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The World Input-Output Databases (WIOD) are widely used to study trends in intercountry interindustry
trade, mapping of global value chains, trade in value added, trade in employment, and the energy and
environment sectors located in the different countries. The WIOD have also been extensively used for the
analysis of intercountry intersectoral impacts of trade policies like trade liberalization and free trade
agreements. In contrast to the proliferation of the policy applications of WIOD’s there have been surprisingly
few contributions to the theory that underlies the WIOD. Clearly trade theories of the Heckscher-Ohlin type,
new trade theory or modern versions of Ricardian trade theory are insufficient to provide adequate foundations
due to their limitations which include a) limited dimensionality e.g. two-countries and two-or-more goods and
b) absence of intermediate capital goods. The purpose of this paper is to formulate a general equilibrium
model of trade whose solution is the world input output matrix. It is shown how the static open Leontief
system augmented by a household demand system (e.g. Mongelli, Neuwahl and Rueda-Cantuche, 2010) can
itself be used to formulate a theory of trade between several countries in several commaodities which can
determine the sizes of intercountry interindustry trade flows appearing in the world input-output table in both
physical and value terms.
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1. Introduction
The World Input Output Tables (WIOT) of which the WIOD (Timmer et.al., 2015) is a leading

example depicts the observed picture of the transactions of industries located in different countries of
the world. They are manifestations of the process by which various economic activities are allocated
between different countries, i.e. which industries are operated in which countries, on what scales and
how their outputs are utilized by industries, households and governments located at home and in
other countries of the world. In short WIOT shows the working of the world economic system. Over
the years the WIOD has enabled economists and policymakers to understand a large number of
international economic phenomena. Some examples are global value chains, fragmentation of
international supply chains, transmissions of the impacts of economic events across countries and
sectors, identification of hot spots of carbon emissions and other pollutants, changes in the demand
for skills due to outsourcing, effects of trade liberalization, estimation of the likely impacts of free
trade agreements and so on. The breadth and depth of the applications of the WIOT continues to
increase.

In contrast with its widening range of applications, scant attention seems to have been given
to the theoretical issues underlying the WIOD, e.g. why are some activities present in some countries
but not others, which are the forces determining how the outputs of the industries are absorbed across

the world, how are the volumes and values of exports and imports determined, how are the



international prices of commodities determined etc. The reasons for this are not hard to find. Firstly,
almost all the extant theories of international trade are confined to trade between two countries
whereas empirical WIOD’s pertain to transactions between several countries. This is obviously true
of the Ricardo-Mill and the Heckscher-Ohlin-Samuelson models but it is equally true of the New
Trade Theory (Krugman, 1980; Krugman and Helpman, 1985) and the modern revival of Ricardian
trade theory (Dornbusch, Fischer and Samuelson, 1977) which allow the two countries to trade in a
continuum of consumption commodities. These theories are clearly inadequate for the job of
modelling the trade network involving several countries. Secondly, there is as yet no theory that
contains a satisfactory treatment of trade in intermediate capital goods, i.e. produced means of
production. The Ricardo-Mill model, Graham’s (1998) multicountry multicommodity trade model,
New Trade theory and the modern revival of Ricardian Trade Theory suppose labour to be the only
factor of production, capital goods model are absent. The Heckscher-Ohlin model supposes capital to
be a (non-produced) endowment and allows production and trade to take place only in consumption
goods. Neo-Ricardian trade theory (Steedman, 1979) and Shiozawa’s (2007, 2017) reconstruction of
Ricardian trade theory are much more promising in this respect but in their present state of
development they are not yet equipped for the task because they contain mathematically
indeterminate systems of equations. Thus, extant trade theories have not much to say about the
numerous entries in the WIOD which pertain exclusively to the production and trade in purely
intermediate capital goods.

The direct consequence of these inadequacies is that applied multi-country trade modelling
including Computable General Equilibrium (CGE) and New Quantitative Trade Theory (NQTT) do
not consistently conform to any theoretical trade model but borrow from different models depending
upon its convenience for empirical treatment in the immediate specific context on hand. Thus, both
CGE and NQTT models postulate the existence of a composite capital good which is made up of
capital goods whose relative prices are invariant with respect to one another. In so doing they
completely ignore the capital theory debates.

Another instance is Eaton and Kortums’s (2002) assumption that currency exchange rates are
determined by the ratios of money wage rates which they directly borrow from Dornbusch, Fischer
and Samuelson (1977) and in doing completely ignore the huge literature on exchange rate
determination that emerged during the seventies and thereafter.

