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The study starts with the product balance identity according to logical scheme [output 0 = intermediate input
0 + final demand 0] for the base year 0. Written in free variables it generates a product balance equation, or a
generalized demand-driven input—output model. Analytical properties and peculiarities of vector and matrix
calibration of the generalized model are considered.

Formal introducing unknown matrices of quantity and price indices leads to generalized nonlinear input—
output model with exogenous final demand. This model comprises an excessive number of unknown quantity and
price parameters and is not identifiable itself.

Nevertheless, under simplifying assumption about diagonal form of unknown parameters matrices one can get
still nonlinear demand-driven input—output model with exogenous final demand but written with usual matrix
operations and so much more operational. In general, this model could be linearize in four ways: set the matrix of
price indices equal to identity matrix (constant prices), allow the quantity parameters matrix being identity matrix
(constant levels of production by industries), and, finally, use two variants of combined including price and quantity
parameters into the model.

Main attention in the study is paid to examining the analytical properties of four groups of linearized input—
output models with various sets of price and quantity parameters. All the models turn out to be strictly identifiable
under not so cumbersome technical assumptions and satisfy the vector and matrix calibration conditions. In
particular, it is shown that the linear demand-driven price model could be appreciate as almost trivial whereas the
linear demand-driven quantity model is in accordance with the formal pattern of product technology assumption
widely known in input—output analysis.

Other two groups of linear demand-driven models with combined using price and quantity parameters seem
to be out of economic sense, mostly not mentioned in the special literature but some of their features are of
theoretical interest and deserves further exploration. In particular, one of them is in accordance with the formal
pattern of industry technology assumption widely known in input—output analysis.
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1. Introduction: identity and equation of product balance

The information for constructing input—output models in accordance with the main
methodological recommendations of the UN Handbook on Supply, Use and Input—Output Tables
with Extensions and Applications (United Nations, 2018, Ch.12) and the Eurostat Manual of
Supply, Use and Input—Output Tables (Eurostat, 2008, Ch.11) includes the following components
of supply and use tables:

o supply table at basic prices,

e use table at basic prices,

e domestic use table at basic prices,

e import use table at basic prices.
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The initial informational and analytical premise for constructing input—output models with
exogenous final demand is a product (material) balance identity in basic prices formed on the

basis of the data from supply and use tables for the base year O:

Xoeu =Zeew + Yo (1)
where X, and Z,, are supply (production) matrix and use (intermediate consumption) matrix of
the same dimension NxM for the base year 0, N and M are the numbers of products and industries
in the economy, respectively, €, is M-dimensional summation column vector with unit

elements, and Y, is N-dimensional column vector of final demand in base year 0. Vector formula
(1) describes the system of N scalar identities with production and intermediate consumption
matrices given.

In order to transform the product balance identity (1) into a mathematical model, one can
formally write it in free variables X, Z and y. As a result, we obtain a generalized product
balance equation, or a generalized demand-driven input—output model

Xey =2Zey +Y. (2)
It is easy to see that this generalized model contains N linear equations with 2NM+N scalar
variables — elements of the production and intermediate consumption matrices X, Z and
components of the final demand vector y (or with 3N scalar variables — components of the
vectors Xe),, Ze), and Y). Thus, the model (2) is unidentifiable at choosing the final demand

vector as an exogenous variable (Motorin, 2017).
2. The properties of a generalized product balance equation

The linear input—output model with exogenous final demand (2) is written in a very common
form, but nevertheless has a number of analytical properties that should be taken into account
when choosing or constructing procedures for model identification.

Property 1. Let a pair of matrices X*(y) and Z*(y) be some solution to the generalized

product balance equation for a given final demand vector y. Then the diagonal matrix <X*(y)eM> of

order N with a vector X*(y)e,, on the main diagonal and the diagonal matrix <Z*(y)eM> of order N
with a vector Z*(y)e,, on the main diagonal also satisfy equation (2), since

<X*(y)eM >eM _<Z*(Y)e|v| >eM =X"(y)ew —Z"(y)ewm =v- 3)

Property 2. Next, let S be an arbitrary matrix of dimensions NxM. It is easy to verify that

the matrices X*(y)-S and Z*(y)-S also form a solution to the generalized product balance

equation (2) since
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[x*)-slew - [2°()-8Jew = X" ()ew -2 ()ew =v- 4)
However, it is clear that the practical worth of such additive solution, true for any choice of
matrix S, is relatively small because formula (4) exhibits obvious feature of mathematical
tautology.

