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Abstract

This technical report documents an initial, working implementation of a Bayesian MCMC
framework for balancing BONSAI — a large hybrid Supply-Use Table (HSUTSs), developed in the
“Getting the Data Right” project.

The aims are twofold: Firstly, to demonstrate feasibility and scalability. The current Stan
implementation successfully balances HSUTs with more than 1.8 Million flows on a HPC and
produces posterior samples that can in principle be propagated to environmental footprints.
The second aims of this report is to make assumptions and simplifications transparent. Several
aspects of the model are deliberately simple (e.g. data-driven priors for flows, global uncertainty
parameters for transfer coefficients and conversion factors, a basic set of soft constraints). These
choices are documented, together with ideas for how they could be refined.

The report and the data in the accompanying Zenodo repository should therefore be read as
a proof-of-concept and technical baseline, rather than a final, fully validated methodology.

1 Introduction

1.1 The BONSAI Climate Footprint Database

The BONSAI database is based on an open-source workflow developed in the “Getting the Data
Right” project led by Aalborg University and funded by the KR Foundation. BONSAI is a global
hybrid Input—Output (IO) system in a make-use (supply—use) framework, where each physical or
economic flow is represented in the most appropriate unit: tangible material flows in tonnes, energy
flows in terajoules, vehicles and other discrete goods in items, and residual services and value flows
in millions of euros.

A core idea of BONSALI is that every transformation from raw statistics to IO-ready data should be
explicit, reproducible and inspectable, so that users can understand where numbers come from and
how they might be improved. The database produced by this workflow therefore aims to provide
not just another global MRIO, but a transparent, updatable and community-extensible hybrid
SUT/IOT system that can support robust life-cycle assessment and footprint studies. The current
release of BONSALI is available here: www.bonsai.uno.
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However, the current BONSAT release provides single point estimates for each flow and consequently
supports only deterministic product footprint results. As part of the “Getting the Data Right”
project, the work presented here introduces a first fully probabilistic version of BONSAI, based on a
Bayesian framework capable of propagating data uncertainty through the hybrid SUT system and
generating posterior distributions for final impacts rather than single values. The work presented
here therefore forms a first step toward an uncertainty-aware BONSAI database that
supports more robust interpretation and decision-making.

1.2 Beyond Point Estimates: Why Uncertainty Matters

Uncertainty of Supply-Use Tables (SUTs) matters because these tables underpin virtually all
environmentally extended input-output (EEIO) models, and therefore the environmental footprints
derived from them. Although SUTs are often treated as if they represent an objective truth about
an economy, they are in fact reconciled estimates compiled from heterogeneous, incomplete and
sometimes conflicting data sources |23} 14].

When such uncertainty is ignored, the resulting footprints appear more precise than they actually
are, giving analysts and decision-makers a false sense of accuracy. This becomes problematic when
model results are used to inform real-world decisions - such as comparing technologies, designing
carbon taxation, or prioritising decarbonisation pathways - where misleading precision can lead to
suboptimal or even harmful policy choices.

In an interconnected global economy, such policies can propagate through trade and supply chains,
amplifying their consequences. Quantifying uncertainty enables more robust decision-making by
allowing policies to be evaluated not only in terms of expected outcomes, but also in terms of their
performance across a range of plausible economic representations [7].

Moreover, transparent uncertainty estimates help identify which assumptions, sectors, or data
sources contribute most to overall uncertainty, thereby guiding more efficient model improvement [8].
In this way, acknowledging uncertainty does not weaken the role of SUT-based footprints in policy -
it enhances their credibility, interpretability, and practical usefulness for sustainability transitions.

Quantifying the uncertainty of Input-Output (IO) models or SUTs is commonly done by by
propagating uncertainty from model input data to model outputs via Monte-Carlo (MC) simulations
[21]. This requires not only the uncertainty of the underlying input data used to compile the
database (e.g. national SUTs, trade data, production volume data, LCI data, etc.), but also a way
to propagate this uncertainty through the construction of the SUT itself to the outputs; in the
case of BONSAI, to the footprints. This is non-trivial, because a core of SUT construction is the
balancing step where conflicting data sources are reconciled under accounting and other constraints.
If balancing is treated as a deterministic pre—processing stage, uncertainty cannot be consistently
carried into the final table. This raises the question: how should we balance SUTs when uncertainty
is not noise added afterward, but part of the balancing model itself?

1.3 Balancing (hybrid) SUTs

The central part of compiling SUTs is the balancing, in which data conflicts and inconsistencies are
resolved to get data that is consistent with mass-balance and accounting identity constraints. While
a single monetary unit allows for straightforward balancing within a closed system of equations,
hybrid SUTs must reconcile several interlinked constraints: mass, economic and energy balances,
along with conversion factors bridging the flows between the different property layers |17].



The most widely applied approach to balance SUTs and IOTs is the biproportional RAS method
[24], which iteratively scales rows and columns to match target margins while preserving the initial
structure. Alternative optimisation-based approaches minimise a distance measure (such as least
squares or cross-entropy) under accounting constraints [26].

1.4 Requirements for uncertainty-consistent balancing

In most IO and SUT applications, balancing and uncertainty analysis are still treated as two separate
steps: first, a deterministic balancing procedure (such as RAS) is used to obtain a single “best”
table; next, uncertainty is added on top, typically via Monte-Carlo perturbations of that table or of
the resulting technical coefficients |13| 28| 11, |18, [22, 30} 10, |1]. In such workflows, the balancing
algorithm itself is not part of the probabilistic model but only a pre-processing step.

In this report, however, the balancing procedure is itself the object of inference. This
raises the question: what does it mean to treat uncertainty “consistently” in SUT balancing?

For the purposes of this work, we call an uncertainty treatment in the balancing step statistically
consistent if it satisfies the following criteria:

1. Use of heterogeneous reliability information in the balancing step: Reliability or
uncertainty information for individual variables (supply/use flows, conversion factors, transfer
coefficients) must be used within the balancing procedure, so that unreliable flows are allowed
to move more than reliable flows.

2. Uncertainty for the balanced table, not only for the raw inputs: The output of the
balancing procedure should not be just a single point estimate, but a probability distribution
(or at least a covariance structure) over all balanced flows and parameters.

3. Accounting for dependence induced by constraints: The accounting and consistency
constraints (product balance, activity balance, consistency across property layers, transfer
coefficient consistency) apply across large numbers of cells. A consistent uncertainty treatment
must therefore model the dependence structure that these constraints induce, not assume
independence of cell-wise errors after balancing.

4. Support for downstream uncertainty propagation: The uncertainty description must
be rich enough to be propagated to arbitrary downstream quantities of interest (multipli-
ers, footprints, comparisons of products, etc.) including probability statements such as
P(footprint(X) > footprint(Y).

5. Validity under nonlinearity and multi-layer constraints: Methods should remain valid
(or at least clearly approximative) when constraints are nonlinear or span multiple property
layers (e.g. consistency of the mass, monetary and energy layers, consistency with transfer
coefficients).