These somewhat negative but factual remarks supply the motivation for this paper. The quest is
for a theoretical model of international trade that can identify the economic forces that determine the
sizes of the intercountry interindustrial transactions. In formal terms the quest is for a theoretical
trade model whose unknowns are entries of the world input output table. It will be shown that the

required trade model is obtained by appropriately integrating a household demand system with the



static open Leontief model [see Mogelli, Neuwahl and Rueda-Cantuche, 2010] Needless to say that
the household demand system must have the properties of additivity, homogeneity (of degree zero
with respect to prices and incomes) additivity and symmetry (of the substitution matrix). Thus, the
Almost Ideal System (AIDS) due to Deaton and Muellbauer (1980) or the Linear Expenditure
System (Stone, 1954) are the preferred alternatives. However, for the sake of avoiding purely
computational intricacies the simple Cobb-Douglas household demand system has been employed
which implies unit income and price elasticities of demand. However, it is emphasized that no aspect
of the trade model crucially depends on this assumption. Similar results are obtained if the LES or
AIDS demand system are used.

The plan of the paper is as follows. Section 2 outlines the procedure for the determination of
equilibrium under autarky. Section 3 presents the two-country two-commaodity trade equilibrium.
Section 4 presents an example of the determination of international trade equilibrium between three
countries in four commodities and displays the corresponding WIOT with entries showing the trade
flows between industries and households located across the countries in physical and value terms. In
section 5, one of the four commodities is supposed to be non-tradeable commaodity. Obviously, it is

not internationally traded. The corresponding WIOT has been displayed. Section 5 concludes.

2. Autarkic Equilibrium

Suppose A is an n X n matrix of physical input-output coefficients and L is the n X 1 vector of labour

coefficients. Let w be the money wage rate. The prices which equal unit production cost are
P =wl-AD"L (2.1)

Let Le be the labour endowment. Then the national income at factor cost is wL,. Let ai be the
propensity to consume commodity i and let } @; = 1 implies a static open economy. The quantities

demanded for final consumption are
a;wLe

Di

where p; is obtained from equation (2.1). The gross outputs that must be produced to satisfy the final
consumption demands of equation (2) must therefore be

X=U-A)"'C (2.3)
where C and X are nx1 vectors. Clearly X is a vector of market clearing outputs. It can then be
shown that (P, X) solution of equations (2.1) and (2.3) automatically ensures the clearing of the

labour market i.e. Walras’ law holds. To see how, multiply equation (2.3) by wL so that

wLX = wL(l — A)~'C



Then wLX = PC = =wlL,

b;

because ), @; = 1. Therefore, the demand for labour required to produce the gross output vector X
i.e. LX is equal to the labour endowment L,. In effect equations 2.1, 2.2 and 2.3 represents the

simplest possible general equilibrium model that is based on input-output analysis.

3. Two-Country Two-Commodity

Consider an example of 2 countries A and B having labour endowments of L, = 20, Ly = 16 with
w, = $1 and wg = €1 that spend half of their net national incomes on the two commodities. Table 1

shows the data and their autarky equilibria indicating a trade pattern A —1 B — 2.
Table 1: Autarky Equilibria

Wy = $1 Wpg = €1 OCij= 05 LA =20 LB =16

r 10,15 0.20 _ [045]1 ,r _[03 05 _[0.55
Ax = 0.17 0.25] b = [0.55] Ap = [0.25 0.15 lp = [0.35
A B
1. 2.982p, 4 + 3.977p,4 + 8.95w, = 19.88p,, 4.744p1p + 7.906p,5 + 8.697wy = 15.81p,p

ps = $0.742 pip = €1.367 Py = $0.901 p,p = €0.814

Table 2: Autarky Outputs, Consumption Levels and Prices
Cia Cig Xia Xig  pia(®)  pia(€)
13.486 5852 19.885 15812 0.742  1.367
11.094 9.83 20.094 20.866 0901 0.814

Observe that 224 = 0.823 < 1.679 = zi, indicating that A has the comparative advantage in
2B

D24

commodity 1 and B in commodity 2. In exchange rate units the comparative advantage condition can

be expressed in the following terms. as Ez5 = P14 — 0.542 and E2; = P24 — 1,107 gives pyapp <

P1iB P2B

Pya P1p( 0.604 <1.231),

If the countries are open to trade the world’s economic activity can be depicted as follows,

A B
1. 6.667pl, +8.888pl; E,p + 20w, = 44.444p], — — — Industry 2 closed — — —
2. — — — Industry 2 closed — — — 11.428pT, + 6.857ply Eyp + 16wgE,g = 45.714p1E g



L_A _ Xgq Wyly +p WpLpEyp + A114La a123LB] (3.1)

l1a Pia Lia L2p
Lp  opq Woly +p WpLlpEsp | [A214L4 aZZBLB]
_° — = +

l25 P2pEap l1a l2p

The international market clearing equation are shown in (3.1). The left-hand sides show the outputs
produced and the right-hand sides show the quantities demanded by countries A and B for consumption
and intermediate uses. In (3.1) pl,,p%; denote the post-trade prices and E,p is the equilibrium
exchange rate. By Walras’ law there is one independent equation in (3.1) to determine 3 unknowns viz
prices pl,, pI; and exchange rate E, 5. There is, besides, another difficulty. It is clear from equation
(3.1) that E,5 can be determined only if either p, I or pZ5, are known. But those prices in turn can be
determined only if the exchange rate is known because the price equations expressed in currency A

when the countries are open to trade are as shown in (3.2).
Ay14P1a + Q214P25Ea8 + Walia = Pia (3.2)