Property 3. Finally, let Sy and S, be a pair of square right stochastic matrices of order M
such that Sye\ =S,e,, =€y, . Then the matrices X*(y)Sy and Z*(y)S, satisfy equation (2) for
a given vector Y since

X*(y)Sxen —Z°(y)Szem =X (y)ew —Z°(y)ew =y (5)
It should be emphasized that the practical worth of such multiplicative solution is limited because
in the general case it is quite difficult to give an economic meaning to a pair of arbitrary right
stochastic matrices. Nevertheless, as it will be shown below, Property 3 plays an important
technical role in transforming the unidentifiable generalized linear input—output model with
exogenous final demand (2) into its various operational forms.

The established analytical properties (3), (4) and (5) of the generalized product balance
equation prove useful in further studying the conditions of exact identifiability of model (2) and

its correct calibration at y =Y, .

3. Vector and matrix calibrating a generalized demand-driven input-output model

The endogenous variables in model (2) are either a pair of matrices and with 2NM unknown
elements, or a pair of vectors and with 2N unknown components. The noted ambiguity of the
choice of endogenous variables in the system of N linear equations (2) generates two different
conditions for model calibrating with respect to the initial product balance identity (1).

Vector calibration condition. At y =y, = (X, — Z, )ey the vector of product outputs by all
industries Xey, (y) and the vector of product intermediate consumption Ze,,(y) satisfy the
requirements Xey, (Y,)=X.ey and Ze,, (Y, )= Z,ey > respectively.

Matrix calibration condition. At y =y, = (X, -Z,)ey, the production matrix X(y) and
the intermediate consumption matrix Z(y) satisfy the requirements X(y,)=X, and Z(y,)=Z,,

respectively.

It is easy to see that fulfillment of the matrix calibration condition always entails the
fulfillment of the vector calibration condition but the converse statement is obviously not true.
Thus, the vector calibration condition is essentially a weakened version of model’s matrix
calibration condition.

Within the formal framework of vector calibrating, the generalized input—output model
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with exogenous final demand (2) contains N linear equations with 2N unknowns. To make this
model operational, it is sufficient to supplement it with an equation for the relationship between
the output and intermediate consumption vectors, for example, in the form of a linear vector-
valued cost function

Zey, =CoXey , (6)
where C, is N-dimensional square matrix of so-called input—output coefficients, determined a

priori on the basis of supply and use tables for the base year 0. Having formally resolved the

system (2), (6) with respect to Xe,, , we obtain the following equation for the dependence of the

product output vector on the final demand vector:

-1
Xey =(Ey —Co)y (7)
where Ey is the identity matrix of order N, and the matrix in parentheses is assumed to be non-

singular. This equation not only demonstrates a simple technique for reducing the number of

unknowns in (2), but is also very useful analytically: if the spectral radius of matrix C, is less

than one, the inverse matrix in (7) can be expanded into a convergent power series that can serve
as an effective analytical tool for a detailed study of inter-sectoral interactions in the economy
(see, e.g., Miller and Blair, 2009).

Relation (7) is widely used in input—output analysis as a universal way of transforming the
product balance equation into various models with exogenous final demand for constructing
product-by-product input—output tables. In authoritative international reference handbooks
United Nations (2018) and Eurostat (2008) it is recommended using three types of
transformations resembling (7) in the practice of input—output modeling, namely, based on the
product technology assumption, the industry technology assumption, and the hybrid (mixed)

technology assumption.
3.1. Calibrating the product technology model

The product technology pattern (or product technology model) in the accepted notation has the
following form:
Co=Z X' (8)
— see, e.g., Kop Jansen and ten Raa (1990); ten Raa and Rueda-Cantuche (2003), (2007); Rueda-
Cantuche (2011).
This formula implicitly assumes that in the economy under consideration the number of
products N coincides with the number of industries M, that is, M = N = K, and the square

production matrix of order K is non-singular. It should be emphasized that in accordance with the
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product technology assumption each product is produced in its own specific way, irrespective of
the industry where it is produced (United Nations, 2018; Eurostat, 2008).
Substituting the product technology pattern (8) into (7) leads to the equation

V! ~
Xe g =(EK_ZOX01T y =Xo(Xg=2Z,)y 9)
provided that the square matrices of order K in parentheses are non-singular. In turn, substituting

