
1

THE ULTIMATE ENERGY INPUT-OUTPUT MODEL
Zeus Guevaraa,b *, João F. D. Rodriguesc, Tiago Domingosb

a Center for Sustainable Energy Systems, Universidade de Lisboa, C8 building, Campo Grande, 1749–016 Lisbon,
Portugal.
b MARETEC, Department of Mechanical Engineering, Instituto Superior Técnico, Universidade de Lisboa, Avenida
Rovisco Pais, 1, 1049-001 Lisbon, Portugal.
c Institute of Environmental Sciences, Leiden University, P.O.Box 9518, 2300 RA Leiden, The Netherlands

* Corresponding author: zeus.guevara@tecnico.ulisboa.pt

Prepared for the 23rd International Input Output Conference in Mexico City

Abstract

Conventional energy input-output models were developed about 40 years ago and have not been
significantly improved since. These conventional models offer a limited description of energy flows in
the economy. This paper introduces a novel energy input-output model, the primary-to-final energy
input-output model (PF-EIO model), which is equivalent to the “standard” hybrid-unit model and can
also replicate the form of the direct impact coefficient model. However it provides a better description
of energy flows according to the processes of energy conversion and the levels of energy use in the
economy. The model characterizes the vector of total energy output as a function of eight variables,
including two energy efficiency indicators. Furthermore, the PF-EIO model enables additional
improvements in the description of energy flows, which leads to the development of the primary-to-
useful energy input-output model, which is the first ever EIO model to include useful energy flows.
The proposed models are especially suitable to evaluate energy decoupling, energy use and energy
efficiency trends in the economy. Finally, as the PF-EIO model is undeniably superior to conventional
models, it should be considered the standard in energy input-output analysis.
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Notation

A bold lower case letter (࢞) corresponds to a vector. Bold Greek and capital letter (ࢆ) describes a matrix or sub-
matrices. Non-bold Latin and Greek letters (ݔ௜ ,߰ and ௜௝) represent matrix entries, vector elements, scalars andݖ
indexes.

A vector with a hat (࢞ෝ ) represents a diagonal matrix, whose diagonal elements are the elements of vector An .࢞
apostrophe on a vector or matrix (࢞′ and .denotes the vector or matrix transpose (′ࢆ

.is a vector of ones of a consistent length (or summation vector) ࢏ and ࢕ .are a vector and matrix of zeros ࡻ

The superscript ∗ on a variable denotes a hybrid-unit version of that variable. The superscripts and ܧ ܷ
correspond to elements of the energy sector and the adjunct energy sector, respectively.
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1 INTRODUCTION

Any economic system “could not exist without large and incessant flows of energy” [1] as energy is
the driving force of any activity and process in nature [2]. It is obvious then that when there is no
energy, there will not be any economic activity; and when there is energy, it is possible to carry out
economic activities. However, the relationship between energy use and the output of these activities
is not simple [3, 4]. Furthermore, the analysis of energy use by an economy is also important because
energy use has significant environmental impacts (>85% of global CO2 emissions, IPCC [5]).

Because of the simplicity of the representation of the economic system [6, 7], the input-output
method [8, 9] represent a propitious theoretical framework to model the relationships between
energy use and economic activities. This method has been extensively used for environmental
applications (including energy analysis) in recent decades [10-12].

Energy input-output analysis (EIO analysis) was developed around the late 1960’s and the 1970’s to
account for the energy flows in the economy [8, 13, 14]. The EIO technique has relied on two
conventional models (the hybrid-unit and the direct impact coefficient models), which offer a limited
and undetailed representation of energy flows in the economy. In addition, these models have not
been significantly improved in the last four decades.

The present paper introduces a novel EIO model that significantly improve the analysis of energy flows
in the economy, the primary-to-final energy input-output model (PF-EIO model). The proposed model
has a detailed representation of energy flows according to the processes of energy conversion and
use in the economy.  It is based on the pioneering work of Guevara et al. [15], who  built a model of
primary energy use in Portugal for decomposition analysis. In addition, the PF-EIO model is expanded
to also include the consumption of useful energy, never before included in EIO analysis.

The paper is structured as follows: Section 2 presents a description and discussion of the conventional
EIO analysis. The proposed EIO model and its expansion are introduced in Section 3. In Section 4, the
advantages and issues of the proposed models are discussed. Finally, Section 5 present the general
conclusions of the work.

2 Theoretical background: Energy input-output analysis

Energy input-output analysis (EIO) is designed to account for the energy flows in the economy [8, 13,
14].  It is normally used for the following applications:  1) direct and indirect energy requirements of
the economy, i.e. Net energy analysis [16]; 2) the energy cost of goods and services for final demand
[17, 18]; 3) the effect of alternative energy conversion technologies [8, 19]; and 4) changes in energy
use through structural decomposition [20].

2.1 Conventional EIO models

There are two conventional energy input-output models: the hybrid-unit EIO model (HEIO model) and
the direct impact coefficient EIO model (DIC-EIO model).
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2.1.1 The hybrid-unit energy input-output model

The HEIO model was originally developed by Bullard and Herendeen [14] and Bullard and Herendeen
[21]1 based on the conservation of embodied energy, which establishes that energy embodied in the
output of an industry is equal to the energy embodied in input products plus any external energy input
to this industry. This model is considered the standard for EIO analysis [8, 13, 23, 24].

The HEIO model starts from the basic input-output identity, i.e. ࢞ = ࢏ࢆ + The .ࢌ ݊ industries,
represented in consist of ,ࢆ energy industries and ݎ ݊ െ ,non-energy industries (for convenience ݎ
energy industries are placed first in the index of industries).

It is possible to determine a similar identity for energy flows in physical units, as

ࢍ = ࢏ࡱ + ࢎ [2.1]

where vector is the total energy use (i.e. output of energy industries); matrix ࢍ represents the ࡱ
energy flows from energy industries to all producing industries (energy and non-energy); and vector
.represent the energy deliveries to final demand ࢎ

The monetary-unit rows of energy industries in ,ࢆ and ࢌ are substituted by the corresponding ࢞
physical-unit rows of ,ࡱ and ࢎ -respectively (Figure 2-1), in order to construct a system of hybrid ,ࢍ
units:

∗࢞ = ࢏∗ࢆ + ∗ࢌ

where ,is the hybrid-unit vector of total industrial output ∗࢞ is the hybrid-unit matrix of ∗ࢆ
interindustry flows; and .is the hybrid-unit vector of final demand ∗ࢌ

Figure 2-1 Graphical representation of the hybrid-unit identity. Note: In hybrid-unit systems the column sums of are ∗ࢆ
meaningless.

1 The work of Bullard and Herendeen [14] was contemporary to other attempts to build a consistent energy
input-output model by for example Krenz [18], Wright [17] and Wright [22].

Industries Final
demand

Total
outputEnergy Non-energy

Energy

Non-
energy

Rules of substitution
Rows
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The model is then solved for ,through the hybrid-unit technical coefficient matrix ∗࢞ ∗࡭ = ෢ିଵ∗࢞∗ࢆ
.

∗࢞ = ሺࡵ െ ∗ࢌሻିଵ∗࡭ = ∗ࢌ∗ࡸ [2.2]

where and ∗࡭ are the hybrid-unit versions of matrices ∗ࡸ and ࡭ .of he basic input-output model ࡸ

Eq. [2.2] is a hybrid-unit version of the basic input-output model. However, the objective of energy
input-output analysis is to have a total energy requirements matrix that enables the calculation of ࢻ
the energy requirements to meet final demand, i.e. the matrix that solves the equation:

ࢍ = ∗ࢌࢻ

As seen in Figure 2-1, ∗௜ݔ = ௜݃  for 1 ൑ ݅ ൑ ,so it is possible to establish a simple relationship ,ݎ ࢍ =
where ,∗࢞ࡷ is a bridge matrix of size ࡷ ݎ × ݊ with entriesܭ௜௝ = 1  for ݅ = ݆ (i.e. energy industries) and
௜௝ܭ = 0  for ݅ ് ݆. extracts the elements of ࡷ .that correspond to the output of energy industries ∗࢞

Consequently, the total energy requirements matrix (ࢻ) can be calculated as2

ࢻ = ࡵሺࡷ െ ሻିଵ∗࡭ = ∗ࡸࡷ

By partitioning it is possible to separate total energy output in two components: one caused by ,ࢻ
final demand of energy and the other by final demand of non-energy products, so

ࢍ = ሾࢻఏ ఛሿࢻ ൤
ࢎ
௡ࢌ
൨

or

ࢍ = ࢎఏࢻ + ௡ࢌఛࢻ [2.3]

To further describe the structure of the sub-matrices of the total energy requirements matrix (ࢻ), the
structure of the hybrid-unit Leontief inverse matrix ሺࡸ∗ሻ should be discussed first.