T T _ T
A125P14 t A228P28E4p + WelopEap = P2pEsp

There is a circularity among the unknowns of (3.1) and (3.2). To resolve the circularity a system of
equations needs to be formed using (say) the first equation of (3.1) and the two equations of (3.2)

expressed in currency A to obtain

Ly — aj14aWaly _ a;12pWpLp 0 —aq,5Wglp pl, A1 2WaLa
lia l2p
T _
1—-aj14 —0az14 0 P25Eap - Wy Ly (3-3)
—Qa12p 1—ay;p wglsp Eyp 0

from which pT,, pI; and E,5 can be simultaneously ascertained. The solution of (3.3) is E,p =
0.949 pl, =$0.667, plz =€0.619.

Table 3: With-trade Outputs, Consumption Levels and Prices

Cia Cip Intermediate Xia Xip pia($) pig(€)
1 14981 11.368 18.095 44 444 0 0.668 1.367*
2 17.039 12.929 15.746 0 45714 0.901* 0.619

*if produce at home

Table 4: WIOT in physical terms

Country | Commodity 11 2] 1 2 | HC ij | Import | Export | Output | Intermediate
A 11667 0| 0]11.43| 14.98 0 22.8 | 44.44 18.10
2 0] 0] O 0] 17.04 | 25.93 0 0 0

B 1 0] 0] O 0] 11.37 22.8 0 0 0
2,188 0] 0| 6.86] 12.93 0] 25.93| 4571 15.75




Table 5: WIOT in value terms (in Currency A)

Country | Commodity | 1 211 2 | HC ij | Import | Export | Output | trtermediate
A 11445] 0/0]7.63 10 0] 1522 | 29.67 12.08 | 445
2 0] 00 0 10 | 15.22 0 0 0 0
B 1 0] 010 0| 759 | 1522 0 0 0 0
21522| 0/0|4.02| 7.59 0| 1522 | 26.83 924 | 522

Observe that gross output of both countries are made up of their component viz domestic
intermediate uses, domestic final uses and exports which in turn are equal to foreign intermediate
plus final uses e.g. output of country A’s =29.67 = domestic intermediate consumption (4.45) +
domestic final use (10) +export (7.63+7.59) where country B’s intermediate uses 7.63 and final use

7.59. Likewise, for country B.

Observe that the world outputs of both commodities stand at 44.44 and 45.714 units in the with-trade
situation, greater than 35.69 and 40.96 units under autarky. Also observe that the levels of
consumptions of both commodities in both countries are greater in the with-trade situation than
autarky. Further the exchange rate E,z = 0.9485 that clears the foreign exchange market (equalises

the exports and imports of each country) lies between Ej; = 0.5424 and EZ; = 1.1076, i.e. the

T
international terms of trade —24— = 1.137 lies between the domestic terms of trade 224 = 0.8226
Eap D2 P24

and 21

i 1.6797 which shows that buyers in both countries gain by importing instead of producing
2B

at home. In short, the international allocation of economic activities A-1 and B-2 in accordance with

the principle of comparative advantage enhance the world’s outputs and real income.

4. Three-Country Four-Commodity: All Commodities Tradeable
Next consider a more complex situation where 3 countries A, B, and C with labour endowments of
L; = [500,600,800] producing 4 commodities and spending 1/4™ of their net national incomes for

final consumption of commodities in each country. Their input-output and labour coefficients are

shown in Table 6.

Table 6: Input-output coefficients

0.02 0.03 0.02 0.04 0.05 010 0.08 0.07 0.12 0.15
AT — [010 008 006 009| , _ fo10| . _ 004 003 004 002 , _ 005
A — A — ’ B — B —

012 0.14 010 0.14 0.15 012 0.14 010 0.14 0.20
015 0.12 010 0.12 0.20 015 0.12 0.0 0.10 0.20

010 0.12 0.09 0.10 0.25

AT — |012 016 014 oi10| , _ [020

¢ 0.04 0.03 0.04 0.02 0.05

0.02 0.03 0.05 0.03 0.05

WA:$1 WB:€1 WC:¥1



Their equilibria under autarky are shown in table 7.