(8) and (9) into the formula for the linear vector-valued cost function (6) yields
Zey = ZyXg'Xey = ZoX'Xo(Xo = Zo) 'y = Z4(Xo = Z,) 'y - (10)
It is easy to see that at y =y, =(X,—Z,)ex equations (9) and (10) entails the statements
Xe(Yo)=Xoex u Zey(y,)=Z,ex. Thus, the product technology pattern guarantees the

fulfillment of the vector calibration condition formulated above. At the same time, it is clear that
equations (9) and (10) do not allow us to uniquely identify the output and intermediate
consumption matrices as functions of the exogenous vector of final demand, since, by virtue of
Properties 1 and 3 of the generalized product balance equation, they have an infinite set of
solutions with respect to X and Z. Consequently, the product technology assumption, generally
speaking, does not ensure the fulfillment of the matrix calibration condition without involving

any additional a priori information.
3.2. Calibrating the industry technology model

The industry technology pattern (or industry technology model) in the accepted notation has the

following form:

Co :Zo<e’NX0>_1X6<X0‘3M>_l (11)
— see, e.g., Kop Jansen and ten Raa (1990); ten Raa and Rueda-Cantuche (2003), (2007); Rueda-
Cantuche (2011).

It is clear that chosen form of the input—output coefficients matrix can be used for any
combination of the number of products N and the number of industries M in the economy under
consideration. It should be emphasized that according to the industry technology assumption each
industry has its own specific way of production, irrespective of its product mix (United Nations,
2018; Eurostat, 2008).

Substituting the industry technology pattern (11) into (7) gives the equation

, -1y, -1yt
Xey =(EN _Zo<eNxo> xo<xoe|v|> ) y (12)
provided that the square matrix of order N in parentheses is non-singular. In turn, substituting

(11) and (12) into the formula for the linear vector-valued cost function (6) yields
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'y \ Ty -1 /¢ \lyer -1yt
Let us prove that equation (12) generates the vector calibrating formula Xe,, (yo) =X,en at

y=Y,= (X0 - ZO)eM . Indeed, the equality

e \lyer -1
(EN - Zo<eNXo> X0<Xoe|v| > ) (Xo - ZO)eM = Xoewm
can be transformed into
, “1yr -1
(xo - ZO)eM = (EN - Zo<eNXo> xo<xoe|v|> )XOeM
from where after opening all circle brackets we get the identity
, ~1y, -1
This means that first requirement of the vector calibration condition is satisfied under the

industry technology assumption. Moreover, as it follows from equation (13), fulfillment of first

requirement entails the fulfillment of the second requirement since
! -1 ! -1 ’ -1 !
Zey, (YO): ZO<eNX0> X0<Xoe|v| > Xoem = ZO<eNX0> Xoen =Zoey -
It is important to emphasize that equation (12) and (13) have an infinite set of solutions
with respect to X and Z as well as in previous case of product technology assumption. Therefore,

the industry technology assumption, generally speaking, does not ensure the fulfillment of the

matrix calibration condition without involving any additional a priori information.
3.3. Calibrating the hybrid technology model

The hybrid technology pattern (or hybrid technology model) in the accepted notation has the
following form:

Cy= (Zo - on)x(_nl (14)
— see, e.g., Kop Jansen and ten Raa (1990). Here X, and X, are the matrix terms of
exogenous additive decomposition of the initial production matrix X, = X, + X,

The hybrid technology pattern could be considered as a combination of the product and
industry technology models — see, e.g., Eurostat (2008). As in the case of the product technology
assumption, formula (14) implicitly assumes that in the economy under consideration the number
of products N coincides with the number of industries M, that is, M = N = K, and the square

matrix X, of order K is non-singular.
Substituting the hybrid technology pattern (14) into (7) leads to the equation
1] -1 —1
Xey = [EK —(Zy=Xp) Xoi] Y =Xoi(Xo1 =Zo + X2 )y = X1 (X = Zy) 'y (15)

provided that the square matrices of order K in parentheses are non-singular. In turn, substituting



(14) and (15) into the formula for the linear vector-valued cost function (6) yields
Zey =(Zy—Xpy) XgiXey = (Zy =X )Xy =Zo) 'y (16)
Aty =y, =(X,~2Z,)ey  the equations (15) and (16) can be transforms as follows:
-1
Xey (Vo) =Xo1(Xg = Zo) " (Xo = Zp)ex = Xoi€k = Xk =X # X »