:is composed by four sub-matrices, see Bullard and Herendeen [14] and Casler and Wilbur [13] ∗ࡸ

∗ࡸ = ቈ
ఏࡸ
∗ ∗ఛࡸ

∗గࡸ ∗టࡸ
቉

where

· ఏࡸ
∗  is the sub-matrix of energy transactions between energy industries per unit of final energy

demand.
· ∗࣎ࡸ  is the sub-matrix of direct energy use by non-energy industries per unit of final non-energy

demand.
· ∗గࡸ  is the sub-matrix of non-energy transactions from non-energy to energy industries per unit

of final energy demand.
· ∗࣒ࡸ  is the sub-matrix of Interindustry transactions between non-energy industries per unit of

final demand.

2 This is a pragmatic and intuitive approach to matrix Bullard and Herendeen [14] obtained an equivalent .ࢻ
expression by solving the embodied energy conservation equation ௝ݔ௞௝ߙ = ௜ݔ௞௜ߙ∑ + ݃௞௝. This equation states
that the energy of type ݇ embodied in the output of industry ݆ ( ௝ݔ௞௝ߙ )  is equal to the energy embodied in the
inputs of this industry ሺߙ௞௜ݔ௜ሻ plus any exogenous energy input ( ݃௞௝ ) .
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As the total energy requirements matrix of the hybrid-unit model (ࢻ) corresponds to the rows of
energy industries of the This indicates that .∗ࡸ is only composed by the sub-matrices ࢻ ఏࡸ

∗  and .ఛ∗, i.eࡸ

ሾࢻఏ ఛሿࢻ = ሾࡸఏ
∗ ఛ∗ሿࡸ

Consequently, non-energy transactions in the economy in ∗గࡸ  and ࣒ࡸ
∗  are indirectly accounted for by

ఏࢻ  and .ఛࢻ

In conclusion, accounts for every transaction in the economy. However, it is not able to separate ࢻ
the effect of energy (i.e. conversion efficiency or direct energy intensity) from non-energy
transactions, i.e. both energy and non-energy production processes are aggregated together.

2.1.2 The direct impact coefficient energy input-output model

The DIC-EIO model was developed in the 1960’s [8, 25]. It is simpler and requires less detailed data
than the HEIO model. Because of this, it is still widely supported and used [24, 26-28] even though it
is less consistent than the HEIO model, see Miller and Blair [8].

The model starts by calculating a direct energy intensity matrix ሺࢀሻ,

ࢀ = ෝି૚࢞ࡱ [2.4]

whose elements ௞௝ݐ  correspond to the direct use of energy of type ݇ (1 ൑ ݇ ൑ to produce a (ݎ
monetary unit of output of industry ݆ (1 ൑ ݆ ൑ ݊).

Therefore, from Eq. [2.1] and the input-output relationship (i.e. ࢞ = (ࢌࡸ

െࢍ ࢎ = ࢞ࢀ = ࢌࡸࢀ

where matrix .is the total interindustry energy coefficient matrix ࡸࢀ

To account for the energy deliveries to final demand Miller and Blair [8] (similar to Cruz [26] and ,ࢎ
Proops [28]) proposed a relationship with final demand as: ࢎ = where ࢌ෩ࡽ ෩ࡽ  is the matrix of inverse
prices of energy of type ݇ to final demand ( ௞௝݌ ) , whose element ෤௞௝ݍ = 1/ ௞௝݌ for ݅ = ݆ (i.e. energy
carriers) and ෤௞௝ݍ = 0  for ݅ ് ݆.

Total energy use is therefore obtained as

ࢍ = ൫ࡸࢀ + ࢌ෩൯ࡽ = ࢌࢼ

where is the matrix of total energy requirements (analogous to ࢼ obtained through the direct (ࢻ
impact coefficient approach.

The total energy requirements matrix (ࢼ) combines two variables that are conceptually and technically
different: direct and indirect energy embodied in final demand in and energy prices ࡸࢀ ෩ࡽ . Therefore,
in the DIC-EIO model, it is better to analyze separately the production-related energy use (through
and the energy deliveries to final demand (through (ࡸࢀ ෩ࡽ  or alternative variables) as done, for
example, by Cruz [26], Guevara et al. [15], Wachsmann et al. [29] and Chai et al. [30].

2.1.3 Other models

Kagawa and Inamura [31], extending the wok of Lin and Polenske [32], developed a model that
decomposes non-energy and energy transactions in the economy by applying to the conventional
HEIO model a hierarchical system with feedback loops from non-energy sectors. This model
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successfully accounts for non-energy and energy transactions, separately. However it cannot provide
detail to energy transactions (e.g. levels of energy use, conversion efficiency or energy intensity).

Liang et al. [33] proposed a model with the aim of improving the economy-wide HEIO model. Their
model consists of an input-output model with energy demand by non-energy industries and final
consumers as final energy demand. This model is equivalent to the input-output model of the energy
sector in Section 3.1.1 hence it cannot be considered as an energy input-output model for the whole
economy.

2.2 Main conceptual issues of conventional EIO analysis

Issue 1: Constant returns to scale and fixed technical coefficients: Energy input-output analysis shares
the analytical problems of standard input-output analysis [13]. The most significant are the
assumption of constant return to scale and fixed technical coefficients, which equate the average to
the marginal energy intensities [14].This is not true for most producing sectors because there is a share
of direct energy use that is independent from production (e.g. lighting and powering security systems)
[34].

Issue 2: Accounting for primary, final or useful energy: The HEIO and the DIC-EIO models do not clearly
represent the primary, final, useful and service levels of energy use, see Appendix A and Schmidt
(2008). These models only account for either the primary or the final level (the selection between
them depends on the aim of the study).

Issue 3: Energy conservation principle: Miller and Blair [8] prove that the HEIO model complies with
the energy conservation principle while this is not always true for the DIC-EIO model.

Issue 4: Energy conversion and energy efficiency: The total energy requirement matrices (ࢻ andࢼ) are
not able to provide detailed information about energy conversion processes in the economy,
separately (i.e. primary-to-final, final-to-useful and useful-to-service, see Appendix A). These matrices
include in aggregated form all conversion efficiencies and the efficiency of energy use i.e. most
indicators of energy performance in the economy cannot be isolated. Consequently, they oversimplify
the mechanisms through which energy is used in the economy.

Issue 5: Representation of the energy sector in input-output data: The quality of analysis of energy
flows through the input-output greatly depends on the detail of the representation of the industries
in the energy sector. In this respect, the energy sector in most available input-output databases is
highly aggregated. For example, the 1995-2010 make and use EUROSTAT tables for EU countries [35]
include only two energy products: 1) Electricity, gas, steam and hot water; and 2) Coke and refined
petroleum products. Furthermore for economies that import most of their primary energy sources,
there is no clear representation of primary energy industries in input-output data.

3 Methodology

The present section introduces the primary-to-final energy input-output model (PF-EIO model) and
the primary-to-useful energy input-output model (PU-EIO model), as improvements to conventional
models. The proposed models are able to account in detail for the processes of energy conversion and
direct / indirect energy use to meet final demand in the economy.



7

3.1 The primary-to-final energy input-output model

The section describes the development of the PF-EIO model. The model starts with an independent
input-output model of the energy sector in physical units, which is then coupled to the input-output
model of the rest of the economy in monetary units.

3.1.1 An input-output model of the energy sector

An isolated input-output model of the energy sector is built. In this model, the output of energy
industries (e.g. cogeneration plants, oil refineries or geothermal power stations) is used as inputs for
conversion processes (i.e. energy production processes) by energy industries and as energy products
for direct energy demand (i.e. intermediate demand for energy by non-energy industries and final
energy demand).

The model develops from an expression of interindustry flows for the energy sector in physical units,
analogous to the basic input-output relationship, i.e.

ா࢞ = ࢏ாࢆ + ࢏ாࡲ [3.1]

where ா࢞  is the vector of total energy output, ாࢆ  is the matrix of transactions between energy
industries (inter-energy-industry transactions) and ாࡲ  is the matrix of direct energy demand. The
system consists of ݊ industries, of which are energy industries and ݎ ݊ െ ,are non-energy industries ݎ
and a sector of final demand.

Eq. [3.1]describes the energy flows in the economy, hence it is equivalent to the equation of energy
flows (ࢍ = ࢏ࡱ + Eq. [2.1]) of the conventional energy input-output analysis. The correspondences ,ࢎ
between the elements of Eqs. [3.1] and [2.1] are the following: Vector ࢍ is equivalent to ,ா. Moreover࢞
if the matrix of interindustry energy transactions (ࡱ) is partitioned by energy and non-energy
industries, i.e. ࡱ = ሾࢋࡱ ሿ࢔ࡱ then ா is equivalent toࢆ and ࢋࡱ ாࡲ  is composed by the sub-matrix ࢔ࡱ

and the vector of energy deliveries to final demand (ࢎ), i.e. ாࡲ = ሾ࢔ࡱ ሿ. Figure 3-1 exemplifiesࢎ
these correspondences for an economy with three energy industries (ݎ = 3 ).