Table 7: Autarky Outputs, Consumption Levels and Prices
i Cia Cip Cic Xia Xip Xic Pia ($) pis(€) pic(¥)
1 1716.984 626.684 597.991 2089.7 1045.032 1026.41 0.073 0.239 0.334
2 776.308 1857.904 650.852 11379 2223553 114590 0.161 0.081 0.307
3 507.146 476.826  2593.36 777.52 804.954 3129.09 0.246 0.315 0.077
4 431558  487.277 2780.814 82547 855.384 3155.29 0.290 0.308 0.072

From the autarky prices of Table 7 it can be observed that p;ap25P3¢c < P1sP2cP34 aNd

P14P28Psc < P1P2cPaa Which is McKenzie-Jones lowest-product of-prices criterion or efficient
specialisation.! This indicates a trade patternof A—1 B — 2 C — 3,4. The world market clearing
equations, corresponding to this trade assignment expressed in a uniform currency A by multiplying

the second equation by E, and third and fourth by E, are as follows,

L, M Ai1als  Qioplr  Qyacl%~  aqacLh
A 1A [11AA+1ZBB+13C3C+14C4C

E PlTA lia lzp lsc lac
Lg\ = Mys | [aziala | Gz2pls | Gasclic | @aaclic)
T )Tt + + + (4.1a)
l1p PopEap | lia L5 L3¢ lac | ’

= +
pchAc i lia L5 lsc lac

LE\N  Mas  [azqals  Qaopls  Gaapeli~  @aar Ll
<3C> 3A 314 A+ 32B B+ 33C 3C+ 34C™~4C

Is¢

+
PicEac | lia l,p L3¢ lac

LY M (Quials  Quopln  Qaaclh~  QuarLl,]
< 4c> _ _Maa a1ala | Gaaslp | Qasclac | Gaaclac

lac

! The McKenzie -Jones condition [McKenzie, 1954; Jones, 1961] are used to identify efficient specializations. As
originally formulated they are applicable to situations in which number of countries equal the number of commodities.
However, nothing prevents its sequential application to the data of autarky prices until every country has been assigned
to at least one country. Thus, for the example whose data are shown in table 7 the lowest product of prices is obtained
by choosing the smallest price of a commodity in each country; p;, = 0.073,p,5 = 0.081 and p,c = 0.072 are the
lowest prices of commodities 1, 2 and 4 in countries A, B and C. Any assignment of 1, 2 and 4 to countries other A, B and
C would be inefficient assignment. But this leaves commodity 3. The next lowest product of price that includes
commodity 3 is py4 P25Pac Which indicate an efficient assignment A-1, B-2, C-3. This completes the initial assignment of
the commodities to the countries. It is important to add a caveat. In our example we have supposed wage rates equal
to one unit of currency in each country. If wage rates that are different from unity are chosen the money prices will

need to be normalised by the money wage, i.e. products of p;;/wj (i=1,2,....n; j=A,B,...Z) must be considered.



where M;, = Y. <;; w;L;Es; (i =1,...4,j = A,B,C) expresses the final consumption
expenditures on the four commodities in terms of currency A. Full employment equation of C is as
follows

Le = Lic + Lic (44
Equations (4.1a) and (4.1b) contain 5 independent equations in 4 unknowns; Vviz. Eyg, Ec, L5, L.
There is however difficulty that must be overcome?. It arises due to the fact that the equations of (4.1a)
are non-linear because of the presence of products of unknown prices and exchange rates in the
denominators of the equation (4.1a). There is, moreover, the presence of unknown prices of the
commodities piTj in the denominators on the right-hand side of (4.1a). To overcome the problems of
non-linearity recourse needs to be taken to a process of trial and error. Consider the with-trade world

price system,

A114P1a + Q214P38Eap + 31aP3cEac + Qa1aPicEac + Walia = pia

Q128074 + ApopDrsEsp + Q205D Esc + QuzpDicEsc + WglopEsp = pLgE (4.2)
12BP14 228P2BLEAB 328P3cLac 42BPacLac T Wplopliap = P2plaB

a T +a T Esp+a T Eix+a T Exe +WelaEar = pI-E

13¢cP14 23cP2BLAB 33cP3cLac 43cPacLac ctacLac = P3cLac

a T +a T Esp+a T Eix+a T Exr +WelyrEsr = pI-E

14cP14 24cP2BLAB 34cP3cLac 44acPacLac ctacCac = PacEac

in which all prices are expressed in currency A. Initially autarky price used to get exchange rate by
equation (4.1a).