1.5 Evaluation of methods against requirements

While most of the traditional balancing methods do not consider any uncertainty at all (hence
satisfing none of the criteria above), there are few approaches that partly incorportate uncertainty:
Weighted least-squares, KRAS, and the Bayesian method of Rodrigues [19]. Those, we will review
briefly in the following and assess them against these criteria. This motivates the fully Bayesian
MCMC approach developed later (see Section .



1.5.1 Weighted least-squares

One option to include uncertainty into the balancing is by using weighted least-squares (WLS)
optimisation [e.g[29]. WLS searches for a matrix X that minimises the total weighted deviation
from the initial estimate X subject to accounting constraints.

The weights represent the inverse variance (or relative reliability) of each cell. Highly reliable flows
receive high weights and therefore change little during optimisation; uncertain flows receive low
weights and can change more. In this way, uncertainty information can directly be embedded in the
balancing process.

From the perspective of the criteria above:

o WLS does incorporate reliability information in the balancing step — satisfies (1).

o However, the optimisation returns a single point estimate only; there is no explicit probabilistic
model for the balanced table — fails (2).

o If uncertainty is attached afterwards (e.g. by ad hoc MC around the single point estimate),
this is usually done under strong independence and normality assumptions not implied by the
balancing optimisation — fails (3).

e Downstream uncertainty propagation is therefore only as credible as those additional as-
sumptions; there is no guarantee that the uncertainty actually reflects the uncertainty of the
balancing step — weak (4).

e Nonlinear constraints are often linearised or approximated within the optimisation — at best
approximate (5).

In short, WLS methods use uncertainty to weight adjustments but do not provide a coherent joint
probability model for the balanced SUT.

1.5.2 KRAS (Lenzen et al.)

KRAS is a generalised iterative scaling method designed for balancing input-output tables and
supply-use tables (SUTs) under conflicting external information and inconsistent constraints [12]. It
builds on the classic biproportional RAS algorithm and its extension for negative values (GRAS).
KRAS adds key features:

o Ability to impose constraints on arbitrarily sized subsets of matrix entries (not just full
rows/columns).

o Incorporation of reliability information (standard errors) for both the initial estimate and the
external constraints.

« Handles negative values, preserves sign of matrix elements if required.

The algorithm iteratively scales the matrix to satisfy row/column/other constraints while minimising
deviation from the initial estimate and respecting reliability weights. When external constraints
conflict, KRAS does not force a hard fix of one over the other, but finds a “compromise” solution
weighted by the reliability (uncertainty) of data sources.

In the first iteration, KRAS yields one balanced table. In a second iteration, they then use the actual
KRAS adjustment as a first guess of SDs and apply a RAS-type scaling on the SDs themselves [13].
Those SDs on the balanced cells can then be used in a MC simulation to propagate uncertainty to
the footprints.

Relative to the criteria:



o Reliability information is explicitly used in the iterative scaling — covers (1).

o KRAS does produce SDs for balanced cells and thus nods towards (2), but the SDs are
diagnostic, inferred ex post from the realised adjustments rather than derived from a generative
probabilistic model.

o FErrors in different cells are effectively treated as uncorrelated in the subsequent Monte-Carlo
step, despite the strong coupling induced by the constraints — clearly violates (3).

e Downstream uncertainty quantification is possible but inherits the independence assumptions
and the specific way SDs were constructed — partial (4).

e Nonlinear and multi-layer constraints can be handled in principle but are not embedded in a
joint probability model; their effect on uncertainty is difficult to characterise beyond SDs —
weak (5).

Conceptually, KRAS treats balancing as an optimisation problem and then interprets the resulting
adjustments as if they were random errors. In a Bayesian setting, the direction is reversed: we start
from specified error distributions and constraints, and balanced tables are consequences of that
probabilistic model.

1.5.3 Rodrigues (2014)

Rodrigues [19] proposes a Bayesian approach that goes considerably further towards a fully consistent
treatment. Rodrigues [19] impose constraints (accounting identities) not only on the first moment
(like WLS) but also on second moments (covariance matrix). They find a posterior distribution
by relative entropy minimisation (maximum entropy / minimum cross-entropy) subject to these
constraints.

In their framework:

e Given uncertainty and quality levels determine which cells move, and by how much. Reliability
information is therefore used within the update — satisfies (1).

e The method yields both a posterior mean table and an updated covariance matrix for the
balanced flows — directly addresses (2), and crucially does not assume independence —
satisfies (3) at the level of second moments.

e Downstream uncertainty propagation is supported via linear error propagation or other
moment-based techniques: for linear functionals of the balanced table, the posterior mean and
covariance are sufficient — supports (4) for linear or nearly linear summaries.

o However, the posterior is represented only by its first two moments and is derived via linear(ised)
updates. There is no explicit sampling, and no information on distributional shape (skewness,
heavy tails, multimodality) — (5) holds only locally; and non-Gaussian / strongly nonlinear
effects are not captured.

Among the methods reviewed here, Rodrigues (2014) comes closest to the notion of a single coherent
probabilistic model for a balanced SUT. Yet it remains limited to Gaussian, moment-based summaries
and does not provide explicit posterior samples of the balanced table.

1.6 Bayesian Balancing using Monte-Carlo Markov Chain (MCMC) simulations
Summarizing, none of the approaches reviewed above:

o defines a joint posterior distribution over all flows, conversion factors, transfer coefficients and
constraints, from which both a balanced table and its uncertainty are derived,
o captures the full dependence structure induced by multi-layer constraints across different units



 supports (nonlinear) downstream quantities and probability statements without additional
approximations.

Here, in this document, we propose a fully Bayesian balancing approach based on Monte-Carlo
Markov Chain (MCMC) simulations that addresses these shortcomings by:

1. specifying prior distributions for all unknown flows and parameters (supply, use, conversion
factors, transfer coefficients);

2. encoding all accounting and cross-property layer consistency constraints as likelihood terms

3. using MCMC to obtain samples from the joint posterior.

Fach posterior draw corresponds to one internally consistent, fully balanced HSUT. The resulting
“cloud” of balanced tables carries a coherent description of uncertainty (including correlations)
and can be propagated directly to downstream indicators — without the additional independence,
linearity or Gaussian assumptions required by the existing approaches.

1.7 Literature review on MCMC-based approaches

There are few studies that use MCMC-based approaches to similar problems, which include (non-
extaustively) Cencic and Frithwirth [5], Cencic and Frithwirth [6], Tsionas [25], Lugovoy, Polbin,
and Potashnikov |15], Boratynski [3], Wang et al. [27], and Lupton and Allwood [16]. Those are
reviewed in more detail in the Appendix (see Section .