Figure 3-1 Input-output table of interindustry and final flows of energy goods.

Analogously, it is assumed that the amount of energy inputs from energy industry ݅ to the energy
industry ݆ will increase proportionally with the total output of energy industry :so ,3ܬ

3 For this, it is assumed that the energy production function of energy industry ݆ is of perfect complements (i.e.
there is no substitution between energy inputs) and has constant energy returns to scale [8]

Direct energy demand

Energy industries Intermediate demand
(non-energy industries)

Final
demand

Total
output

Energy
industries
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ாࢆ = ෝࢍா࡭

where the term ா࡭  is the matrix of technical energy coefficient of the energy sector, which describes
the amount of energy inputs from industry ݅ per unit of output of energy industry ݆.

Note: For standardization, is used instead of ࢍ .ா࢞

Introducing the technical energy coefficient matrix into Eq. [3.1], we obtain

ࢍ = ࢍா࡭ + ࢏ாࡲ

The previous expression is then solved for the vector of total output ࢍ

ࢍ = ሺࡵ െ ࢏ாࡲாሻିଵ࡭ = ࢏ாࡲாࡸ [3.2]

where the matrix ாࡸ  of size ݎ × is the total requirements matrix of the energy sector. This matrix ݎ
accounts for the energy requirements of the production processes of the energy sector, therefore it
describes the primary-to-final conversion processes (see Appendix A) in the economy. For this reason,
it can be referred to as the total primary-to-final energy conversion requirements matrix.

3.1.2 The input-output model of the rest of the economy

To continue the development of the energy input-output model, the input-output model for the rest
of the economy should be described. We start with the total output in monetary units for the whole
economy, i.e.

࢞ = ࢌࡸ [3.3]

where is the vector of total output of the economy (including energy and non-energy industries), is ࡸ
the inverse Leontief matrix and .is the vector of final demand ࢌ

The elements of Eq. [3.3] are partitioned in the following form

࢞ = ቂ
௘࢞
௡ቃ࢞ ࡸ = ൤

ఏࡸ ఛࡸ
గࡸ ట൨ࡸ

∗ࢌ = ൤
௘ࢌ
௡ࢌ
൨

where

௘ and࢞ ,௡ are the sub-vectors of total output in monetary units of energy  and non-energy industries࢞
respectively

ఏࡸ , ,ఛࡸ గࡸ  and ట  are respectively the sub-matrices of direct and indirectࡸ

· energy requirements of energy industries
· energy requirements of non-energy industries
· non-energy requirements of energy industries
· non-energy requirements of non-energy industries

௘ࢌ andࢌ௡ are the sub-vectors of final demand in monetary units of energy  and non-energy industries,
respectively

As the energy transactions in the economy (ࡸఏ  and ఛ,) are somehow dealt with by the input-outputࡸ
model of the energy sector (Eq. [3.2]), these are removed from the input-output model of the
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economy (Eq. [3.3]) to avoid double counting. Therefore, the input-output model of the rest of the
economy is defined as

௡࢞ = ௘ࢌగࡸ + ௡ࢌటࡸ [3.4]

3.1.3 The complete PF-EIO model

The coupling of the input-output models of the energy sector and the rest of the economy is achieved
by internalizing the rest of the economy into the energy sector’s model.

First, the matrix of direct energy demand is decomposed as

ாࡲ = ா෢࢘ா࡯

where ா࡯  is the matrix of composition (dimensionless) of direct energy demand and ா࢘  is the vector
in physical units of aggregated direct energy demand, which corresponds to the column sum of .ாࡲ

Partitioning the components of the previous expression, we obtain

ாࡲ = ሾ࡯௡ா ௛ாሿࢉ ቈ
௡ா෢࢘ ࡻ
′࢕ ௛ாݎ

቉ [3.5]

where ௡ா࡯   and ௡ா࢘ are the matrix of composition and vector of aggregated direct energy demand by
non-energy industries and ௛ாࢉ  and ௛ாݎ  are the vector of composition and aggregated final energy
demand (also known as residential energy demand). Notice that ࢎ = ௛ாݎ௛ாࢉ  and ࢔ࡱ = ௡ா࢘௡ா࡯ , see
above.

Inserting the previous expression into Eq. [3.2], the total output of energy industries is defined as

ࢍ = ௡ா࢘௡ா࡯ாࡸ + ࢎாࡸ [3.6]

Note: For simplicity, is used instead of ࢎ ௛ாݎ௛ாࢉ

The direct energy demand of non-energy industries (࢘௡ா ) is related to the production technology and
final demand of these industries. Therefore, this component is related to the non-energy transactions
of the rest of the economy (accounted for by Eq. [3.4]). To determine an expression for ௡ா࢘  in terms of
the components of the input-output model of the rest of the economy, the direct energy intensity
concept is used.

The direct energy intensity is the amount of direct energy use by a non-energy industry required to
produce a unit of economic output of this industry (similar to Eq. [2.4]). It is mathematically
represented as

ாࢀ = ௡ෞ࢞௡ா෢࢘
ିଵ

ாestablishes a link between the models of the energy sector (Eq. [3.6]) and the rest of the economyࢀ
(Eq. [3.4]) and closes the primary-to-final energy input-output model.

ࢍ = ௘ࢌగࡸா൫ࢀ௡ா࡯ாࡸ + ௡൯ࢌటࡸ + ࢎாࡸ

Rearranging, the terms, we obtain

ࢍ = ௡ࢌటࡸாࢀ௡ா࡯ாࡸ + ࢎாࡸ + ௘ࢌగࡸாࢀ௡ா࡯ாࡸ

Furthermore, it is possible to find a relationship between final energy demand in physical units (ࢎ)
and in monetary units (ࢌ௘) based on energy prices as
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௘ࢌ = ࢎෝ࢖

where .is a vector of average energy prices ࢖

Therefore, the final form of the PF-EIO model is

ࢍ = ௡ᇣᇧᇧᇧᇤᇧᇧᇧᇥࢌటࡸாࢀ௡ா࡯ாࡸ
௉௥௢ௗ௨௖௧௜௢௡ି௥௘௟௔௧௘ௗ

+ ሺࡸா + ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥࢎෝሻ࢖గࡸாࢀ௡ா࡯ாࡸ
ோ௘௦௜ௗ௘௡௧௜௔௟

[3.7]

where ,ாࡸ ௡ா࡯  & ,are in physical units ࢎ ,టࡸ &గࡸ ௡ are in monetary units andࢌ & ாࢀ ෝ are in mixed࢖
units.

The PF-EIO model accounts for the total energy use in the economy, so does the HEIO model. However
the two models have radically different forms. Therefore the PF-EIO model should have a degree of
correspondence with the HEIO model. To explore this, the following section presents a comparison of
the HEIO and the PF-EIO models applied to a simple economy.

3.1.4 Numerical example

The sample economy consists of six producing sectors and one category of final demand. Table 3-1
show the interindustry transactions in monetary units and Table 3-2 presents the energy flows in
physical units.

Table 3-1 Monetary interindustry transactions of a sample economy (Units MUSD)

Oil Gas Electricity Manufacturing Services Materials Final
demand

Total
output

Oil 0 0 12.5 6 3.5 2.4 10.5 34.9
Gas 0 0 6 3.15 0.75 0.45 2 12.35
Electricity 1.5 0.7 0.5 3.75 6.3 1.5 9.9 24.15
Manufacturing 0.5 0.3 2 50 100 30 200 382.8
Services 0.8 1 2 130 50 20 150 413.8
Materials 0.7 0.2 1 80 5 0 5 131.9

Table 3-2 Energy flows (Units TJ)

 Oil Gas Electricity Manufacturing Services Materials Final
demand

Total
output

Oil 0 0 250 100 50 40 150 590

Gas 0 0 150 70 15 10 40 285

Electricity 10 5 5 25 35 10 55 145

Interindustry transactions and energy flows data are used to build the HEIO and the PF-EIO models.

The example shows that the sub-matrix is (ࢻ) ఏ  of the hybrid-unit total energy requirements matrixࢻ
approximately equal to the component ாࡸ + ௡࡯ாࡸ

ாࢀாࡸగ࢖ෝ of the PF-EIO model:

ఏࢻ = ൥
1.0359 0.0381 1.9249
0.0211 1.0225 1.1509
0.0195 0.0205 1.1006

൩  MJ/MJ

ாࡸ + ෝ࢖గࡸாࢀ௡ா࡯ாࡸ = ൥
1.0357 0.0381 1.9222
0.0211 1.0224 1.1495
0.0194 0.0204 1.1000

൩  MJ/MJ

Note: The error between coefficients ݈݇ of these matrices is negligible, i.e. ௞௟ߝ < |0.6%|.