1—a414 —0y14 Epp —az14Eac 0 plTA] Walig
—a;p (1 —azp)Esp —az2pE4c 0 Pip _ |wslsEss
—Qi3¢ —0y3cEpp (1 —aszc)Eac a43cEac P§c| | welscEac
—Qy4c —0z4cEqp —A34cEsc (1 = asac)Enc lpZCJ WelacEac

Equations (4.2) can be used alternately with (4.1) to find the solution. Thus, initially substitute say the

autarky prices p;; in (4.1a) to obtain a tentative solution for LYo, LY, Eap, E4c . Next substitute

E g, E5c thus obtained in (4.2) to obtain a tentative solution for piTj which may be substituted back in

2 With Z countries (A, B, ...Z) there are z(z-1) exchange rates, of which currency against every other currency because
E;; = 1. Therefore, in our example of 3 countries there are actually 3X2=6 exchange rates to be determined. However,
arbitrage forces operating in the foreign exchange markets ensure that

Eij=Eiﬁ Vij=ABCi#j and EjEy=Ey Vi j=ABCi #j #k

These conditions eliminate between there exchange rates viz Eg 4, Ec4, Egc, and Eqp leaving in effect 2

exchange rates E,5 and E, . to be determined by the international market clearing and domestic full employment

equations.



(4.1), repeating the process until convergence to the desired accuracy level is obtained. For the problem
on hand a solution up to an accuracy of five places of decimals is found in 7 iterations. The solution is

obtained is shown in Table 8.

Table 8: With-trade Outputs, Consumption Levels, and Prices

Cia Cip Cic Intermediate X, Xip Xic piu($) pip(€) Pic¥

1 2193.392 2013.341  4629.352 1163.915 10000 0 0 0.057 0 0

2 2695.791 2474499  5689.710 1140.000 0 12000 0 0 0.061 0

3 1687.407 1548.891 3561.425 1398.042 0 0 8195.77 0 0 0.056

4 1679.580 1541.706  3544.904 1038.042 0 0 7804.23 0 0 0.056
LY. = 409.788 L. =390.212  E,;z =0.765 E,; =1.319

The entries in table 8 may be duly compared with those obtained under autarky shown in table 7 to
observe the advantage from trade. The world output vector (10000, 12000, 8195.77, 7804.23) clearly
dominates the output vector obtaining under autarky (416.14, 4507.353, 4175.83, 4461.66). Moreover,
the levels of consumption of all 4 commodities in the 3 countries stand are greater than under autarky.
The commodity prices in the with-trade situation are lower than those under autarky. The world input-
output matrices in physical and value terms corresponding to the world trade equilibrium are shown in
tables 9 and 10.

Country A
1. 200pT, + 300plzE,p + 200p1-Eyc + 400pl Efc + 500w, = 10000 pT,

Country B
2. 4’80}’){14 + 360prEAB + 480p§CEAC + 240pZCEAC + 600 Wp EAB = 12000p§BEAB

(4.3)

3. 327.83p7, + 245.87plyEap + 327.83plcEsc + 163.92pT-Exc + 409.79w, Eqe = 8195.76pT E, ¢
4. 156.08pT, + 234.13pT5E,p + 390.21pT E,p + 234.13pL.SExc + 390.21wE,e = 7804.23pIE, ¢



Table 9: WIOT in physical terms

Country A B C
1 21314112 31411123 4 HC_ij Import | Export | Output
A 1/200{0(0({0{0|480|0|0|0|0]327.83|156.08 | 2193.39 0| 7606.61 | 10000
2 0/0[0|0]|O 0/0j0|0]|O0 0 0 | 2695.79 | 2995.79 0 0
3 0/{0]0|0]O0 0/{0|0]0]O 0 0| 1687.41 | 1887.41 0 0
4 0/0[0|0]|O 0/0j0|0]|O0 0 0 | 1679.58 | 2079.58 0 0
B 1 0/{0|(0(0]O 0/{0|0]0]O 0 0| 2013.34 | 2493.34 0 0
2 [300[0({0|0|0|360|{0|0|0|0]|245.87|234.13| 24745 0| 91655 | 12000
3 0/0]0|0]|O0 0/{0|0]0]O 0 0 | 1548.89 | 2028.89 0 0
4 0/0]0|0]|O0 0/0j0|0]|O0 0 0| 1541.71 | 1781.71 0 0
C 1 0/|0|0(0]O 0/{0|0]0]O 0 0 | 4629.35 | 5113.27 0 0
2 0/0]0|0]|O0 0/0j0|0]|O0 0 0 | 5689.71 | 6169.71 0 0
3 (200/0{0|0|0|480(0|0|0]|0]327.83|390.21 | 3561.42 0| 3916.3 | 8195.76
4 1400/0{0({0|0{240|0|0|0|0]163.92|234.13| 3544.9 0 | 3861.29 | 7804.23

Table 10: WIOT in value terms (in Currency A)