Here, we only summarize the main take-aways from those papers for our problem of balancing

BONSATI - a large (>1E6 flows) hybrid SUT:

o hard vs. soft constraint: Wang et al. [27] and Boratynski 3] explicitly discuss the advantage
of modelling accounting identities (mass balances) as soft constraints (using noise terms)
rather as hard constraints, primarily due to computational challenges for sampling a large
parameters space with hard constraints (very low acceptance rates). Moreover, Wang et al.
[27] provide an elegant interpretation of the noise term on the constraints: “Additionally, the
noise term has the interpretation of modeling epistemic or systematic uncertainty in the MFA
system. In theory, every process should be exactly mass-conserved if the system definition and
diagram are a perfect representation of the underlying real system being modeled. However,
in reality, the system diagram and definition are simplified and approximate models of reality,
and so it is reasonable to account for uncertainty in the underlying system itself, which can
be modeled through a noise term in the mass balance conditions. In practice, flows reported
in MFA studies are rarely exactly mass-balanced, so likewise a Bayesian MFA approach does
not need to produce perfectly mass-balanced flows to provide useful estimates.” [27]

o size of the problem: Among all reviewed studies, Tsionas [25] applies MCMC to the largest
system (196x196=38416 flows), whilst most others are more in the region of 60-80 flows.

e computational challenges: All authors discuss computational challenges when scaling to
higher dimensions — in particular those studies using a hard-constraint approach.

1.8 Research Gaps

Bayesian inference using MCMC offers a principled way to obtain full probability distributions for
balanced supply-use tables, naturally capturing correlations among flows and enabling uncertainty
propagation. However, the literature still lacks a comprehensive Bayesian balancing approach that
can integrate both linear and non-linear constraints, operate across multiple physical and monetary



property layers in hybrid SUTs, and scale to system sizes exceeding one million flows, which is
several orders of magnitude larger than the case studies reviewed to date.

The implementation described here achieves a first scalable prototype for BONSAI and demonstrates
that such a model is computationally feasible. It is intended as a starting point for more
comprehensive methodological work, rather than a final answer to these research gaps.

2 Methodology

2.1 Bayes Theorem

To obtain a balanced HSUT that is internally consistent across physical and monetary layers
(e.g. supply = use, input = output, monetary flow = physical flow x price), we combine prior
information from the initial (unbalanced) BONSAI HSUT with system-wide accounting constraints.
Bayesian inference provides a principled framework for this integration. Bayes’ theorem states that
our belief about the unknown variables is updated according to how well they satisfy the constraints:

Posterior ox Prior x Likelihood (1)

e Posterior: what we ultimately want — the joint probability distribution of all unknown
parameters (supply, use, prices, conversion factors, transfer coefficients) given all data and
constraints.

e Prior: What we know about individual flows before considering system-wide accounting
relationships

e Likelihood: In our model this is given by the constraints: The individual data items should
match (supply = use, input = output, [EUR| = [price] x [tonnes]), up to a tolerance. If they
deviate that outcome is less likely.

However, we cannot compute the posterior in a closed-form way (except for very trivial models).

2.2 MCMC sampling

Yet, the posterior can be approached by constructing a Markov Chain to do Monte-Carlo approxi-
mation. On a high-level, any MCMC approximation entails the following steps:

1. Find starting parameter position

2. Propose to jump from that position to somewhere else

3. Evaluate: Is it a “good” place to jump or not? — “good” = probability for the parameter
values of the proposed state compared to the current state: P(accept) = P(proposal) /
P(current). This leads to regions of high posterior probability being visited relatively more
often than those of low posterior probability.

4. Each accepted state is recorded

5. By running enough iterations we will approach the posterior distribution

For step 2 and 3 (proposing a position and evaluating to jump or not), several different sampling
algorithms can be used. Sampling algorithms are the rules that tell a Markov chain how to step
through the posterior distribution so that collected draws reflect the target uncertainty. Common
options include random-walk Metropolis, Gibbs sampling, and Hamiltonian Monte Carlo (HMC),
which uses gradients for larger, directed moves (For a more comprehensive collection and disccusion
of those, see for example Sanz-Alonso and Al-Ghattas [20]). Here, in this work we use the No-U-Turn



Sampler (NUTS) which is an adaptive variant of HMC that chooses path lengths automatically,
giving fast, well-mixed samples with minimal tuning for complex models [9].

2.3 Notation

All variables and parameters that appear in this report are listed in Table [} Vectors are denoted
using bold lowercase letters, matrices using bold uppercase letters. The “true” value of a quantity is
denoted as z, observations are noted as y, distribution parameters are denoted using Greek letters

(e'g' ILL’ 0-’ a’ 6)'

Table 1: Model variables used in the main text. Stan variable names are provided separately in the

Appendix Section @

Symbol Description Value/Source

:cz(-suP ’l), g used) Detailed supply/use flow i in property layer [ model quantity: Equation
(tonnes, M€, items, TJ, tonnes-service) Equation

,ugsup’l), ,ul(-use’l) Prior log-scale “best guess” for each initial BONSAI HSUT
supply/use flow

O_Z(sup,l) , olused) Prior log-scale uncertainty (sd) for each see Section m
supply/use flow

xl(pf hi—l2) Conversion factor for product ¢ from from model quantity: Equation
property layer [ to property layer ls (e.g.,
€/t, t/item, TJ/t, €/TJ)

Z(cf =) Observed conversion factor value upstream BONSALI pipeline
Ugcf h=t2) Measurement error (sd) for y(¢/1—2) see Section
cyteh—lz) Global coefficient of variation per conversion 0.5 (Section }

factor (I — Il2) used to compute algcf’llﬁl?)
2 {t) Transfer coefficient i (fraction linking use to  model quantity: Equation

2

alto) glto)

Agr,sup) , A}()lr,use)

Aalr,sup) 7 A(l,use)

ar

0. il

(OO

Oar , lar

rel_tolproduct

subsequent supply)
Global Beta prior shape parameters for all
(tc)

Ly

Observed value for transfer coefficient n
(tc)

Measurement error (sd) for y;
Global coefficient of variation used to
compute Ui(tc) for transfer coefficients
Aggregation matrices: detailed supply/use —
product-region totals

Aggregation matrices: detailed supply/use —
activity-region totals

Aggregated supply/use by product-region in
property layer [

Aggregated output/input by activity-region
in property layer [

Allowed log-ratio deviation for product
balances

1.0; 1.0 (Sectionm

upstream BONSALI pipeline
see Section
0.1 (Section

constructed from initial

BONSAI HSUT

constructed from initial
BONSAI HSUT

Equation
Equation |§|

0.05 (Section



Symbol Description Value/Source

reltolactivity Allowed log-ratio deviation for activity 0.05 (Section
balances

rel toleony fac Allowed log-ratio deviation for conversion 0.1 (Section
factor consistency

rel_toli, Allowed log-ratio deviation for transfer 0.2 (Section
coefficient consistency

Sdmin, ; SAmax Lower and upper bounds used to clamp 0.1; 0.5 (Section m

_ J 1
log-scale standard deviations al(SUP ), ai(use )
to a conservative range

€ Small positive constant to stabilise log ratios  0.001 (Section )

2.4 The model

This section provides a conceptual overview of the probabilistic model used to balance BONSAI.
The goal is to explain what the model infers, what information it uses, and how constraints are
enforced. Readers interested in full implementation details may refer to the Stan code in the
Appendix (Section and the mapping between the mathematical formulations shown in the
following and the Stan code (Section [6.5]).

