world input-output database (WIOD) provides a series of world input-output
tables from 1995 to 2011. These world input-output tables are industry by industry
type tables. Each table includes 40 countries and a RoW (rest of the world) as well as
35 industries for each country. The detailed information on the table construction
procedure can be found in Timmer (2012) and Dietzenbacher et al. (2013).

Let the 35 industries of a specific country constitute group P and the 35*41
industries constitute group G. Based on Formula (21), the GAPLs between each
country’s gross outputs and the world final products from 1995 to 2011 are calculated.
These GAPLs indicate the average number of industries visited by a country’s gross
outputs in the global production chain of a specific year.

It can be seen from Figure 2 that almost all countries’ GAPLs increased during
1995-2011. The countries with largest increase in GAPL are Korea and Taiwan,
increasing from 1.16 in 1995 to 1.63 in 2011 and from 1.08 in 1995 to 1.54 in 2011,
respectively. Other countries such as Turkey, Austria, Germany and Denmark also
experienced a relatively large increase in the GAPL. The increased GAPL means that
the average number of industries visited by almost every country’s gross outputs
increased during 1995-2011. Both the lengthened intra-country production chain and
the lengthened inter-country production chain could cause this increase. Undoubtedly,
the prevailing phenomenon of production of fragmentation which lengthens the
inter-country production chain is an important reason for the significantly increased

GAPLs shown in Figure 2.
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Figure 2 the GAPL for 40 countries and RoW (1995-2011)

Note: each line corresponds to a country

We further sort the GAPLs of all countries. Figure 3 shows the sorting results for
1995 and 2011. It can be seen that during 1995-2011 Korea and Taiwan obviously
moved up the global production chains. Korea moved from the eighth place in 1995 to
the second place in 2011 and Taiwan moved from the twelfth place in 1995 to the
forth place in 2011. Identifying from the current position, Korea and Taiwan are very
close to the upstream. Germany also moved up, from the position close to the
downstream to the current position close to the midstream. China and Russia basically
locate at the upstream of the global production chain all the time, ranked first and fifth
in 2011 respectively. US, Brazil and Mexico locate at the downstream of the global
production chain; Japan, Italy and Canada basically locate at the midstream of the

global production chain.
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Figure 3 the position of each country in the global production chain (1995, 2011)
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One of the implications for each country’s position in the global production chain is
probably that if the world final demand decreases proportionally across industries and
countries for an exogenous shock, the countries located at the downstream such as US,
Brazil and Mexico will be affected in relatively short time than the countries located
at the upstream, such as China, Korea and Taiwan. In the same sense, along with the
rising of the world final demand, the countries located at the downstream will recover
first.

6. Conclusion

The APL measures inter-industry linkages from the dimension of length. It is an
important complement to the Leontief inverse which measures the inter-industry
linkages from the dimension of strength. Related applications have proved that the
APL and its invariants are very useful tools in production chain analysis.

This study first gives a revised APL by taking the initial effect into the weight
calculation. This revised APL is proved to be equivalent to the time of double
counting of a sector’s gross output in the production of a specific final product. The
time of double counting is relatively easy to calculate based on the input-output
analysis. Hence, calculating the APL can be replaced by calculating the time of double
counting in certain complicated situations.

From the double counting perspective, on the one hand the APL can be clearly
decomposed into a series of sub-APLs which indicate the average times of each sector
visited by the gross output of a specific sector in the production of a certain final
product. The sub-APLs show the contribution of each involved sector to the APL
between two specific sectors. On the other hand, the APL can be extended to
group-wise APL (GAPL) which gives the APL between two groups of sectors. The
APL and the upstreamness measure are special cases of GAPL. The GAPL thus can
be regarded as the generalized APL.

The GAPL is especially useful in the global production chain analysis. We calculate
the GAPLs between each country and the whole world final products based on the
world input-output tables from 1995 to 2011. The results indicate that almost all

countries’ GAPLs increased during 1995-2011. The prevailing phenomenon of
17



production of fragmentation, which lengthens the inter-country production chains, is
one of the important factors pulling up the GAPLs. We also find that Korea and
Taiwan obviously moved up the global production chains in recent years. These two
countries with China and Russia locate the upstream of the global production chain;
Germany also moved up in recent years, from a downstream position to a midstream
position. US, Brazil and Mexico locate at the downstream of the global production

chain; Japan, Italy and Canada locate at the midstream of the global production chain.
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Appendix 1
The gross output of sector i required in the production of the final good of sector j,
f,is

a; f, +Za,kakjfj+Z:Za,kaksaSJ (e i #

fi+ayf, +Za,kakaJ+22a,kaksasJ R

X =I;f, =

According to the definition of Antras et al., the average distance of sector i to the final
product of sector j is

af PN Zza.kaksas, i o
2x 1 3%k +4x +... N
- X; X, X,
ij
: a. Zalkakj j Zzalkaksasj j
Ix—d +2x 01 4 3%k +4x T i=
X X X X;
Substituting X, with l; f; yields
) PN PIPII N
2x—L +3x X +4x-K s +... e
l; I; I,
u. =
ij
1 ) 2. iy 2.2 iy
Ix —4+2x—2L4+3x-kK I +4x K s I +... i=j
ij ij ij ii

Ul

In matrix form:

U H2ALBATHAATE . (I-A)(I-A)T L
L L L
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Appendix 2
Suppose that the initial step or distance starts from k in one scenario and starts from s
in another scenario.

If the initial steps or distance starts from k, the formula for APL is

kKxl+(K+D)xA+(K+2)xA2+(k+3)xA°+...
L

Let H=kxl+(K+DxA+(k+2)xA*+(k+3)xA’+..., then
AH=KxA+(K+DxA> +(k+2)x A’ +(k+3)xA* +...

H-AH=kxI+A+A* + A+ A* + .. =L+(k-DI
Therefore,

H=L[L+(k-DI]

Then, under scenario one the formula for APL is simplified as

LIL +(k—D)I]
L

In the same sense, if the initial steps or distance starts from s, the formula for APL is

L[L +(s-D)1]
L

The difference between the APLs under two scenarios is

LIL+(k-DI] L[L+(s-DI]  (k-s)L _
L L L

(k—s)E

Where E is a matrix with all elements being ones. The above formula indicates that
all APLs have an identical difference under different initial step or distance scenarios.
Therefore, the ordinal position of each sector in the production chain of a specific
sector does not change regardless of which number is selected as the initial step or

distance.
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