Zey (Vo) =(Zo = X2 )(Xo = Zo) ' (Xo = Zp)ew = Zoex — X # Zoex -
The expressions obtained serve as explicit manifestation of tautological Property 2 of the
generalized product balance equation (2). Thus, the hybrid technology assumption, generally
speaking, does not ensure the fulfillment of neither matrix calibration condition nor even vector

calibration condition without involving any additional a priori information.
4. Introducing price and quantity parameters into the product balance equation

Purposeful varying the exogenous elements of final demand in the generalized demand-driven
input—output model (2) changes the price and quantity proportions in the resulting (disturbed)
supply-use table. The most general (and widely used in macroeconomic statistics) way of
describing the influence of exogenous changes on production and intermediate consumption
matrices X and Z is apparently using the following multiplicative patterns

X =Py oQyoX,, Z=P,0Q,02Z,, (17)
where Py and P, are NxM-dimensional matrices of the relative price indices for products in

output and intermediate consumption, Q, and Q, are NxM matrices of the relative quantity
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(physical volume) indices for industries (producers and consumers), and the character “°
denotes the Hadamard (element-wise) product of two matrices with the same dimensions.
However, this method of transforming the production and intermediate consumption matrices
cannot be considered as operational because it leads to increasing the number of variables in the
generalized linear model (2) from N(2M+1) to N(4M+1).

To make the patterns (17) more operational it is necessary to simplify the situation by
introducing some additional restrictions.

Simplifying assumption 1. Letting P, =P, =P and Q, =Q, =Q.

Simplifying assumption 2. Letting P=p®e},, Q=¢e, ®q" where p is a column vector of

the relative price indices on products with dimensions Nx1, g is a column vector of the relative
quantity indices for industries with dimensions Mx1, and the character “® ™ denotes the
Kronecker product for two matrices.

Under Simplifying assumptions 1 and 2, multiplicative patterns (17) in the usual matrix



notation take the following form:

X=pX.q, Z=pZ,q, (18)
where putting a “hat” over vector’s symbol (or angled bracketing around it, as earlier in Section
2) denotes a diagonal matrix with the vector on its main diagonal and zeros elsewhere (see Miller
and Blair, 2009, p. 697).

Nonlinear multiplicative patterns (18) together with the generalized product balance
equation (2) provide a combined quantity’n’price description of economy's response to changes

of the final demand components in a generalized nonlinear demand-driven input—output model

PX,q=PpZ,q+y. (19)

Note that the obvious properties of diagonal matrices e, =q and pey = p were used while
transiting from (18) to (19).

It should be emphasized that in the nonlinear model (19) the vectors p and g cannot be

identified unambiguously because the formulas (18) define hyperbolically homogeneous

functions p,q,, since
X:ﬁxoq:pq"’xoa Z:ﬁzoq:pq,ozo
and pg'=cp-q’/c where C is an arbitrary nonzero scalar. At the same time, the generalized

nonlinear model (19) can be easily linearized in four ways that seem to be formally feasible and

operational.
5. Classification of the linear demand-driven models with price and quantity parameters

First simple way to convert the nonlinear demand-driven input—output model (19) into a linear
form is setting the quantity parameters matrix equal to identity matrix of order M, i.e., =E, .
As a result, nonlinear multiplicative patterns (18) become

X = ﬁxo ) Z= f’zo ) (20)

and the following linear equation with vector of price parameters p arises:

PXoem =PZoey +Y. (21)

It is quite natural to classify equation (21) as a linear demand-driven price model at constant

production levels. (It is important to note that main difference between this model and the

Leontief price model, which is well known in input—output analysis (see, e.g., Miller and Blair,

2009), is manifested in their exogenous factors — final demand in the first case and value added
coefficients in the second one.)

Another simple way to transform the nonlinear demand-driven input—output model (19)

into a linear form is setting the price parameters matrix equal to identity matrix of order N, i.e.,



p=E,. As a consequence, nonlinear multiplicative patterns (18) become
X=X, z=24, (22)
and the following linear equation with vector of quantity parameters q appears:
Xod=2Z,q+Yy. (23)
One can consider equation (23) as a linear demand-driven quantity (or volume) model at constant

prices on products (because p=egy ).