At a high level, the balanced HSUT is obtained by treating all flows and linking parameters as
unknown random variables (Section , assigning them prior distributions based on available
data (Section , and updating these beliefs using accounting constraints expressed as likelihood
terms (Section [2.4.3). Markov Chain Monte Carlo (MCMC) sampling is then used to draw from the
posterior distribution (Section , giving not a single table but a distribution over many possible
balanced tables.

2.4.1 Unknown quantities treated as random variables

Instead of assuming the elements of the HSUT as fixed, we treat the following variables as unknown
but estimable:

e Supply flows: xESUp’l)

¢ Use flows: a:l(use’l) >0
o Conversion factors / prices: xECf’th) (€/t, t/item, TJ/t, €/TJ)
(tc)

> 0 for property layer [ € {tonnes, Euro, items, T\J, tonnes — service}

o« Transfer coefficients: x
output), each 0 < 2 <1

7

(fraction of a given input ending up embodied in a specific

A conceptual distinction is made between types of quantities:

e Supply and use flows are treated as latent “true” quantities for which the initial BONSAI
values provide prior information but are not considered exact observations.

o Conversion factors and transfer coeflicients are treated as observed values with measurement
error, meaning the BONSAI point values act as noisy data that inform — but do not strictly
determine — the model’s estimates.

This choice is pragmatic rather than theoretically mandatory. For supply/use flows in particular,
using the initial BONSAI values as prior means on latent flows is mathematically equivalent to
treating them as observations with measurement error of the same variance, and the resulting



posterior would be unchanged. Likewise, transfer coefficients and conversion factors could also be
modelled as latent quantities with priors instead of noisy observations. Alternative formulations
may be preferable depending on the desired interpretation (prior vs. measurement). Section m
discusses this modelling assumption and its implications.

2.4.2 Prior distributions from initial BONSAI data

All uncertain quantities require prior distributions. Because supply and use flows are strictly positive
and vary over orders of magnitude, we assign them lognormal priors centred on the initial BONSAI
estimates.

Conversion factors and transfer coefficients, in contrast, are considered observations subject to
measurement error. We therefore model them as normally distributed around the values provided
by the upstream BONSAI pipeline, with uncertainty reflected by a standard deviation parameter
(and truncated to [0, inf] or [0, 1] where necessary).

The process of assigning prior uncertainties to the supply/use flows and measurement errors to the
conversion factors and transfer coefficients are outlined further below (Section [2.5)).

2.4.2.1 Supply and Use flows
For each flow (supply and use) we require:

o a best estimate (in logs) u; (from the initial BONSAI HSUT)
o and an uncertainty range o; (Section

We encode this as:
log ZL‘Z(-SHPJ) -~ N(Mgsup,l)’ O_i(sup,l)Q) (2)
1Ogm(use,l) NN(M‘use,l)’ o_(use,l)Q) (3)

[ 7 %

This approach reflects the assumption that the initial BONSAI HSUT estimates represents our best
guess of the true flows, but with uncertainty, and the model may update them to satisfy accounting
constraints and property layer consistency.

2.4.2.2 Conversion factors with measurement error

Conversion factors are treated as observed quantities with noise, meaning the conversion factors

provided by the upstream BONSALI pipeline (yi(cf ’ll_”?))

(Cf,l1—>lz)

prior beliefs. The latent quantity (z; ) represents the true (unknown) conversion factor:

are taken as measurements rather than

w(cf,h—)b) NN(y§Cf7l1—>l2), O_(Cf7l1—>l2)2> (4)

(3 (2

2.4.2.3 Transfer coefficients: expected value + observation error

Transfer coefficients represent fractions of an input (physically) embodied in a particular output.
They are modelled using:

1. a prior constraining values to (0, 1), expressed through a Beta distribution,
2. a likelihood that treats the BONSAI value (yftc)) as a noisy observation:

10



29 ~ Beta(al'?, 51') (5)
o'~ N (@', o) (©)

3 3

2.4.3 Representing constraints as likelihood terms
We include the following constraints in our model:

o product balances (for each product and property layer: total use should equal total supply)

o activity balances (for each activity and property layer: total inputs should equal total outputs)

o consistency across property layers (€ <+ TJ <> t <> items, via cell-wise conversion factors)

o transfer coefficient consistency (how much of a given inputs ends up embodied in a specific
output)

Since several studies reviewed above and in the Appendix mention computational problems with
posing hard constraints on the data, particularly in high-dimensions (see Section and Section,
in our model perfect equality is not forced. Instead, following the framework proposed by Wang
et al. [27], we model these accounting identities as soft constraints by including a stochastic noise
term. This choice serves two critical functions:

1. Computational Feasibility: It avoids the extreme difficulty of sampling from a “manifold of
measure zero” (where the probability mass exists only on a extremely thin line of perfect
equality), which causes poor mixing in MCMC samplers.

2. Epistemic Realism: As Wang et al. [27] argue, the noise term allows the model to capture
“epistemic or systematic uncertainty.” Since any system definition is a simplified approximation
of reality, and reported data is rarely perfectly balanced in practice, enforcing strict equality
would imply a precision that does not exist. The soft constraint acknowledges this structural
uncertainty.

In formal terms, we model the constraints as log-ratios centered on zero, allowing small deviations
determined by a tolerance parameter:

T;+ €
T+ €

log ~ N(0, rel_tol?), (7)

where:

o z; and z; are the two quantities that should be balanced (e.g. total use and total supply of a
product)

e ¢ is a small positive constant to stabilise log ratios

e rel_tol is the allowed log-ratio deviation from the balance

The rel_tol parameter is crucial from a computational perspective: Shrinking rel tol tightens the
constraints and makes it harder to reconcile them with the prior when imbalances are large (see
discussion in Section. For the model run reported here, we chose constraint tolerances (rel tol,)
that allow product and activity balances to deviate by roughly £10% (95% interval, rel _tol = 0.05),
and conversion-factor and transfer-coefficient constraints by about £20% (rel_tol = 0.1) and £40%
(rel__tol = 0.2) respectively. These values are a compromise: tighter tolerances led to poor mixing
and frequent divergences, whereas the reported settings still enforce meaningful approximate balance
while keeping the posterior geometry tractable for NUTS.