Moreover the sub-matrix ఛ is equal to the matrix productࢻ :టࡸாࢀ௡ா࡯ாࡸ
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ఛࢻ = ൥
1.0389 0.7549 1.1679
0.5839 0.3871 0.5205
0.2370 0.2131 0.2542

൩  MJ/MUSD

టࡸாࢀ௡ா࡯ாࡸ = ൥
1.0393 0.7556 1.1681
0.5841 0.3875 0.5205
0.2371 0.2133 0.2542

൩  MJ/MUSD

Note: The error between coefficients ݈݇ of these matrices is negligible, i.e. ௞௟ߝ < |0.2%|

The example shows that the PF-EIO and the HEIO are approximately equivalent. In this respect,
Appendix B presents the theoretical demonstration of the exact equivalence of the PF-EIO and the
HEIO models through the development of a hybrid-unit partitioned EIO model. In addition, the
demonstration in Appendix B explains that the minor numerical divergence between both models in
the present example is caused by the use of the sub-matrices గ of the inverse Leontief matrixࡸట  andࡸ
in monetary units (ࡸ) instead of the correspondent sub-matrices of the hybrid-unit inverse Leontief
matrix (ࡸ∗).

3.2 The primary-to-useful energy input-output model

The section describes the development of the PU-EIO model, which is based on the PF-EIO model with
the inclusion of an input-output model of an adjunct energy sector. This adjunct energy sector is a
theoretical sector that implements final-to-useful energy conversions in the economy [36]. It includes
all end-use devices/technologies that convert energy carriers into useful work flows (e.g. electric
motors, light bulbs or boilers). These end-use technologies are distributed in the infrastructure of non-
energy industries and final consumers

3.2.1 An input-output model of the adjunct energy sector

An isolated input-output model of the adjunct energy sector is built. In this model, secondary energy
flows (e.g. electricity, oil derivatives or natural gas) are used as inputs for final-to-useful conversion
processes by end-use energy technologies to produce useful energy flows (e.g. mechanical drive,
lighting or heat flow)  for direct useful energy demand (i.e. intermediate demand for useful energy by
non-energy industries and final useful energy demand). Moreover, there are neither transactions of
useful energy flows to energy industries of the energy sector and between end-use energy
technologies of the adjunct energy sector; nor transactions from non-energy industries to the adjunct
energy sector.

The input-output model of the adjunct energy sector aims to construct a simple relationship as:

ࢋ = ࢏௎ࡲ௎ࡸ

where ,is the vector of total direct use of secondary energy flows by the economy ࢋ ௎ is the matrixࡸ
of total requirements of the adjunct energy sector and ௎ is the matrix of direct useful energy demandࡲ
of by non-energy industries and final consumers.

The matrix ௎ࡸ  accounts for the secondary energy requirements of the conversion processes of the
adjunct energy sector, therefore it describes the final-to-useful conversion processes (see Appendix
A) in the economy. For this reason, it can be referred to as the total final-to-useful energy conversion
requirements matrix.

By definition the adjunct energy sector is present in every non-energy sector. As a result, the direct
energy demand by non-energy industries and final consumers coincides with the direct use of
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secondary energy flows, i.e. the vector is equivalent to ࢋ in Eq. [3.1]. The model consists therefore ࢏ாࡲ
of connecting the direct energy demand with the direct useful energy demand by non-energy
industries and final consumers.

ாࡲ = ௎,ௐࡲ௎ࡸ [3.8]

Note: Because of the different characteristics of the adjunct energy sector compared to the
conventional energy sector (primary-to-final energy conversions), the ௎ࡸ  is constructed with a
different procedure as ா, depending on the type of available data. Appendix E presents a procedureࡸ
to build the ௎ࡸ  matrix from useful energy flow data from the useful work accounting methodology
developed by Ayres et al. [37], Serrenho et al. [38] and others.

3.2.2 The complete PU-EIO model

First, the matrix of direct energy demand and direct useful work demand are decomposed as (see Eq.
[3.5])

ாࡲ = ௡࡯
ா࢘௡ா෢ + ࢎ

[3.9]
௎ࡲ = ௡௎෢࢘௡௎࡯ + ࢛

where ௡࡯
௎ is the matrix of composition (dimensionless) of direct useful energy demand by non-energy

industries, ௡௎ is the vector in physical units of aggregated direct useful energy demand, which࢘
corresponds to the column sum of ௎ࡲ , and࢛ is the vector of final useful energy demand.

Furthermore, to determine an expression for ௡௎ in terms of the components of the input-output࢘
model of the rest of the economy, the direct useful energy intensity concept is used. This is the amount
of direct useful energy use by a non-energy industry required to produce a unit of economic output
of this industry. It is mathematically represented as

௎ࢀ = ௡ෞ࢞௡௎෢࢘
ିଵ [3.10]

Combining Eqs. [3.8], [3.9] and [3.10], we obtain

ாࢀ௡ா࡯ = ௡࡯௎ࡸ
௎ࢀ௎

ࢎ = ࢛௎ࡸ

Finally, integrating the previous expressions into the PF-EIO model, the final form of the PU-EIO model
is

ࢍ = ௡ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥࢌటࡸ௎ࢀ௡௎࡯௎ࡸாࡸ
௉௥௢ௗ௨௖௧௜௢௡ି௥௘௟௔௧௘ௗ

+ ሺࡸா + ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇥ࢛௎ࡸෝሻ࢖గࡸ௎ࢀ௡௎࡯௎ࡸாࡸ
ோ௘௦௜ௗ௘௡௧௜௔௟

[3.11]

where ,ாࡸ ,௎ࡸ ,are in physical units ࢛& ௡௎࡯ టࡸ &గࡸ, & ௎ࢀ௡ are in monetary units andࢌ ෝ are in mixed࢖
units.

Note: There is no HEIO equivalent model that accounts for useful energy flows. To construct such a
model more research on transactions and non-energy flows of the adjunct energy sector is needed.

4 Discussion

As proven in the previous section, the PF-EIO and the HEIO models are equivalent, i.e. account for the
same information. However the PF-EIO and the PU-EIO models organize the energy transactions and
flows according to the energy conversion processes in the economy.
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In this section, the advantages and issues of the PF-EIO and PU-EIO models are discussed. Nonetheless,
as the components of the proposed models are radically different as those of the HEIO model, these
components are described in detail first.

4.1 The components of PF-EIO and PU-EIO models

This section gives detail into the components of the proposed models

ாࡸ  Total requirements matrix of the energy sector or the Structure and efficiency of the primary-to-
final energy conversion processes in the economy

The total primary-to-final energy conversion requirements matrix connects the direct energy demand
with the total primary and secondary energy requirements  to meet this demand (Eq. [3.2]). The
element ݈௜௞ா  is the amount of energy flow form energy industry ݅ which is required to produce a unit
of secondary energy flow by energy industry ݇ (e.g., the amount of natural gas required by
thermoelectric power plants to produce a ܹ݄݇ of electricity).

The ݇௧௛  column of ாࡸ  represents the energy input structure of total energy per unit of secondary
energy flow to energy industry ݇. In addition, the summation of this ݇௧௛ column, if not zero, is the
total amount of energy required to produce a unit of secondary energy flow by energy industry ݇ for
the use of non-energy industries and final consumers. This is defined as the inverse of the overall
conversion efficiency of energy industry ݇ ሺߥ௞ሻ, i.e.

෍݈௜௞ா

௜

=
1
௞ߥ

Notice that ௞ߥ  is smaller than the conversion efficiency of the actual energy process carried out by
energy industry ݇ (e.g. oil refining) because it also accounts for the use of secondary energy by the
energy sector (e.g. the amount electricity used for lighting in oil refinery).

௎ࡸ  Total requirements matrix of the adjunct energy sector or the Structure and efficiency of the final-
to-useful energy conversion processes in the economy

The total final-to-useful energy conversion requirements matrix connects the demand for useful
energy with the secondary energy requirements to meet this demand. The element ݈௞௟௎  is the amount
of secondary energy flow from energy industry ݇ which is required to produce a unit of useful work
flow by end-use energy technology ݈ (e.g., the amount of natural gas required by industrial boiler to
produce a .(of high temperature heat ܬܶ

The ݈௧௛ column ofࡸ௎ represents the energy input structure of total secondary energy per unit of useful
energy flow to end-use energy technology ݈. In addition, the summation of this ݈௧௛ column, if not zero,
is the total amount of secondary energy required to produce a unit of useful energy flow by end-use
energy technology ݈ for the use of non-energy industries and final consumers. This is defined as the
inverse of the overall final-to-useful conversion efficiency of end-use energy technology ሺ߳௟ሻ.