The variety of methods for transforming the generalized nonlinear demand-driven input—
output model (19) to one or another linear form is not limited to constructing the price model
(21), in which the role of unknown parameters is played by relative price indices, and the
quantity model (23) with relative physical volume parameters for output and intermediate
consumption. From formal viewpoint, there are two alternative variants of linearizing the
generalized nonlinear input—output model (19) with a combined inclusion of price and volume
parameters: the linear demand-driven model with price changes in the production matrix and
volume changes in the intermediate consumption matrix

PXoem =Zg+Yy (24)

based on linear multiplicative patterns
X =pX,, Z=7,, (25)
and the linear demand-driven model with, vice versa, volume changes in the output matrix and

price changes in the intermediate consumption matrix

Xod =PpZeey +Y, (26)

based on linear multiplicative patterns
X=X, Z=pZ,. (27)

The listed above variants of linearizing the generalized nonlinear model (19) can be
classified jointly as the linear demand-driven models with combined set of price and quantity
parameters. However, the eclecticism of the economic interpretation of these two models is quite
obvious, and both of them seem to be out of economic sense.

Nevertheless, the linear models (24) and (26) as formal objects represent a certain
theoretical interest and deserve further study. Based on the order of appearing the parameters p
and ¢ in the corresponding formulas, we will henceforth mention (24) with the patterns (25) as
the linear combined price/quantity demand-driven model and (26) with the patterns (27) as the

linear combined quantity/price demand-driven model.
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6. The linear demand-driven price model

As noted above, at constant levels of production and intermediate consumption in economy’s
industries one can set =Ey, and q=ey; then nonlinear multiplicative patterns (18) are
transformed into linear form (20) and besides the generalized nonlinear demand-driven input—
output model (19) becomes linear and can be written as (21).

Formally, the model (21) contains N linear equations with N scalar unknowns p and, as one
might expect, should be strictly identifiable with final demand as exogenous vector of dimensions
Nx1. However, to make the situation more operational, it is necessary to move in equation (21)
from the unknown diagonal matrix P to the unknown vector of price parameters p and write it as

follows:
<XOeM>p=<ZOeM>p+y (28)

where one has used an obvious property b = ba that is satisfied for any pair of column vectors
a and b of the same dimension and their diagonalizations.

It should be emphasized again that model (21) and its transformed version (28) provide a
description of economy's response to changes in the components of final demand exclusively in
terms of relative prices on products. That is the reason why it can be called a linear demand-
driven price model, as it was done in a title of Section 6.

The solution of equation (28) with respect to unknown vector p provides the following
analytical representation for the vector of relative prices on products produced and consumed in

the economy:

. = (Xoew) = (Zoew)) 'y = (Xeem) " P-y (29)
where P, =Ey —(Zgey )(Xeen >_1 is the non-singular square matrix of order N. Note that its inverse
matrix is equal to P, = (X e\ ), since P(Xgey) =(Xoem)—(Zoem ) =Yo-

It is not difficult to show that analytical representation (29) and linear multiplicative

patterns (20) yields the following equations of linkages between vectors and matrices of output

and intermediate consumption and the final demand vector:
Xey =p.Xpey = <XoeM >p* =Py, Zey = <Zoe|v| >p* = <Zoe|v| ><Xoe|v| >_1P*_1y;
X =p.X, = (Xeew) (P'y)Xq. Z=p.Zy=(Xeu) (P'Y)Z,.

These expressions indicate that linear vector-valued cost function (6) for demand-driven

price model (21) is

Zey =(Zoew (Xoem ) Xey
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that is interesting to compare with correspondent formulas for the cases of commodity technology
(8), industry technology (11) and hybrid technology (14).

It is easy to see that at y=y, the column vector of relative prices on products (29)

becomes equal to
p*(yo) = <x0e|v| >71 P*_IYO = <xoe|v| >_1<xoe|v| >)7(_)IYO =€n>
from which it immediately follows that
Xey (YO): f)*(YO)xoeM =Xoewm > Zey (Yo)= <Zoe|v| >p*()’0): VANIVE

X(yo)=f’*(yo)xo =Xy, Z(yo): ﬁ*(yo)zo =Z,.
Thus, the linear demand-driven price model (21) ensures that vector and matrix calibration
conditions are met.
Nevertheless, it can be argued that linear demand-driven price model is almost trivial. In
fact, the formula for calculating the N-dimensional vector of relative prices on products (29), as is

easy to verify, is equivalent to an N-fold application of the scalar formula

G0 N0 B y
pn:(zxnm_zznmJ yn:_r(;a n=1+N,
m=1

m=1 yn

for each of the products produced and consumed in the economy.
7. The linear demand-driven quantity model

At constant prices on products it is natural to set P=E, and p=ey; then nonlinear

multiplicative patterns (18) are transformed into linear form (22) and besides the generalized
nonlinear demand-driven input—output model (19) becomes linear and can be written as (23).
From a formal viewpoint, system (23) contains N linear equations with M scalar variables g and
have a unique solution only if in the economy under consideration the number of products N
coincides with the number of industries M, i.e., if M =N =K.