11



2.4.3.1 Product and activity constraints

Before the product and activity constraints can be expressed, individual flows are aggregated to
product-region and activity-region totals. For example, all Danish coal use-flows are summed to
one figure, “total use of coal from Denmark”. Likewise, all inputs into coke production in Germany
are summed into one figure “total input into coke production in Germany”. This aggregation is
implemented using sparse aggregation (or mapping) matrices A:

sgr) _ A}(Jlr,sup) X(sup,l)’ u}()lg _ AI(;)llluse) X(use,l) (8)
Oglr) _ Az(a,lr’sup) X(sup,l)’ 12(1lr) _ Az(ilr,use) X(use,l) (9)

Where:

. sgr): supply by product-region (vector)

. uf}}: use by product-region (vector)

. o). output by activity-region (vector)

. i&?: input by activity-region (vector)
. Agr’suP): matrix aggregating supply by product-region

. Ag{use): matrix aggregating use by product-region
. Aé’r’s“p): matrix aggregating supply by activity-region
(1,use) . . - .
e A,/ : matrix aggregating supply by activity-region
For each product-region j (e.g. coal from Denmark) and property layer [ we ensure that supply
should approximately equal use, with a small tolerance level. We model this via:

@

S T €
log % ~ N (0, rel_tol2  uct) 1)
Ly T

Exactly the same logic applies for each activity-region k (e.g. coke production in Germany):

+ €
log —2F ~— ~ N(0, rel _tol? ) (11)

activity

This enforces approximate balancing of the total inputs and outputs of an activity-region pair across
all units.

2.4.3.2 Conversion factor consistency across layers

Conversion factors link flows recorded in different property layers. For each flow observation where
a conversion factor exists, the corresponding flow in the source property layer (I1) is converted into
a target property layer (l3) via:

xgchl_)lQ) sl = (12)
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mgsup,lz) ~ xgsup,ll) ) xz(cf,l1—>l2) (13)
———

reference flow in lo converted from [

More formally, for each applicable conversion factor ¢ we calculate:

l l l1—l
Z(SHI% 2) _ CCZ(SUP7 1) . xl(cﬂ 1= 2)7 reference

(sup,l2) _ x(sup7l2) (14)

converted i .

(and analogously for use flows z(1se:h),

To enforce consistency across property layer, we again apply a soft log-ratio constraint:

convertedl(') + €
log )
reference; ’ + €

~ N(O, rel_tolgonvifac) (15)

2.4.3.3 Transfer-coefficient consistency

Transfer coefficients xgtc) describe how much of a given input into an activity ends up embodied

in a specific output. For example, for the activity “car manufacturing” we might have a transfer
coefficient of 0.95 for a specific input (e.g. steel) and a specific output (e.g. a car) stating that
around 95% of the steel input is embodied in the car. In the model, transfer coefficients are checked
for consistency against observed supplies in tonnes, conditional on the use flows that feed into them.

1. First, we have to aggregate supply and use to the product-activity-region (PAR) level (e.g. total
use of steel in car manufacturing in Germany, or supply of cars from car manufacturing in

Germany) using aggregation matrices Az().ar :

use,tonnes) __ (use,tonnes use,tonnes

Xéar ) - Apar ) X( ) (16)
sup,tonnes) __ sup,tonnes sup,tonnes

XI(Jar ; ) — AI(Jar ; ) x (sup, ) (17)

2. Second, we compute the expected supply from the transfer coefficients by multiplying the
transfer coeflicient record with the respective use-flow at the PAR-level:

(exp_sup,tonnes) (tc) (use,tonnes)
par,i =T " Tpary (18)

3. Third, we again apply a soft log-ratio constraint so that the observed PAR-level supplies in
tonnes must approximately match expected supplies implied via transfer coefficients:

(exp__sup,tonnes)

; + €
par,i 2
log Geup tonnes) ~N (0, relitoltc> (19)
par,i te
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2.4.3.4 Technical note: Applying the constraints to subsets of the data

All four constraints (activity & product balance, transfer coefficient and conversion factor constraints)
are not applied to all supply/use flows but only to a subset:

o The product constraint is applied to commodities (C_), market products (M_) and energy
products (EF_). Products being produced but not used or vice versa are excluded (e.g. resource
input or emission output).

e The activity constraint is applied to all activities A_ and markets M_, excluding final con-
sumption, markets of fuel mixes, service activities (= activities with physical inputs but only
monetary outputs). Activities without inputs/outputs are excluded.

e The conversion factor constraint is applied to those flows which are recorded at least in two
units and have a conversion factor.

e The transfer coefficient constraint is applied to those flows for which a transfer coefficient is
provided.

2.4.4 Posterior inference using MCMC

We implemented the model described above in Stan — a probabilistic programming language for
describing probabilistic models and inferring the posterior via MCMC simulations. Given priors
(Section and likelihoods (Section [2.4.3), Stan uses the No-U-Turn Sampler (NUTS) to draw
samples from the joint posterior distribution of all flows and parameters.

At a high level, MCMC sampling involves the following steps:

1. Propose a candidate balanced SUT (all flows, conversion factors, transfer coefficients).
2. Evaluate how well it fits:
o prior information and measurement errors (Section ,
o SUT balance constraints (Section [2.4.3).
3. Accepts or rejects the proposal based on overall fit.
4. By repeating step 1-3 hundreds of times it produces a cloud of balanced SUTs.

From this cloud one can compute:

o A central balanced SUT (mean)
e Uncertainty ranges for each cell
o Covariances between individual cells

Moreover, and more importantly, this cloud of plausible balanced SUTs can be used in a subsequent
MC simulation to propagate the uncertainty further to the final footprints.

2.5 Specifying prior uncertainty

The balancing model as described above requires two parameters for every flow: a best-guess (u) and
an uncertainty estimate (o). While p is provided by the initial BONSAI point estimates, specifying
o is challenging because the raw data used to compile the initial BONSAI HSUT does not include
granular uncertainty metadata (e.g. in form of standard errors per data point).

In the course of our work on this subject, we made the experience that in such a high-dimensional
system (> 10° parameters) subject to several strict constraints, arbitrarily fixing o made it impossible
for the MCMC sampler to traverse the posterior. If priors are set too narrow (overconfident), the
solution space may become disjoint or non-existent — a situation where no configuration of flows can
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simultaneously satisfy the “pull” of the priors and the “push” of the constraints. If priors are set
too wide, the posterior becomes weakly identified resulting in diverging chains.

To ensure computational feasibility and stable inference, the log-scale standard deviations ¢ are not
fixed arbitrarily but calibrated from the data itself in a simple Empirical-Bayes inspired manner [4]
— specifically, from the observed supply—use and activity imbalances in the initial table.

2.5.1 Supply and Use flows

For supply and use flows, we assume that the initial mismatch between supply and use provides
a proxy for the “noise floor” of the data. If the reported supply and use for a product differ
considerably, it implies that the underlying data sources are noisy. Conversely, a near-perfect
balance implies higher precision.