Country A B C
1 203|141 2 31412 3 4 HC ij | Import Export | Output
A Al 114|0/0]/0|/0|2735|0|0|0|0| 18.68 8.9 125 0 433.5 | 569.89
2 0/0/0f0]O 0/0]|0]0]O 0 0 125 138.91 0 0
3 0/0[0f0]O0 0/0]0]0]0 0 0 125 139.82 0 0
4 0/0[0f0]O 0/0]|0]0]O 0 0 125 154.77 0 0
B B 0/0[0|0]|0 0(0|0]|0]|0 0 011474 142.09 0 0
2 11391(0/0/0/0[1669|0|0[0|0| 11.4|10.86 | 114.74 0 424,99 | 556.42
3 0/0[0f0]O 0/0]0]0]0 0 011474 150.3 0 0
4 0/0[0f0]O 0/0]|0]0]O 0 011474 132.6 0 0
C C 0/0[0|0]|0 0(0|0]|0]|0 0 0 | 263.82 291.4 0 0
2 0/0/0f0]O 0/0]|0]0]O 0 0 | 263.82 286.08 0 0
3 11482]0/0[{0[0|3556|0]0|0|0]24.29|28.91 |263.82 0 290.11 | 607.13
4 129.7710/0]0|0[1786|0|0|0|0| 12.2|17.42 | 263.82 0 287.37 | 580.82
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5. Three-Country Four-Commodity:One Commodity Non-tradeable
Consider the example of section 4 and its autarky solution. But suppose commodity 4 to be non-
tradeable. Applying the McKenzie-Jones product of prices criterion to tradeable commodities shows

P14aP2BP3c < P1BP2cP34 < P2BP1cP34

Indicating A-1, B-2, C-3 as the trade assignment that is a promising candidate for the equilibrium
assignment. Hence, the trade pattern that presents itself for trial is A—1,B — 2,C — 3. The world

market clearing equations, corresponding to this trade assignment expressed in a uniform currency are
as follows,

L M Aq14L a,gL Aqzc-L AqaaL Aq45L AqacL
f1a _ Mia +( 114 1A+ 12B 23+ 13C 3c+ 144 4A+ 14B 4B+ 14C 4c>

lia P1TA lia lzp L3¢ laa lup lac
Lﬁ: 71}/12A (a21AL1A+aZZBLZB +a23CL3C+a24BL4B+a24BL4B +a24cL4c>
l,g PagEap lia l,p L3¢ lup lap lac

L M QAz14L QA2,pL QAz2cL QzacL QAzapL QzacL
B3c _ 34 314 1A+ 328L2B N 33C 3c+ 34C 4c+ 34BL4p n 34clac
l TE l l l l l l

3¢ PacLac 14 2B 3C 4c 4B ac

L a, Wy L Aqq4L Auanl
Laa _ %4 AA_I_( 41A1A+ 44A4A>

lya PZA lia laa

L a, wgl QgL Ayapl
Lap _ U4 BB+< 428028 44343)

= (5.1)
lyp pZB

lZB l4-B

L a,we L Ay3cL QgacLl
Lac Qg CC+( 43€73C 44C4C)

lac - PZC lsc lac

Ly= Lig+ Lyn; Lp= Lap+ Lap;  Lc = Lzc+ Lyc
where M;, = ¥, o;; wiLiEs; (i=1,...4,j = A,B,C) expresses the final consumption expenditures

on the four commodities in terms of currency A. Equations (5.1) contain 9 independent equations in 8

unknowns; Viz. Eag, Exc, LY 4, L% 4, Lg, Lig, L0, LY.
Post-trade world price system is as follows,
Q114 Pia + G214 P3pEap + a314 P3cEac + Qa14 Din + Wylig = pia
Q144 Pia + G244 PapEap + 344 PicEac + Qasn Din + Wulyp = Din
a T +a T Ewn+a T Eis+a I Esn + WplogEag = DIE
12B P14 22B P2BLEAB 32B P3cLac 42B PaB Lap Bl2BLAB P2BLAB (5.2)
a T +a T E.s +a T Eixr+a IToErg + WrlypEsp = pIsE
14B P14 24B P2BEAB 34B P3cLac 44B PapLEaB BlaBLAB PapLaB
a T +a T E.s +a T Eix-+a T Ese + WelapEar = pl-E
13¢ P14 23¢c P2BLE4B 33¢ P3ctac 43¢ Pactac ctsckac P3cEac

Qiac Pia + Azac PipEap + Q3¢ PicEac + Qaac PacEac + WelacEac = PicEac
11



in which all prices are expressed in currency A.

1=ay1a  —a214Esp —az14E4c —Q414 0 0 [Pi4] [ Walig 1
[ Q144 —Qz44 Egp —A344Ec (1 = assa) 0 0 ] Pis [ Walsa |
| —0Q12p (1 — az2p)Eup —aspE4¢ 0 —428E4p 0 | Pic _ |WglopEag |
—Q14B —Az45E4p —s4pE4c 0 (1 — a44p)Esgp 0 ph WglapExp
| —Qy3¢ —Az3cE4p (1 = aszc)Eac 0 0 ay3cEac | pis welscExc
l —Qi4c —z4cEsp —azacEac 0 0 a4—4—C)EACJ [pl. ] welscEac

As before equations (5.1) and (5.2) can be solved iteratively by supposing that pl-Tj are equal to autarky

prices initially. Obtaining a tentative solution for the exchange rates from (5.1). Substituting it in (5.2)

to obtain a better approximation of piTj and repeating the process until full convergence. For the

problem on hand a solution up to an accuracy of five places of decimals is found in 7 iterations. The

solution is obtained as shown in Table 11.