Model (23) provides a description of the reaction of economy's production system to
changes in final demand components exclusively in terms of relative physical volumes of
production and intermediate consumption in industries. That is the reason why it can be called a
linear demand-driven quantity model.

The solution of the vector equation (23) with respect to the vector g (provided that square

matrix X,-Z, of order K is invertible) gives the following analytical representation for the

vector of the physical volumes of products produced and consumed in the economy:

A =(Xo = Zo) 'y = [(Ex = ZoX5" )X, ] 'y = X5'Q7 Yy . (30)
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where Q, =E, —Z,X,' is the non-singular square matrix of order N.

It is easy to show that analytical representation (30) and linear multiplicative patterns (22)
brings the following equations of linkages between vectors and matrices of output and

intermediate consumption and the final demand vector:
Xex = X490, =Q.Y, Zey =Zy0. = ZoX,' Q.Y
X =X, = Xo(X5'Q:), Z=2,0.=Z,(X;'Q"y).
It should be noted that at y =y, the column vector of relative quantity indices (30)

becomes equal to

a.(Yo)=(Xo = Zo) 'y = (Xo = Zo) ' (Xo = Zo ey =€,
from which it immediately follows that

XeK(yO):XOq*(yO): Xo€k > ZeK(yO): ZOQ*(YO): Zoey;
X(y0)=X0q*(y0)=X0, Z(Yo)zzoq*(yo)zzo-

Thus, the linear demand-driven quantity model (23) ensures that vector and matrix
calibration conditions are met.
The presented above formula for calculating the matrix Q. indicates that linear vector-

valued cost function (6) for demand-driven quantity model (23) is
Zey = Z,X;'Xey,
and, moreover, its matrix of input—output coefficients exactly coincides with matrix (8) — a set of

input—output coefficients considered within a framework of product technology assumption. As

noted above, the linear demand-driven quantity model operates at constant prices, i.e., at p=E
and p=e,. It is worth to mention here that this conclusion exactly corresponds to price

invariance axiom fulfillment established by Kop Jansen and ten Raa (1990) for product
technology pattern.

Nevertheless, demand-driven quantity model (23) does fundamentally differ from the
input—output model (7), (8) based on the product technology assumption. The formal premises for
constructing model (23) are the generalized product balance equation (2) and a pair of nonlinear

multiplicative patterns (19) together with the linearizing conditions p=Ey and p=ey, whereas

model (7), (8) is generated by the product balance equation (2) and the linear vector-valued cost
function (6) with the matrix of input—output coefficients (8). An important consequence of these
differences in the formal premises for constructing the models under consideration is the
impossibility of unambiguous identifying the matrices of output and intermediate consumption of

products as functions of the exogenous final demand vector in model (7), (8) that entails a
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noncompliance with the matrix calibration condition.
8. The linear combined price/quantity demand-driven model

The formal framework for constructing the linear combined price/quantity model (24) is the
multiplicative patterns (25). The model contains N linear equations with N+M scalar components
of parameter vectors p and ( and therefore requires involving some additional information to
ensure its strict identifiability. As an instance, one can try to introduce the instrumental linkages

between quantity and price parameters either in the form q = R p or in the form p =S,q where

Ry is a matrix of dimension MxN and Sy is a matrix of dimension NxM. Note that the matrices
Ro and Sy should be based on initial data from the product balance identity (1).

Substituting the first instrumental linkage into model (24) leads to the equation

((Xeeu)=ZoRo)P=y. (31)
In turn, substituting the second instrumental linkage yields
((Xoem)So-2Z5)a=y. (32)

It is easy to see that square matrix in parentheses in (31) has order N, whereas the matrix in
parentheses in (32) is rectangular and has dimension NxM. Thus, equation (32) cannot be solved
with respect to vector ( and becomes operational only if in the economy under consideration the
number of products N coincides with the number of industries M, i.e., provided that M = N = K.

It is interesting to note that the original price/quantity model (24) characterizes the reaction
of economy's production system to varying the final demand components in terms of price
changes in the output matrix and volume changes in the intermediate consumption matrix, while
the transformed model (31) essentially turns out to be a price model and transformed model (32)
is actually a quantity model. The noted metamorphoses seem to be direct consequence of
introducing two instrumental linkages between quantity and price parameters into the original
model in order to ensure its identifiability.