௡ா࡯ Demand composition of production-related direct energy demand

This component describes the composition of direct energy use by non-energy industries. The element
ܿ௡ா|௞௝ is the fraction of the energy demand by non-energy industry ݆ which is provided by energy
industry ݇ (e.g. the share of natural gas in the energy use of the chemical industry).

௡௎࡯ Demand composition of production-related useful energy demand
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This component describes the composition of direct useful energy use by non-energy industries. The
element ܿ௡௎|௟௝ is the fraction of the useful energy demand by non-energy industry ݆ which is provided
by end-use energy technology ݈ (e.g. the share of mechanical drive from an electric motor in the useful
energy use by the chemical industry).

ாࢀ Direct energy intensity

The direct energy intensity factor represents the total amount of direct energy use per unit of total
output by non-energy industries. This component accounts for several variables of the economic
system hence it is highly aggregated. Guevara [39] explains the direct energy intensity as a function of
the following variables: 1) the inverse final-to-useful aggregate efficiency ሺ߳ିଵሻ ; 2) the inverse useful-
to service aggregate efficiency ሺିߤଵሻ; 3) the aggregate price of non-energy products; and 4) the
demand for energy services.

௎ࢀ Useful energy intensity

The useful work intensity factor represents the total amount of useful work use per unit of total output
by non-energy industries. This component is less aggregated than ா though it is composed by theࢀ
following variables: 1) the inverse useful-to service aggregate efficiency ሺିߤଵሻ; 2) the aggregate price
of non-energy products; and 3) the demand for energy services.

Note: if the industrial classification of direct energy demand (or direct useful energy demand) is
equivalent to the classification of non-energy industries of the rest of the economy, ா andࢀ ௎areࢀ
diagonal matrices.

టࡸ Structure of the rest of the economy

This components represents the interindustry transaction of the rest of the economy. The element
݈టห௜௝ represents the amount of purchases from non-energy industry ݅ that non-energy industry ݆ uses

to provide a unit of product to final demand.

గࡸ  Structure of non-energy inputs to the energy sector

This components accounts for the non-energy input structure of the energy sector (i.e. non-energy
transactions to energy industries). The element ݈గ|௜௞ represents the amount of purchases from non-
energy industry ݅ that energy industry ݇ uses to produce a monetary unit of energy product to final
demand.

ෝ࢖ Average energy prices

There are two options to determine the values of this component: 1) the actual average prices faced

by final consumers (i.e. ෝ࢖ = ௘ିଵ෢ࢌ෡ࢎ ),  or the economy-wide average energy prices (i.e. ෝ࢖ = ௘ିଵ෢࢞ෝࢍ ). In
Appendix C, it is shown that the economy-wide average energy prices give the smallest error between
the PF-EIO model and HEIO models.

,௡ࢌ and ࢎ ࢛ Scale components of final demand

.௡ is the total expenditure of final consumers in non-energy productsࢌ and ࢎ correspond to energy ࢛
and useful energy deliveries to final demand in physical units.  These components are related to the
level of production in the economic system, hence to the size of the economy.



15

4.2 Advantages and issues of the PF-EIO and PU-EIO models

The PF-EIO and PU-EIO models have the following advantages compared to conventional models:

· Energy (in physical units) and non-energy transactions (in monetary units) in the economy are
accounted for separately. Moreover, energy transactions are organized according to the
processes of energy use and conversion.

· The energy sector can be represented in more detail, i.e. energy industries and energy carriers
can have lower degree of aggregation. The level of detail in the energy sector can be further
improved by building the input-output model of the energy sector under the product-by-
industry approach (Miller and Blair [8], Ch. 5). In addition, non-energy-use and non-
marketable energy carriers can be included (see Appendix D and Guevara et al. [15]).

· The models comply with the energy conservation principle (not always true for the DIC-EIO
model), i.e. primary-to-final and final-to-useful energy conversion losses are accounted for ாࡸ

and .௎, respectivelyࡸ
· The primary, final and useful levels of energy use are represented, which improves the

understanding of energy use mechanisms in the economy. Moreover, the primary, secondary
and useful energy embodied in final demand can be estimated.

· The models are able to isolate up-to three indicators of energy efficiency and to account for
them separately: ,ாࡸ ௎ࡸ  and ,௎ give insight into primary-to-final conversion efficienciesࢀ/ாࢀ
final-to-useful conversion efficiencies and the efficiency of production-related energy use,
respectively.

· The models are especially suitable to evaluate energy use, energy decoupling and energy
efficiency trends in the economy in combination with structural decomposition analysis [15,
20].

· The models in Eqs. [3.7] and [3.11], allows the use of available monetary input-output data
ట andࡸ) .గ) without the need of building a hybrid-unit input-output systemࡸ

However, the models cannot address the following issues of conventional EIO models:

· As in basic input-output analysis (see  Leontief [7], Miller and Blair [8], Suh [11]): 1) constant
returns to scale and fixed technical coefficients are considered to build the energy and non-
energy requirements matrices (ࡸா, ట andࡸ గ); 2) There is not substitution between inputs toࡸ
the production process, i.e. all inputs are perfect complements. 3) Resources are not
constrained, i.e. supply is infinite and perfectly elastic, and are not underused, i.e. efficient
use of resources.

· The service level of energy use is not represented, i.e. it is aggregated in the direct intensity
matrices (ࢀா  or or ࢎ) ௎) and final energy demand vectorsࢀ .(࢛

· The economic value of the services that energy industries provide is neglected due to the
substitution of monetary by physical units.

· The PU-EIO model assumes an independent adjunct energy sector, i.e. the adjunct energy
sector do not use inputs from non-energy industries of the rest of the economy. Even though
there is not enough research to contradict this assumption, this issue can lead to a distorted
representation of the adjunct energy sector.

· The PU-EIO model relies on the same assumptions made by the methodology to account for
useful energy in the economy hence it involves the consequences of these assumptions.
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4.3 Summary

The PF-EIO model has a detailed description of the primary and final levels of energy use and of the
primary-to-final energy conversion in the economy. Moreover, the PU-EIO model extends the former
model to include the useful level and the final-to-useful energy conversion stage of the economy.
Table 4-1 summarizes and compares the characteristics of the ultimate and conventional EIO models.

Table 4-1 Characteristics of different energy input-output models

EIO  model
Energy

efficiency
indicators

Levels of
energy usea

Energy and economic
transactions are
accounted for by

Energy
sector
detail

Other featuresb

1 2 a b
Conventional

 HEIO model - P or F ఏ andࢻ ఛ Medium Y Y X XXࢻ

 DIC-EIO model ࢀ P or F ,ࢀ ࡸ and - - - - ෩ Lowࡽ

Ultimate

 PF-EIO model ாࡸ  and ாࢀ  P and F ாࡸ , ,௡ா࡯ ாࢀ , టࡸ , గ andࡸ
ෝ࢖

High Y Y X X

 PU-EIO model ாࡸ , ௎andࡸ ௎ࢀ  P, F and U ாࡸ , ௎ࡸ , ,௡௎࡯ ௎ࢀ ,టࡸ గࡸ
and ෝ࢖

The
highest Y Y XX X

a P – Primary, F – Final and U – Useful
b Advantages

1. Hybrid-units
2. Energy conservation

Disadvantages
a. Complex construction
b. Data intensive

The table shows that the PF-EIO and PU-EIO models can significantly improve the analysis of economy-
wide studies of energy use, compared to conventional models, because they provide detailed
information about the processes of energy conversion and use in the economy.

5 CONCLUSIONS

The present paper introduces the primary-to-final energy input-output model (PF-EIO model). This
model is introduced as an improvement to the two conventional models in energy input-output
analysis, i.e. the hybrid-unit (HEIO) and direct impact coefficient (DIC-EIO) models, which have been
extensively used in the last 40 years without significant improvements.

The PF-EIO model is equivalent to the standard HEIO model and can also replicate the form of the DIC-
EIO model. Nevertheless, it presents several advantages with respect to these conventional models.
Remarkably, it provides a detailed description of energy flows and economic transactions according
to the energy conversion processes, and the primary and final levels of energy use in the economy.

The model characterizes the vector of total energy output as a function of eight variables: Efficiency
and structure of primary-to-final energy conversion (i.e. energy sector); Direct energy demand
composition; Direct energy intensity; Economic structure; Non-energy input structure of  the energy
sector, Average energy prices to final consumers; Final energy demand; and Final demand for non-
energy products. Moreover, it separately accounts for them, which makes the PF-EIO model especially
suitable to evaluate energy decoupling, energy use and energy efficiency trends in the economy.
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Furthermore, the PF-EIO enables the inclusion of other levels of energy use and energy transition
stages in the economy. This led to the development of the primary-to-useful energy input-output
model (PU-EIO model), which is the first ever energy input-output model to include useful energy
flows and the final-to-useful energy conversion stage.