(sup,l) (use,l)

We derive the prior scale variances o; and o; using the following logic:

1. Quantify the Imbalance: We compute the log-difference A for each accounting balance
(product or activity) at the product-region level (pr) and activity region level (ar), respectively:

! !
Ap); = log(spy); +€) — log(uy); + <) (20)
ALk = log(iy)x +€) —log(oy) + ), (21)
where sgr) ; and uér) ; is the total supply /use by product-region j (e.g. coal from Denmark)

and property layer [; and il )k and o )k is the total input/output by activity-region k (e.g.
coke production in Germany) and property layer [.

2. Derive the Noise Level: Next, to each of these observed imbalances Aér) j and Az(u") i

there are mpr i/ mar i contributlng flows. For instance, to the imbalance Af)io?}réiix)lanisteel the
contributing flows are “use of steel by German car manufacturing”, “use of steel by German
machinery manufacturing” and “supply of steel by German steel manufacturing”, amongst
others. We assume that these observed imbalances A () each sit at the edge of a 95% confidence
interval generated by the sum of m noisy rows. This allows us to back-calculate the required

o’s for each contributing flow:

A
o) s (22)
1.96 - /2 - /m;’
AY
(ar, l) | ar,k (23)

7 T 1962 g

are the flow-specific variances.
Here, the v/m term accounts for the Central Limit Theorem: as more flows contribute to a
balance, individual flow uncertainties contribute less to the aggregate uncertainty.

3. For all flows that are subject to more than one constraint, take the largest relevant o; =

l l
(prl) (o)

where a(pr 2 /U(alr D

max{o; } (most conservative) and pass it to the model as the log-scale prior for that
flow.
4. Clamping: To prevent the priors from becoming physically unrealistic (too wide) or numeri-

cally unstable (too narrow), the derived o; is clamped to a conservative range [sdmin, Sdmax]-
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We found that this approach improves the geometry of the posterior distribution so that it is
sufficiently well-behaved for the NUTS sampler to explore it efficiently, avoiding pathological
behavior such as extremely small step sizes and divergent transitions. This provides a robust
baseline for the “Proof of Concept” phase.

2.5.2 Transfer coefficients and Conversion factors

Unlike supply and use flows, transfer coefficients and conversion factors are modelled as “observed
quantities with measurement error” rather than latent parameters.

In the current prototype, the uncertainty for these parameters is handled via global error scales:

o Transfer Coefficients: A single global coefficient of variation CV® is used to calculate
standard deviations oi(tc) per transfer coefficient.

« Conversion Factors: One global coefficient of variation CV(
(tc,llﬂlg)
i

teli—l) per conversion-factor

layer is used to calculate standard deviations o per layer type.

While this is a simplification, the model architecture already supports flow-specific o values. Future
iterations will replace these global parameters by flow-specific ¢’s or with hierarchical priors, allowing
the model to “learn” different uncertainty levels for different sectors or regions based on the coherence
of the data.

2.6 Computational requirements

The current implementation has been tested on the BONSAI HSUT with approximately 1700
products and 1500 activities, each in 49 countries/regions — giving a total of more than 1.8
Million non-zero flows across four property layers (tonnes, Million Euro, TJ, items). On the High-
Performance Cluster (HPC) of the University of Aalborg, a typical run with 4 parallel chains and
500-1000 iterations per chain required on the order of 19 to 44 hours and 24 GB of RAM, indicating
that full Bayesian balancing at BONSALI scale is practically feasible.

Yet, processing the Stan output files with the current implementation requires around 200 GB of
RAM. However, there are several possible options to decrease memory utilisation by switching to
more optimized file formats such as HDF5.

3 Results

3.1 Validation: Convergence of chains

For the here-presented model configuration (see Table [1] for parameter values), overall convergence
diagnostics are encouraging. Sampling completed without divergences and without transitions
hitting the maximum tree depth. 99.98% of all variables have an R below 1.05, indicating good
mixing and agreement between chains (Figure (1} left). The remaining 0.02% of the variables with an
R>1.05 (Figure |1} right) point to parts of the system where model structure, priors or constraints
could be refined in future work (see Figure [12]in the Appendix for traceplots of the 16 variables
with the hightest R).

Figure [2[ shows trace plots (top row) and marginal posterior densities (bottom row) for three
exemplary variables/parameters in the Chinese iron & steel sector: the fraction of iron embodied in
steel (transfer coefficient), the price of steel supplied (Million €/t), and the physical steel supply
(t). The four MCMC chains overlap closely, exhibit no visible trends or drifts, and yield nearly
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Rhat
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Figure 1: Rhat diagnostics: The R statistic compares between-chain and within-chain variance. Values

close to 1 signal that independent chains are exploring the same posterior region and have effectively
converged.
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identical marginal distributions for each parameter, illustrating good mixing and convergence for
these examples. Traceplots of a random selection of 16 variables can be found in the Appendix

(Figure [L1)).

Fraction of iron embodied in steel Price of steel supplied by Supply of steel from
from Chinese Iron & Steel sector Chinese Iron & Steel sector [Meuro/t] Chinese Iron & Steel sector [t]
1.00 7e-05 A
\ ‘ , w il 1.8e409
|
| |
0.99 ‘ m ‘;‘ Al \“ 6e-05 A 1.7e+09
\ i i)l
I " *\ l‘ |
® \{ | ‘ 1.60+09 1
3 0.98- ' ‘ [l | 5e-05-
[
>
1.5e+09 4
0.97 - 4e-05
1.4e+09
0.96 3e-05 1.3e+09 4
1é5 150 1;5 260 255 250 1é5 1éO 155 2(I)0 2é5 2&0 1é5 150 1%5 260 2é5 ZéO
iteration
MCMC Chain — 1 — 2 — 3 — 4
Fraction of iron embodied in steel Price of steel supplied by Supply of steel from
from Chinese Iron & Steel sector Chinese Iron & Steel sector [Meuro/t] Chinese Iron & Steel sector [t]
4e-09 A
60000
3e-09 4
>
g 40000 A
[0) 2e-09+
°
20000
1e-09 4
0+ 0e+00 ~
36-05 4e-05 56-05 6e-05 7e-05  1.3e+0Rde+0B5e+086e+0R76+088e+09

value
MCMCChainD 1 Dzlj 3|:’4
Figure 2: Representative trace (top row) and density plots (bottom row) for selected flows and parameters.

3.2 How much did balancing change the table?

Next, we investigate how the initial supply and use flows have changed in the balancing.
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3.2.1 Prior vs. Posterior distributions

First, we compare the initital BONSAI values (prior) with the mean of the posterior distribution.
Figure |3| shows hexbin scatter plots of the log posterior mean against the log prior (BONSAI) value
for all supply and use flows, respectively. The colour scale indicates the number of flows in each bin,
and the red 45 degree line marks exact agreement between prior and posterior. Most mass lies close
to this line, indicating most of the initial BONSAI values are only adjusted slightly in the balancing,
while the visible spread around the diagonal — more pronounced for use flows than for supply flow —
highlights those parts of the system where the balancing constraints induce substantial adjustments.