Clearly, the transformed models (31) and (32) satisfy both calibration conditions if and
only if p(yo) =ey and q(yo) = ek . For model (31), we have

Yo =Xom —Zou = (<Xoe|v| )- ZoRo)eN = Xoem —ZReey
from where one can derive the requirement R e, =e, , i.e., matrix Ry should be right
stochastic. In turn, for model (32) at M =N =K we get
Yo = Xo€k —Zo€k = (<XoeK>So ~2Z,)ex = (Xoek )Seek — Zoek
from where it follows the resembling requirement Sy, = € .

Thus, the linear combined price/quantity model (24) with the instrumental linkages
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between quantity and price parameters generates two (price and quantity) families of input—
output models (31) and (32) on a set of right stochastic matrices Ry u Sy. A variety of these
models is defined by practical possibilities of choosing the linking matrices based on initial data

from the product balance identity (1).
Two examples of constructing the linear combined price/quantity model (24) with two

specifications of the linking right stochastic matrices are given below.
8.1. The example: Ry is the transpose of MxN product mix matrix

Model: the linear combined price/quantity demand-driven model (24), version (31)

Dimensions: MxN

Instrumental linkage specification: the transpose of the product mix matrix R, = (Xjey )™ X,

Derivation of the formulas:

X =pX,, Z=2, q=Ryp;
PXoem =Zgd+Y, (Xoey)P—ZRep=Y;
<X0e|v| >p - ZO<X6eN >_1X()p =Y
-1 , -1y, 1YL B
po:<XOeM> (EN_ZO<XOeN> X0<Xoe|v|> )y:<xoeM> P,y
gd. =Ryp, = <X63N >_1X6<XOeM >_1Pofly ;
Xey = P.Xey :<XOEM>pO =Py, Zey =249, = ZO<X6eN>_1X6<XOeM>_1Po_1y;

A -1/~-1 N , -1 , 1~
X=pX,= <XOeK> <Po Y>Xo, Z=2,,= ZO<X0eN> <Xo<xoe|v| > P, 1Y>
Calibration: the solution satisfies both vector and matrix conditions
. 0 y -l -1
Input-output coefficients:  Cj = Zo(Xgey ) Xo(Xeem )
Conclusion: input—output coefficients matrix coincides with the industry technology pattern (11)
8.2. The example: Sy is the inverse of KxK market shares matrix

Model: the linear combined price/quantity demand-driven model (24), version (32)

Dimensions: KxK
Instrumental linkage specification: the inverse of the market shares matrix S, = X51<XOeK>
Derivation of the formulas:

X =pX,, Z=27, P=S.0;

PXoex =Zyq+Y, <X0eK>Soq_Zoq:y;



15
(Xoer )Xo (Xoex )d—-Zoa =y ;
q, = (erK>‘1xo<erK>‘l(EK —zo<erK>‘lx0<x0eK>‘1T1y = (Xt ) Xo(Xoek ) Q5 ;
p. =Sg0. = (Xeex) Q:'Y;
Xek =P X8k = (Xoek ). = QY. Zey =240, = Zo( Xtk ) Xo(Xeex) QY

X =P.Xo = (Xeew) QYKo Z=2Z48. = Z(Xeew) (Xo(Xoek) Q)

Calibration: the solution satisfies both vector and matrix conditions

-1

Input-output coefficients:  Cj = Zo(Xex ) X0<X0eK>_1

Conclusion: the model is not mentioned in the special literature apparently
9. The linear combined quantity/price demand-driven model

The formal framework for constructing the linear combined quantity/price model (26) is the
multiplicative patterns (27). The model contains N linear equations with M+N scalar components
of parameter vectors  and p and therefore requires involving some additional information to
ensure its strict identifiability. As in previous case, one can try to introduce the instrumental

linkages between quantity and price parameters either in the form =R p or in the form
p =S,q where Ry is a matrix of dimension MxN and S, is a matrix of dimension NxM. Recall

that the matrices Ry and Sy should be based on initial data from the product balance identity (1).

Substituting the first instrumental linkage into model (26) leads to the equation

(XoRy—(Zoen))p=y. (33)
In turn, substituting the second instrumental linkage yields
(X0_<ZoeM>So)q:)’- (34)

It is easy to see that square matrix in parentheses in (33) has order N, whereas the matrix in
parentheses in (34) is rectangular and has dimension NxM. Thus, equation (34) cannot be solved
with respect to vector ( and becomes operational only if in the economy under consideration the
number of products N coincides with the number of industries M, i.e., provided that M = N = K.