Table 11: With-trade Consumption Levels, Outputs, and Prices: One Commodity Non-
tradeable

[ Cia Cip Cic Intermediate Xia Xip Xic piu($) pis(€) pic(¥)
1 1981.366 1696.664 1540.103 1300.646 6518.80 0 0 0.063 0 0
2 2821.962 2416.475 2193.492 1138.452 0 8570.381 0 0 0.062 0
3 4177.127 3576.918 3246.854 1414.035 0 0 12414.90 0 0 0.062
4 505.118 600.257 3321.208 886.193 870.31 857.405 3585.07 0.247 0.250 0.060

E,s =0.714 E,. =0486 LT, =325939 LY, = 174.061 L, = 428.519
Lt = 171.480 L%, = 620.747 L, =179.253
A comparison of table 11 with table 7 shows the gains of trade; world outputs and levels of
consumption are greater than those in autarky for all commodities including the non-tradeable

commodity 4.
Country A
1. 200p], + 300pigEp + 200pl-Eqc + 400plcEyc + 500 w, = 10000 pl,
————————— Industry 2, 3 closed------------------
Country B
2. 4’80p£4 + 36OP§BEAB + 480p§CEAC + 240pZCEAC + 600 Wp EAB = 12000p§BEAB

(4.3)

3. 327.83p7, + 245.87plyEs + 327.83p1cEsc + 163.92pT-Eac + 409.79w, Eqe = 8195.76pT e
4. 156.08pT, + 234.13pT5E,p + 390.21pT Ex + 234.13pL.SExc + 390.21wE,e = 7804.23pIE, ¢

Table 12 and 13 show the world input-output matrices in physical and value terms.

12



Table 12 WIOT in physical terms

Country A \ B C
1123 411 2|3 41112 3 4 HC_ij | Import | Export Output
A 1 113038 |0|0|13055|0|34282 |0 12861 |0|0| 496.6 71.7 | 1981.37 0| 4276.49 | 6518.78
2 0|00 0|0 0|0 0|00 0 0 | 2821.96 | 3121.96 0 0
3 0|00 0|0 0|0 0|00 0 0 | 4177.13 | 4394.53 0 0
4 1260.75|0|0|10444 |0 0|0 0|00 0 0| 505.12 0 0 870.31
B 1 0|00 0|0 0|0 0|00 0 0 | 1696.66 | 2168.09 0 0
2 119556 |00 |10444|0|25711({0| 10289 |0 |0 | 37245 | 107.55 | 2416.48 0| 5795.45| 8570.38
3 0|00 0|0 0|0 0|00 0 0 | 3576.92 | 4005.47 0 0
4 0[{0]0 0{0)|17141(0| 8.74|0|0 0 0| 600.26 0 0 857.4
C 1 0|00 0|0 0|0 0|00 0 0| 1540.1 | 2108.4 0 0
2 0[{0]0 0|0 00 0|00 0 0| 2193.49 | 2673.49 0 0
3 113038 |0|0| 87.03(0|34282|0| 8574 |0 (0| 496.6 | 179.25 | 3246.85 0 | 8400.01 | 12414.93
4 0[{0]0 0|0 00 0|/0|0| 2483 | 107.55| 3321.21 0 0| 3585.07
Table 13 WIOT in value term (in Currency A)
Country A B C | He ij | import | Export | output
1 2 4 112 3 |4 112 [3 4
A 1 8231 0] 0 824 | 0 2163 | 0 8111 0] 0] 31.33| 452 125 0] 269.79 | 411.26
2 0/0] O 0]0 0] 0 0/0]O0 0 0 125 | 138.29 0 0
3 0/]0] O 0]0 0] 0 00| O 0 0 125 | 13151 0 0
4 6453 0| 0] 2584 | 0 0|0 0/]0] 0 0 0 125 0 0| 21537
B 1 00| O 0|0 0] 0 00| 0 0 0| 107.04 | 136.78 0 0
2 866 0] O 463 0 11391 0| 456 0] 0 165| 4.76] 107.04 0| 256.71 379.63
3 00| O 0|0 0] 0 00| 0 0 0| 107.04 | 119.86 0 0
4 0/0] O 0| 0| 3057 0]1529|/0] O 0 0| 107.04 0 0| 152.89
C 1 00| O 0|0 0] 0 00| 0 0 0| 97.16| 133.01 0 0
2 0/0] O 0]0 0] 0 0/0] 0 0 0| 97.16 | 11842 0 0
3 39/0] 0 26| 0 1026 | 0 2571 0] 0] 1486| 536 | 97.16 0| 251.37 371.52
4 0/0] 0 0]0 0] 0 0/ 0] 0| 726| 315| 97.16 0 0| 104.88
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The WIOT results reveal that trade leads to clear gains in consumption and efficiency, driven by
specialization according to comparative advantage. Production becomes internationally fragmented,
forming global value chains where intermediate goods cross borders. While some sectors remain
domestically produced, tradable sectors exhibit strong specialization patterns. These dynamics

increase interdependence across countries and generate measurable welfare gains relative to autarky.