Figure 4| compares prior and posterior coefficients of variation (CVs) for all supply and use flows on
a log scale. The histogram in the left panel shows that the prior CVs (orange) are almost entirely
concentrated in a narrow spike around 0.1, with a very thin tail towards much larger values — a
direct consequence of the prior sigma construction that assigns a common baseline uncertainty
to most flows and inflates it only where needed to explain large imbalances (Section . The
posterior CVs (grey) remain in roughly the same range but are more dispersed around the spike,
indicating that the model adjusts uncertainty up or down depending on how strongly each flow is
constrained. The ECDF in the right panel confirms this: the prior curve jump sharply near 0.1,
while the posterior curve rises slightly earlier and more smoothly, implying that a larger share of
flows have CVs just below 0.1 and that extreme CVs become even rarer after balancing.

3.2.2 Before vs after balance for key constraints

Figure [5] illustrates how the Bayesian balancing procedure reduces product-level imbalances across
the different property layers. Each panel shows hexbin scatterplots of total supply versus total use
for all products in the mass (tonnes), monetary (M€), and energy (TJ) layers, before (left) and after
(right) balancing. Before balancing, many products deviate substantially from the red 45 degree line
(exact equality), indicating considerable inconsistencies between supply and use. After balancing,
almost all points concentrate tightly around the diagonal in all three layers, demonstrating that the
model brings product balances close to equality while still allowing for small residual deviations due
to the soft-constraint specification.

Similarly in case of the activity balance: Prior to balancing, many activities exhibit inconsistencies
between total inputs and outputs per activity — although less pronounced than for the product
balance. After balancing, the points align closely along the diagonal in all three layers, demonstrating
that the model effectively reconciles activity balances.

3.3 Posterior correlations between linked flows: Chinese coke example

A key feature of here-proposed MCMC balancing is that the posterior distribution reflects de-
pendencies between variables resulting from the constraints. As an example, Figure [7] illustrates
the posterior dependence between the supply of Chinese coke and its main downstream uses in
the balanced HSUT. The diagonal panels show the marginal posterior distributions for each flow,
while the lower triangle displays pairwise scatterplots with fitted regression lines and the upper
triangle reports the corresponding posterior correlation coefficients. The supply of coke from the
Chinese market activity (M_ COKE) exhibits moderate positive correlations with coke use by natural
coke production (A_Nat_COKE, p = 0.40) and by steel-making (A_STEL, p = 0.44), indicating
that these major downstream users move jointly with total supply in the posterior. In contrast,
correlations with other uses remain close to zero, and the correlation between coke use in natural
coke production and steel-making is slightly negative (p = —0.16), suggesting a weak competitive

19



Supply

1e+09 A
3000
o2
p ]
§ 1e+05 4
E ‘ [ ] ‘
= *® o
2 o 2000 o
() ® b
- [ ] [ ] >
B 1e+01 4 - . -
o .
(@]
o
' [ N ]
.f 1000
1e-03 1 o
[ ]
[ ]
[ ]
1e-03 1e+01 1e+05 1e+09
log prior (BONSAI) value
(a)
Use
1e+09 - - 60000
* .a° * un .
. [ ]
% 1e+05 A ’ ® ’
() e %
= s 40000
- pes . o
o
— 5
@ 1401 * -
o
o Qe t‘
(@)} [}
(@] ®
= . 20000
d %
1e-03 1 ®
1e-03 1e+01 1e+05 1e+09
log prior (BONSAI) value
(b)

Figure 3: Hexbin scatterplot of the log posterior mean against the log prior value (from the initial BONSAI
table). The colour scale indicates the number of flows in each bin. The red line marks exact agreement
between the two.
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variation (CVs, log scale) for all supply and use flows, comparing prior (yellow) and posterior (black)
uncertainty. In the ECDF, the y-value at a given CV on the x-axis indicates the share of flows with CV less
than or equal to that value.

relationship between these two demand channels. Overall, the figure illustrates how the balancing
constraints induce a moderate pattern of dependencies between physically linked flows that were
a priori treated as independent. Due to use of soft constraints that still allow for deviation from
the constraints, we expect stronger dependencies when tightening the allowed log-ratio deviation

from the constraints, which are currently set relatively moderate (rel tol, between 0.05 and 0.2,
see Table .

3.4 Comparing with WLS

Next, we compare the Bayesian MCMC approach with the deterministic WLS balancing, which is the
current default approach for balancing BONSAI (see Section for more details). Figure [8 shows a
hexbin scatterplot of the log posterior mean from the MCMC model against the log WLS-balanced
value for all flows. Most mass lies close to the diagonal, indicating broad consistency between
the two methods. Systematic deviations arise from the different ways the two methods resolve
imbalances. The WLS scheme optimises multiplicative adjustment factors under hard equality
and inequality constraints and a quadratic objective in linear space (Section . In the simple
case of one supply and one use total, this yields a balanced value at the harmonic mean of the
two totals, so that strongly imbalanced pairs (e.g. 20 vs 200) are pulled closer to the smaller
value. By contrast, the Bayesian model places lognormal priors on flows and enforces balance via
soft log-ratio constraints. With roughly symmetric log-scale uncertainties, the posterior tends to
concentrate around the geometric mean of the conflicting totals, so the posterior mean often lies
closer to the larger value than the WLS solution. Further discrepancies stem from the constraint
set itself: the WLS formulation does not include cross-layer consistency constraints (conversion
factors), whereas the Bayesian model couples physical and monetary layers explicitly through these
additional likelihood terms. The spread around the diagonal in Figure [§] therefore reflects not
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(M_COKE) and its main uses by Chinese activities (A_ MGWG, A_Nat_ COKE, A_STEL, A_ STEW) and
the associated combustion flow (EF__COKE). The diagonal panels show marginal posterior densities for each
flow. The lower triangle shows posterior draws with fitted regression lines, and the upper triangle reports

posterior correlation coefficients, with shading indicating the magnitude of the correlation.
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noise, but structural differences in objective function, hard versus soft constraint treatment, and the
presence of multi-layer consistency constraints.

Comparing balancing approaches: WLS vs. MCMC
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Figure 8: Hexbin scatterplot of the log posterior mean (from the MCMC balancing) against the log
WLS-balanced value (Section . The colour scale indicates the number of flows in each bin. The red line
marks exact agreement between the two.

Figure [9] summarises the magnitude of adjustments under the different balancing approaches using
empirical cumulative distribution functions (ECDFs) of the absolute relative differences between
three pairs of estimates: posterior vs prior (black), WLS vs prior (orange), and posterior vs WLS
(blue). For any value on the x-axis, the corresponding y-value gives the fraction of variables whose
two compared estimates differ by at most that percentage. The black curve lies consistently above
the orange one, indicating that the WLS approach often moves flows further away from the prior
than the Bayesian model does. This might be due to the fact that the WLS balancing uses hard
constraints, whereas in the Bayesian approach due to soft constraints values are allowed to stay
closer the prior.