The development of the PF-EIO model can be also extended to improve other hybrid-unit input-output
applications, for example the accounting of material flows, GHG emissions, exergy flows, and energy-
related CO2 emissions. Finally, as the PF-EIO model is undeniably superior to conventional models, it
should be considered the standard in energy input-output analysis.
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Appendix A: The levels of energy use

The levels of energy use describe the flow of energy along all stages of energy conversion and
use in the economy. These levels are defined based on the metabolism approach, which
describes the economy as a physical input-output system drawing energy from the environment,
performing internal physical processes (i.e. energy conversion or transfer) and dissipating low-
grade waste heat to the environment [40].

Energy flows are traditionally classified into three levels of energy use: primary, final and useful
with two stages of energy conversion: primary-to-final and final-to-useful. However,
Nakićenović and Grübler [41] argue that this classification truncates the analysis at the last stage
of energy conversion and hence does not include actual delivered energy services, see also Haas
et al. [42], Pachauri and Spreng [43], and Wirl [44]. Therefore, a service level of energy use and
a useful-to-service transition stage should be included (Figure A-1).

Figure A-1 Diagram of energy flows with major energy- and efficiency-related terms. Note: From UNDP [45] and
UNDP [46]

UNDP [45] and Cullen and Allwood [47] place the service level in flow diagram of an energy
system as the output of a dissipative energy transfer performed by a passive system (i.e. end-
use device which dissipates most of the energy it receives).

In the following sections, the levels of energy use and the transition stages between them are
explained.
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A.1 Primary level of energy use
Primary energy corresponds to energy carriers as they are recovered or gathered from the
natural environment [41, 48], i.e. natural resources such as mined coal, collected biomass or
crude oil. As there are many forms of energy carriers in the natural environment, primary energy
is given in terms of the energy content of these energy carriers, which leads to consistency issues
[49]. In the case of fossil fuels, the energy content is usually determined by the enthalpy or
heating thermodynamic potential [49, 50]. In the case of renewable and non-conventional
energy carriers, the energy content (or primary energy equivalent) is estimated according to two
main accounting methods, i.e. the partial substitution method and the physical content method
[51-55].

A.2 Final level of energy use and the primary-to-final conversion stage

Final or secondary energy is the flow of energy carriers that is available for direct use by
consumers. A consumer is a unit of the economic system (i.e. industries and households) that
requires energy services for production or consumption, e.g. industries or households [48].

The final level of energy use accounts for the energy content in output products of the energy
sector, e.g. oil derivatives, electricity, biodiesel or geothermal heat. It also accounts for energy
carriers in secondary form produced by decentralized generation systems, which are not part of
the energy sector, e.g. residential solar thermal boilers or stand-alone wind turbines.
Additionally, the International Energy Agency does not include the direct use of secondary
energy carriers by the energy sector as final energy flows [50].

The primary-to-final conversion is the first energy transformation stage in the economy, where
primary energy sources are upgraded into more useful forms of energy through conversion
processes [56]. In addition to conversion process, such as oil refining and coal-fuelled electric
generation, this conversion stage usually includes other operation processes of the energy
sector, e.g. extraction, storage and distribution [45, 49, 57].

A.3 Useful level of energy use and the final-to-useful conversion

Useful energy (mainly heat, motion, and light) is the last form of energy flows that is directly
used to provide energy services [56]. It is obtained from the conversion of secondary energy
carriers by end-use conversion devices (or end-use energy technology), for example, motor
engines, boilers, ovens and lamps [41]. Because useful energy is situated immediately before
the level of satisfied energy needs and is independent from the evolution of energy conversion
technology, it is should be included in economy-wide energy accounting [48, 49, 58].

The final-to-useful conversion is the second and last energy conversion stage in the economy.
This stage is usually carried in the exact location where energy services are required (in the
household or in a factory). The final-to-useful conversion stage consists of a large share of one-
step conversions, e.g. electricity into motion by an electric motor or natural gas into steam by a
boiler, and of two-step conversions, e.g. gasoline into motion by a car engine into air
conditioning low temperature heat. Moreover, this conversion stage is difficult to estimate since
every sector, every energy carrier, end-use energy technology and every energy service must be
considered [59].
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A.4 Service level of energy use and the useful-to-service dissipative
transfer

Haberl [48] defines energy services as immaterial services, whose provision involves the use of
energy4. For example, heating of a room, moving commodities from one point to another in a
defined time period, or transforming material inputs into a piece of furniture. The problem with
this definition is that it is not possible to distinguish energy services from other goods and
services in the economy [43] (everything needs energy to be produced). Consequently, energy
services sometimes are classified into two categories [42, 43]: 1) direct, such as lighting, ironing,
drilling, melting sands to form glass, etc.; and 2) indirect, i.e. the energy embodied in food,
shoes, building, vehicles, etc. Nevertheless, as consumers do not consume non-energy products
and services due to their embedded energy, the indirect services are evaluated in terms of the
direct energy services used to produce them. Therefore, only direct energy services are
considered part of the service level of energy use.

The Useful-to-service dissipative transfer between the useful and the service levels of energy use
consists of a series of dissipative processes [48]. These processes are performed by passive
systems5 that “holds or traps useful energy for a time to provide a level of final service” [56].

This level of energy use and its preceding transition stage from the useful level is fundamental
for the analysis of energy performance of an economy because it appears to be the “weakest
link” of the energy chain from primary to services [41] so the largest improvements are expected
to be at the useful-to-service transition stage [59]. Nevertheless, because of the issues in the
definition of each energy service and the boundaries of its passive system, the service level is
excluded in most studies [41].

4 In this case, energy services do not correspond to the services that energy companies provide as in Bandi
[60] and EU [61]
5 A passive system is a last technical component of the energy chain, whose purpose is not converting the
flow of useful energy into another energy form. In providing energy services, useful energy is eventually
dissipated to the natural environment as low-grade heat [47]. Therefore, a passive system requires a
continuous supply of useful energy to maintain a constant level of service.



B-1

Appendix B: Hybrid-unit partitioned EIO model

This appendix presents the theoretical demonstration of the exact equivalence of the PF-EIO
and the HEIO models through the development of the hybrid-unit partitioned EIO model.

The basic input-output model relationship in hybrid-units is expressed by

∗࢞ = ∗࢞∗࡭ + ∗ࢌ

or, alternatively,

ሺࡵ െ ∗࢞ሻ∗࡭ = ∗ࢌ [B.1]

where ,is the vector of total hybrid-unit  output∗࢞ is the matrix of hybrid-unit technical ∗࡭
coefficients and .is the vector o hybrid-unit final demand ∗ࢌ

The elements of Eq. [B.1] are partitioned in the following form

∗࢞ = ቂ
ࢍ
௡ቃ࢞ ∗࡭ = ቈ

ఏ࡭
∗ ∗ఛ࡭

∗గ࡭ ట࡭
∗ ቉ ∗ࢌ = ൤ ௡ࢌࢎ

൨

where

· and ࢍ ∗௡࢞  are the sub-vectors of total energy output of energy  and non-energy
industries, respectively

· ఏ࡭
∗ , ∗ఛ࡭ , ∗గ࡭  and ∗ట࡭   are respectively the sub-matrices of technical coefficients of 1)

transactions between energy industries; 2) transactions from energy industries to non-
energy industries; 3) transactions from non-energy industries to energy industries; and
4) transactions between non-energy industries

· and ࢎ ,௡ are the sub-vectors of final demand of energy  and non-energy industriesࢌ
respectively

Rewriting Eq. [B.1] gives

ቆቂࡵ ૙
૙ ቃࡵ െ ቈ

ఏ࡭
∗ ∗ఛ࡭

గ࡭
∗ ∗ట࡭

቉ቇ ቂ
ࢍ
௡ቃ࢞ = ൤ ௡ࢌࢎ

൨

or

ሺࡵ െ ఏ࡭
∗ ሻࢍ െ ௡࢞∗ఛ࡭ = ࢎ

െ࡭గ
∗ ࢍ + ൫ࡵ െ ∗ట࡭ ൯࢞௡ = ௡ࢌ

[B.2]

Solving the system of two variables for we obtain ,ࢍ

ࢍ = ቀࡵ െ ఏ࡭
∗ െ ࡵఛ∗൫࡭ െ ∗ట࡭ ൯

ିଵ
∗గ࡭ ቁ

ିଵ
ቀࢎ + ఛ࡭

∗൫ࡵ െ ∗ట࡭ ൯
ିଵ
௡ቁࢌ

Then, separating total energy use for fulfilling final energy demand and for production-related
energy demand, the equation of total energy use is obtained as
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ࢍ =