6. Concluding remarks

The principal purpose of this paper has been to formulate a theoretical trade model whose
solution takes the form of a world input output table, i.e. its entries show the intercountry
interindustrial transactions in physical and value terms. This objective, we think, has been achieved.
The paper has formulated an international trade model that is based on the static open Leontief
system that is augmented by a household final consumption demand system to determine
consumption sizes endogenously. The results of the trade model depend upon three determinants a)
the pattern of comparative advantages b) the sizes of the countries in terms of their labour
endowments and c) the propensities to consume the different goods in the countries. Changes in these
determinants will cause changes in the international trade equilibrium including changes in the trade
assignments as well. Having said that it must be admitted that the model is elementary. It will need to
be generalized in several directions to enhance its relevance for real world trade. These directions
include making room for (i) saving, investment and economic growth (ii) taxation, tariffs and
government expenditures (iii) differentiated commodities and intraindustry trade (iv) the distribution

of incomes between wages and profits and (v) integrating environmental accounts if possible.

References

Deaton, Angus and John Muellbauer, (1980), An Almost Ideal Demand System, The American Economic Review, Vol.
70, No. 3, pp. 312-326.

Dornbusch,R., Fischer,S. and Samuelson, P. A. (1977) Comparative Advantage, Trade, and Payments in Ricardian
Model with a Continuum of Goods, The American Economic Review}, 67(5), 823-839

Eaton, Jonathan, & Kortum, Samuel 2002. “Technology, Geography, and Trade”. Econometrica 70(5) 1741779.
http://www.jstor.org/stable/3082019

Graham, F.D. (1948), The Theory of International Values, Princeton University Press, Princeton, N.J.

Helpman, E. Y and Krugman P. (1985). Market Structure and Foreign Trade. Cambridge. MIT Press.

Ronald W. Jones, (1961), "Comparative Advantage and the Theory of Tariffs: A Multi-Country, Multi-Commodity
Model," The Review of Economic Studies Ltd, vol. 28(3), pages 161-175.

Krugman P (1980), “Scale Economies, Product Differentiation and the Patterns of Trade”, American Economic Review,
70, 950-59.

McKenzie, Lionel W. (1954), "Specialization and Efficiency in World Production”, Review of Economic Studies 21: 165-
180.

Mongelli, 1., Neuwahl, F., & Rueda-Cantuche, J. M. (2010). Integrating a household demand system in the input—output
framework. Methodological aspects and modelling implications. Economic Systems Research, 22(3), 201-222.
https://doi.org/10.1080/09535314.2010.501428

Shiozawa, Y. (2007). A New Construction of Ricardian Trade Theory—A Many-country, Many-commodity Case with
Intermediate Goods and Choice of Production Techniques—. Evolutionary and Institutional Economics Review,
3(2), 141-187

Shiozawa, Yoshinori, Tosihiro Oka and Taichi Tabuchi (2017). A New Construction of Ricardian Theory of
International Values: Analytical and Historical Approach, Evolutionary Economics and Social Complexity
Science, Springer Nature Singapore https://books.google.co.in/books?id=hsGRDgAAQBAJ

14


http://www.jstor.org/stable/3082019
https://ideas.repec.org/a/oup/restud/v28y1961i3p161-175..html
https://ideas.repec.org/a/oup/restud/v28y1961i3p161-175..html
https://ideas.repec.org/s/oup/restud.html
https://doi.org/10.1080/09535314.2010.501428
https://books.google.co.in/books?id=hsGRDgAAQBAJ

Steedman, lan. 1979. Fundamental Issues in Trade Theory. St. Martin’s Press, New York. https://doi.org/10.1007/978-
1-349-04378-1

Stone, R. (1954). Linear expenditure system and demand analysis: An application to the British pattern of
demand. Economic Journal, 64(255), 511-532. https://doi.org/10.2307/2227743

Timmer, M.P., Dietzenbacher, E., Los, B., Stehrer, R. and de Vries, G.J. (2015), User Guide to World Input—Output
Database. Review of International Economics, 23: 575-605. https://doi.org/10.1111/roie.12178

15


https://doi.org/10.1007/978-1-349-04378-1
https://doi.org/10.1007/978-1-349-04378-1
https://doi.org/10.2307/2227743
https://doi.org/10.1111/roie.12178