It is interesting to note that the original quantity/price (26) characterizes the reaction of
economy's production system to varying the final demand components in terms of volume
changes in the output matrix and price changes in the intermediate consumption matrix, while the
transformed model (33) actually represent a price model and transformed model (34) is
essentially a quantity model. The noted metamorphoses seem to be direct consequence of

introducing two instrumental linkages between quantity and price parameters into the original
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model in order to ensure its identifiability.

Clearly, the transformed models (33) and (34) satisfy both calibration conditions if and
only if p(yo) =ey and q(yo) = ek . For model (33), we have

Yo =Xeem — Loty = (XoRo _<Zoe|v| > )eN = XoRoen —Zoem
from where one can derive the requirement R ey =€, , i.e, matrix Ry should be right
stochastic, as earlier. In turn, for model (34) at M =N =K we get
Yo =Xk —Z¢fx = (Xo _<ZOeK>SO)eK = Xo€x _<ZOeK>SoeK

from where it follows the resembling requirement Sy, =€y .

Thus, the linear combined quantity/price model (26) with the instrumental linkages
between quantity and price parameters generates two (price and quantity) families of input—
output models (33) and (34) on a set of right stochastic matrices Ry u Sy. A variety of these
models is defined by practical possibilities of choosing the linking matrices based on initial data
from the product balance identity (1).

Two examples of constructing the linear combined quantity/price model (26) with two

specifications of the linking right stochastic matrices are given below.
9.1. The example: Ry is the inverse of KxK market shares matrix

Model: the linear combined quantity/price demand-driven model (26), version (33)

Dimensions: KxK
Instrumental linkage specification: the inverse of the market shares matrix R, = X51<XoeK>
Derivation of the formulas:

X:X0q5 Z:F’\)Z()a quop,

Xod =PZeex +Y, XOROp—<ZOeK>p=y, <XoeK>p_<ZoeK>p=y;
_ 1yl _
P. =<X0eK> 1(EK _<ZOeK><x0eK> IT y =<xoeK> 1P._lya d. =Rep. = X'P.ly;

Xey = X0, =X, Xg'Ply =Ply,  Zey =(Zee)p. = <ZOeK><X0eK>_1P_1y;

A e R 1)
X =X,4. =X, <x01p. 1Y>a Z=p2Z,= <X0eK> <P. 1Y> Z,
Calibration: the solution satisfies both vector and matrix conditions
.. o -1
Input-output coefficients: C{ = (Zex ) Xek )

Conclusion: the model has the same input—output coefficients matrix

as the linear demand-driven price model (21)



9.2. The example: Sy is the inverse & transpose of KxK product mix matrix

Model: the linear combined quantity/price demand-driven model (26), version (34)
Dimensions: KxK
Instrumental linkage specification: the inverse & transpose of

the product mix matrix S, = (X{))71<X6eK>
Derivation of the formulas:

X:X()q’ Z:f)205 p:SOq’
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Xod=PZe +Y, Xod—(Zex)Sed=y, Xod—{Zoex )(Xp) (Xiex)a=y;

0. = X3 (Ex ~(Zoe ) 060 ) (X0 1y = X5'Q0YY . p. = S0, = (X0 ) (X, ) X5 Qs ly -

Xey = X0, =X, XalQily =Q.y, Zey = <ZoeK>p- = <ZoeK>(X6)_1<X66K>X61Q:1y;

X=X, =X (Xg'QY).  Z=p.Z, = ((X;) (Xie )X0'Q:1Y) Z,
Calibration: the solution satisfies both vector and matrix conditions
Input-output coefficients:  Cj=(Zey }(X§) " (Xpex )Xy
Conclusion: the model is not mentioned in the special literature apparently

10. Concluding remarks

The proposed approach to constructing demand-driven input-output models by direct introducing

quantity and price parameters appears to be a useful analytical toolbox for further study of

theoretical and applied aspects of input—output modeling. Its main advantage is the universality

and flexibility of describing a wide class of input—output models with exogenous final demand

including those apparently not mentioned in the special literature.

The idea of introducing the instrumental linkages between quantity and price parameters

can be extended to cases of double sets of quantity or price indices that could expand the

analytical possibilities of sensitivity analysis and implementing scenario calculations.
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