ە
ۖ
۔

ۖ
ۓ ቀࡵ െ ఏ࡭

∗ െ ࡵఛ∗൫࡭ െ ట࡭
∗ ൯ିଵ࡭గ∗ ቁ

ିଵ
ࢎ

+

ቀࡵ െ ఏ࡭
∗ െ ࡵఛ∗൫࡭ െ ట࡭

∗ ൯ିଵ࡭గ∗ ቁ
ିଵ

ࡵఛ∗൫࡭ െ ట࡭
∗ ൯ିଵࢌ௡

 [B.3]

To developed the model further, two themes must be explained

The inverse Leontief matrix of a partitioned hybrid-input-output model

The solution of the hybrid-unit system of Eq. [B.1] is

∗࢞ = ∗ࢌ∗ࡸ

where . is the hybrid-unit Leontief inverse matrix ∗ࡸ

This matrix is partitioned as follows

∗ࡸ = ቈ
ఏࡸ
∗ ∗ఛࡸ

∗గࡸ ∗టࡸ
቉ = ቈ

ࡵ െ ఏ࡭
∗ െ࡭ఛ∗

െ࡭గ∗ ࡵ െ ∗ట࡭
቉
ିଵ

From Bierens [62] , Faliva and Zoia [63] and Tian and Takane [64], we obtain

∗టࡸ = ൫ࡵ െ ∗ట࡭ െ ∗గ࡭ ሺࡵ െ ఏ࡭
∗ ሻିଵ࡭ఛ∗൯

ିଵ [B.4]

∗గࡸ = ൫ࡵ െ ∗ట࡭ ൯
ିଵ
∗గ࡭ ቀࡵ െ ఏ࡭

∗ െ ࡵఛ∗൫࡭ െ ట࡭
∗ ൯ିଵ࡭గ∗ ቁ

ିଵ

= ∗టࡸ ∗గ࡭ ሺࡵ െ ఏ࡭
∗ ሻିଵ

[B.5]

and

∗ఛࡸ = ቀࡵ െ ఏ࡭
∗ െ ࡵఛ∗൫࡭ െ ట࡭

∗ ൯ିଵ࡭గ∗ ቁ
ିଵ

ࡵఛ∗൫࡭ െ ట࡭
∗ ൯ିଵ

= ሺࡵ െ ఏ࡭
∗ ሻିଵ࡭ఛ∗ࡸట∗

[B.6]

The inverse of a matrix sum

According to Henderson and Searle [65], Miller [66] and Tylavsky and Sohie [67]6,

the term ቀࡵ െ ఏ࡭
∗ െ ఛ࡭

∗൫ࡵ െ ∗ట࡭ ൯
ିଵ
∗గ࡭ ቁ

ିଵ
 can be decomposed as

ቀࡵ െ ఏ࡭
∗ െ ࡵఛ∗൫࡭ െ ∗ట࡭ ൯

ିଵ
గ࡭
∗ ቁ

ିଵ
= ሺࡵ െ ఏ࡭

∗ ሻିଵ + ࢃ

where

ࢃ = ቂࡵ െ ൫ࡵ െ ߠ࡭
∗൯ିଵ߬࡭

∗൫ࡵ െ ߰࡭
∗ ൯െ1ߨ࡭

∗ቃ
ିଵ
൫ࡵ െ ߠ࡭

∗൯ିଵ߬࡭
∗൫ࡵ െ ߰࡭

∗ ൯െ1ߨ࡭
∗ ൫ࡵ െߠ࡭

∗൯ିଵ

6 The general formula of the inverse of a matrix sum is ሺ࡭ + ሻିଵ࡮ = ଵି࡭ െ ሺࡵ + ଵି࡭࡮ଵି࡭ሻିଵ࡮ଵି࡭
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Moreover, introducing the expressions of ∗గࡸ and ∗టࡸ in Eqs. [B.4] and [B.5], an
alternative expression for :is obtained ࢃ

ࢃ = ሺࡵ െ ఏ࡭
∗ ሻିଵ࡭ఛ∗ࡸగ∗

Therefore,

ቀࡵ െ ఏ࡭
∗ െ ࡵఛ∗൫࡭ െ ట࡭

∗ ൯ିଵ࡭గ∗ ቁ
ିଵ

= ሺࡵ െ ఏ࡭
∗ ሻିଵ + ሺࡵ െ ఏ࡭

∗ ሻିଵ࡭ఛ∗ࡸగ∗ [B.7]

Inserting Eqs. [B.4], [B.6] and [B.7] to Eq. [B.3] and separating total energy use for fulfilling final
energy demand and for production-related energy demand, the expression of the vector of total
energy use has the following form:

ࢍ = ሾሺࡵ െ ఏ࡭
∗ ሻିଵ + ሺࡵ െ ఏ࡭

∗ ሻିଵ࡭ఛ∗ࡸగ∗ ሿࢎ + ሺࡵ െ ఏ࡭
∗ ሻିଵ࡭ఛ∗ࡸట∗ ௡ࢌ

From the input-output model of the energy sector in section 3.1.1, it could be inferred that
ሺࡵ െ ఏ࡭

∗ ሻିଵ = ாࡸ  and ∗ఛ࡭ = ாࢀ௡ா࡯  of the PF-EIO model, therefore the final form of the PF-HEIO
model is

ࢍ = టࡸாࢀ௡ா࡯ாࡸ
∗ ௡ᇣᇧᇧᇧᇤᇧᇧᇧᇥࢌ

௉௥௢ௗ௨௖௧௜௢௡ି௥௘௟௔௧௘ௗ

+ ሺࡸா + ∗గࡸாࢀ௡ா࡯ாࡸ ሻࢎᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
ோ௘௦௜ௗ௘௡௧௜௔௟

[B.8]

The previous expression shares most of the elements with the PF-EIO model, except for the
hybrid-unit sub-matrices of the hybrid-unit inverse Leontief matrix (i.e ∗టࡸ  and ∗గࡸ ). Therefore,
as the example in Section 3.1.4 shows, the elements టࡸ  and ෝ࢖గࡸ (from the input-output model
in monetary units) are approximately equal to ∗టࡸ  and ∗గࡸ , respectively.

Furthermore, the special case where the energy sector is independent from the rest of the
economy is discussed.

If the energy sector is independent (i.e. the energy sector does not use any inputs from non-
energy industries), then ∗గࢆ = ૙ , ∗గ࡭ = ૙  and ∗గࡸ = ૙  hence

ࢍ = ∗௘ࢌாࡸ + ∗టࡸாࢀ௡ா࡯ாࡸ ∗௡ࢌ

Under conditions of energy sector independence, టࡸ
∗ = ట, i.e. the sub-matrices with sub-scriptࡸ

߰  of the inverse Leontieff hybrid-unit and monetary matrices are equal (from Eq. [B.4]). So, the
HEIO model and the PF-EIO models are exactly equal.
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Appendix C: The average price of energy

The present appendix aims to determine the values of vector ෝ࢖ that lead to the smallest error
between the sub-matrix ఏࢻ  of the HEIO and the matrix expression ாࡸ െ -ෝ of the PF࢖గࡸாࢀ௡ா࡯ாࡸ
EIO model.

There are two options to determine the values of vector ෝ: 1) the actual average prices faced by࢖

final consumers (i.e. ෝ࢖ = ௘ିଵ෢ࢌ෡ࢎ ),  or the economy-wide average energy prices (i.e. ෝ࢖ = ௘ିଵ෢࢞ෝࢍ ).

The sample economy in Section 3.1.4 will be used (Table 3-1 and Table 3-2) to compare both
options. Moreover, the non-energy inputs to the energy sector, described by the sub-matrix ,గࢆ
are varied to change the level of independence of the energy sector. The level of independence
of the energy sector (ܫܵܧ) correspond to the share of non-energy inputs in the total input
structure of the energy sector, i.e.

ܫܵܧ =
గࢆ∑

గࢆ∑ + ఏࢆ∑
× 100%

where ࢆ = ൤
ఏࢆ ఛࢆ
గࢆ .ట൨ is the interindustry transaction matrix in monetary units (Table 3-1)ࢆ

Interindustry transactions and energy flows data are used to build the HEIO and the PF-EIO
models. Table C-1 presents the errors between entries of the sub-matrix ఏࢻ  of the HEIO and the
matrix expression ாࡸ െ ෝ of the PF-EIO model depending on the value options for࢖గࡸாࢀ௡ா࡯ாࡸ
vector .ෝ࢖

Table C-1 Effect of the value of ෝ in the PF-EIO model࢖

ܫܵܧ

Error between entries ሺࢻఏሻ௞௝ െ ሺࡸா + ෝሻ௞௝࢖ெ࣊ாࢀா,ௌ࡯ாࡸ

Avg. prices to final consumers
ෝ࢖ = ௘ିଵ෢ࢌ෡ࢎ

Economy-wide avg. prices
ෝ࢖ = ௘ିଵ෢࢞ෝࢍ

100% 0% 0%
80% <|1.2%| <|0.4%|
70% <|1.6%| <|0.5%|
60% <|4%| <|0.7%|
50% <|6%| <|0.8%|
40% <|8%| <|1.2%|
30% <|10%| <|1.5%|

The table shows that the use of economy-wide average prices (࢖ෝ = ௘ିଵ෢࢞ෝࢍ ) in the PF-EIO model
gives the smallest error with respect to the HEIO model at any level of energy sector
independence.
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Appendix D: A product-by-industry input-output model of the
energy sector

A product-by-industry approach is used to build an isolated input-output model of the energy
sector. For this approach, energy technologies (e.g. cogeneration, oil refinery or geothermal
power generation) use energy carriers (e.g. diesel or coal) in conversion processes to produce
one or more energy carriers for consumption of energy technologies and direct energy demand.

Data on energy flows in physical units from energy balances (e.g. IEA [50]) are arranged into a
make-use table framework (Figure D-1).

The energy use matrix ሺࢁாሻ represents the amount of a specific energy carrier that is used as
an input by an energy technology and also the amount that is delivered to direct energy demand
(i.e. energy use by non-energy sectors). The energy make matrix ሺࢂாሻ shows the total supply of
all energy commodities that are produced by a particular energy technology. ாࢅ  is the matrix of
direct energy demand by carrier and by direct demand category. ா corresponds to theࢊ
domestic production of primary energy carriers while ா࢓  accounts for imports of primary and
final energy carriers. The vector ா࢝  represents the energy conversion losses in the production
processes of energy technologies (all elements of this vector have a negative value). Finally, ாࢗ

and ா࢞  are the vectors of total energy output by carrier and by technology, respectively.

Figure D-1 Make-use framework for product-by-industry data of the energy sector

The system consists of ்݊ energy technologies (e.g. oil refineries or wind power generation), ݊ா
energy carriers (e.g. crude oil or electricity) and ݊ி non-energy sectors of direct energy demand
(e.g. household or iron and steel industry). Furthermore, the total of ݊ா energy carriers are
classified into three categories: (1) ݊௉  primary energy carriers, endogenous and imported raw

Energy carriers Energy technologies Direct Demand Total
output

Energy carriers

Energy
technologies

Domestic primary
production

Primary / final
imports

Conversion losses

Total inputs
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energy sources for conversion into final energy carriers (e.g. wind or crude oil); (2) ݊஼ final
energy carriers, energy products for direct use of economic sectors (e.g. electricity or fueloil);
and (3) ݊ே non-energy-use energy carriers, outputs of the energy sector with non-energy uses
(e.g. lubricant or paraffin).

The relationship between the total energy use by carrier and the direct energy demand is
determined under the Industry Technology Assumption [8, 68-70] as

ாࢗ = ቀࡵ െ ா෢ࢗாࢂෝாሻି૚࢞ாሺࢁ
ି૚
ቁ
ିଵ
࢏ாࢅ

where ாࡸ = ቀࡵ െ ா෢ࢗாࢂෝாሻି૚࢞ாሺࢁ
ି૚
ቁ
ିଵ

 is the total product-by-product requirements matrix of

the energy sector and .is the direct demand for energy carriers ࢏ாࢅ
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Appendix E: An input-output model of the adjunct energy sector

This Appendix presents the construction of an input-output model of the adjunct energy sector
based on the useful energy data obtained through the useful work accounting methodology7.

In this model, the adjunct energy sector uses ݊ா  final energy carriers as inputs to deliver ݊௎
flows of useful work to non-energy sectors. Conversion technologies of the adjunct energy
sector are equal in number to the flows of useful work (݊௎), hence one conversion technology
produces one and only one useful work flow. Moreover, there are neither transactions of useful
work flows between conversion technologies nor transactions from non-energy sectors to the
adjunct energy sector.

Useful work flows are defined by useful work category (e.g. lighting or hot temperature heat)
and the type of final energy carrier (e.g. gasoline or electricity) that is used in the conversion
process. Examples of useful work flows are: 1) lighting obtained from a kerosene lamp; 2)
mechanical work obtained from an electric motor; or 3) low temperature heat obtained from a
gas boiler.

Useful work flows (ࡲ௎) and second-law final-to-useful efficiencies (ࣕ௎,ௐ) data are obtained from
useful work accounting [37, 75, 76] in the form shown in Figure E-1.

The matrix ௎,ௐ of sizeࡲ ݊௎ × ݊ி is the direct useful work demand by type of useful work flow
and by demand category. There is a matrix of second law final-to-useful efficiency (ࣕ௎,ௐ) with
the same characteristics.

The input-output model of the adjunct energy sector aims to construct a simple relationship as:

ாࡲ = ௎,ௐࡲ௎ࡸ

where matrixࡲா  of of size݊ா × ݊ி is the direct use of final energy carriers by the adjunct energy
sector, matrix ௎ of sizeࡸ ݊ா × ݊௎ is the total final-to-useful energy conversion requirements
matrix, and matrixࡲ௎,ௐ of size݊௎ × ݊ி is the direct demand of useful work flows by non-energy
industries and final consumers.

7 Useful work accounting (UWA) is an exergy accounting methodology [71, 72] at the useful level of energy
use. This methodology was developed departing from the work of Ayres et al. [37] who introduced the
concepts of useful work and second law final-to-useful efficiency in long-term energy transition studies.

Useful work or useful exergy (ܷௐ) measures the effective amount of exergy (ܧ௑) from final energy carriers
that is delivered to a final function [73] , e.g. the mechanical work from electricity used by an elevator
motor or the exergy of the heat provided by a gas heater. It is therefore closely related to energy services
in the economy.

ܷௐ = ௑ܧ߳

On the other hand, the second law final-to-useful efficiency ሺ߳ሻ represents the fraction of an exergy input
that is converted into useful work. The value of ߳ is a characteristic of each end-use energy technology
and is subject to thermodynamic limits [74].
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Figure E-1 Presentation of useful work accounting output data

According to the definition of useful work, direct exergy demand can be calculated from useful
work flows by:

݈ܽ݊݅ܨ ݕ݃ݎ݁ݔ݁ =
1
߳௜௝

∙ ௜௝ܨ
௎,ௐ

The relationships requires a Hadamard or element-wise product (Ä) of matrix ௎,ௐ by theࡲ
inverse of matrix ࣕ௎,ௐ. The resulting matrix ௑,ௐ of sizeࡲ ݊௎ × ݊ி is the direct exergy demand
by non-energy sectors per type of useful work flow.

௑ࡲ ,ௐ = ሺࣕ௎,ௐሻିଵÄ ௎,ௐࡲ

The matrices ሺࣕ௎ ,ௐሻିଵ and ௎,ௐ are rearranged into equivalent matricesࡲ ሺࣕ௎ሻିଵ size ݊௎ ×
ሺ݊௎ ∙ ݊ிሻ and ௎ࡲ  of size ሺ݊௎ ∙ ݊ிሻ × ݊ி, respectively, so as to substitute the Hadamard product
by a normal matrix multiplication.

௑,ௐࢅ = ሺࣕ௎ሻିଵ ௎ࡲ

The final exergy demand per type of useful work flow (ࢅ௑,ௐ) is transformed into final exergy
demand per type of final energy carrier (ࢅ௑,ா) through a bridge matrix ா஼ࡳ , whose architecture
is shown in Figure E-2.

௑,ாࢅ = ௑,ௐࢅா஼ࡳ [E-1]

UW flows Direct useful work demand

UW
category

Final energy
carrier

1 2

1

1

1

2

1

1
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Figure E-2 Architecture of the bridge matrix ࡯ࡱࡳ

Furthermore, ௑,ாࡲ  is transformed from exergy into energy values by pre-multiplying by the
inverse of the exergy factor vector ࣘா  whose element߶௞

ா  is the exergy factor of the final energy
carrier ݇.

ாࡲ = ൫෡ࣘா൯ି૚ࡲ௑,ா [E-2]

Finally, Eqs. [E-1] and [E-2] are combined to define the total final energy requirements matrix of
the adjunct energy sector (ࡸ௎)

௎ࡸ = ൫෡ࣘா൯ି૚ࡳா஼ሺࣕ௎ሻିଵ

UW flows 1 2

UW category 1 2
Final energy
carrier

1 2 1 2 1 2

1 1 0 0 1 0 0 1 0 0

2 0 1 0 0 1 0 0 1 0

0 0 1 0 0 1 0 0 1