Figure [I0] shows three exemplary examples illustrating how individual flows can be affected very
differently by the Bayesian and WLS balancing. Each panel shows one exemplary use flow with
the initial BONSAI point estimate (orange dashed line), the corresponding prior density implied
by the lognormal prior (orange curve), the WLS-balanced value (purple dashed line), and the
posterior sample from the MCMC model (blue histogram). In the top panel (use of CA|]M_FORE by
CAJA_WOOD), both the posterior and the WLS solution move the flow by more than an order of
magnitude away from the initial BONSAI value, and they end up in a similar range, indicating that
strong imbalances and constraints force a substantial downward revision of the prior. In the middle
panel (use of JP|M__COIL by JP|A_REFN), the posterior distribution is tightly concentrated close
to the initial BONSAI estimate, while the WLS solution is pulled almost to zero, illustrating a
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case where the quadratic objective and hard constraints of the WLS formulation produce a much
more extreme adjustment than the probabilistic model. The bottom panel (use of CN|M__IRON by
CN|A_STEL) shows a more benign case in which prior, posterior, and WLS estimates are all of
similar magnitude, with the posterior providing a modest update and an associated uncertainty
range around the common central value.

4 Discussion

4.1 Summary of the main findings

The results show that fully Bayesian balancing of a BONSAI-scale hybrid HSUT is computationally
feasible and statistically stable. For the configuration reported here, NUTS sampling completed
without divergences and 99.98% of all parameters had an R<1.05 indicating that independent
chains explored the same posterior region and mixed adequately. Most supply and use flows remain
close to their initial BONSAI values, with larger adjustments concentrated in those parts of the
system where product, activity, and cross-layer constraints expose strong inconsistencies. The
Empirical-Bayes inspired prior construction yields prior CVs tightly clustered around 10%, and the
posterior largely preserves this scale while redistributing uncertainty up or down depending on how
strongly each flow is constrained. The model brings product- and activity-level imbalances in mass,
monetary, and energy layers close to equality, and it induces interpretable dependence structures
between linked flows, as illustrated by the Chinese coke example.

Compared to the existing WLS procedure, the Bayesian approach is broadly consistent in central
tendency but differs systematically in how conflicts are resolved. WLS, with hard equality and
inequality constraints and a quadratic objective in linear space, tends to pull strongly imbalanced
totals towards a harmonic-mean compromise and can move some flows far from their initial values
in order to enforce exact balance. The Bayesian model, in contrast, combines lognormal priors with
soft log-ratio constraints and tolerance parameters: under this specification, the posterior flows are
closer to geometric means, flows typically stay closer to the initial BONSATI table, and small residual
imbalances are tolerated rather than eliminated. This behaviour should be viewed as a modelling
trade-off induced by the current choice of priors and constraint tolerances, not as an intrinsic feature:
stricter tolerances or more informative priors would push the posterior further away from the prior
and closer to exact accounting balance thereby revealing stronger dependency patterns (Section ,
at the price of a more challenging posterior geometry and heavier computational burden.

4.2 Limitations and robustness of the current prototype

The current implementation is deliberately pragmatic and should be read as a proof-of-concept
rather than a fully specified Bayesian balancing model for BONSAI. Several design choices were
made primarily to obtain a workable sampler for a very high-dimensional system. These choices
have implications for how the results should be interpreted.

4.2.1 Prior and uncertainty specification

In the present setup, prior uncertainties for supply and use flows (UESUP) and O_Z(use)) are chosen

partly for computational robustness. The log-scale standard deviations are calibrated mechanically
from observed imbalances between supply and use (Section Section , with the aim of making
the priors and constraints mutually compatible in a system with more than 1.8 Million unknowns.
They are intended to be wide enough to make the constraints and priors compatible in such a
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Figure 10: Prior, posterior, and WLS-balanced estimates for three exemplary use flows. The three panels
illustrate (top) a case with a large adjustment away from the prior where WLS and the posterior largely
agree, (middle) a case where WLS moves the flow far more than the Bayesian model, and (bottom) a case
with relatively good agreement between prior, posterior, and WLS estimates.
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high-dimensional system, but not too wide to make the posterior untreacable. This calibration does
not yet use detailed uncertainty information on data sources or other data quality quality indicators,
and should therefore be regarded as a rule-of-thumb procedure rather than a fully informed prior
elicitation.

For transfer coefficients and conversion factors, uncertainty is currently represented via global
relative uncertainty parameters: a single coefficient of variation for all transfer coefficients, and one
per conversion-factor layer. This “one-CV-per-group” specification is convenient and reduces the
number of hyperparameters, but it is not fully realistic, as it implicitly treats all coefficients within
a group as equally uncertain.

Together, these choices imply that the posterior uncertainty statements are conditional on a relatively
simple, globally specified uncertainty structure. They should be interpreted as conditional on this
particular calibration of o and rel_ tol used here, rather than as final or unique uncertainty estimates
for BONSAI A more differentiated treatment (e.g. source- or sector-specific ¢’s, or hierarchical
priors for CVs) is an essential direction for subsequent work.

4.2.2 Structural modelling assumptions
Several structural assumptions are embedded in the current prototype:

o Cell-wise conversion factors: Each conversion-factor cell (e.g. Euro/t for a given product—
region—use combination) is treated as an independent parameter. This is arguably reasonable
for prices, which may vary systematically across consumers, but is less realistic for physical
conversion factors (e.g. TJ/t), which one might expect to be more homogeneous. An alternative
would be to model shared latent conversion factors with multiple noisy observations (partial
pooling), especially for physical coefficients.

o Latent parameters vs. noisy observations: The model treats supply and use flows as
latent parameters with lognormal priors, while transfer coefficients and conversion factors
are represented as “true” parameters with Gaussian measurement error around observed
BONSALI values. As discussed in Section , these two viewpoints (latent quantity with
a prior vs. noisy observation with a likelihood) are closely related mathematically but differ
in interpretation and workflow. In practice, the posterior is driven more by the likelihood
structure and uncertainty assumptions than by this semantic distinction.

+ Equal weighting of property layers: All property layers (tonnes, MEuro, items, TJ, service
tonnes) enter the product and activity balance constraints with the same statistical weight
via a common rel_ tol x product and rel_tol x activity. In applications where some layers are
known to be more reliable than others, it may be more appropriate to assign property-specific
tolerances or weights. This is not yet implemented.

e Structural zeros: Flows that are zero in the initial BONSAI HSUT remain zero in the
current model. No mechanism is included for creating or deleting flows, so the posterior only
re-weights existing non-zero entries. If some structural zeros in BONSATI are in fact unknown
small flows, this will not be captured by the present specification.

4.3 Lessons learned on posterior geometry and computation

Experience with the current prototype suggests that the main computational challenges are driven
jointly by the sheer number of parameters and by how priors and constraints jointly shape the
posterior.
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For one-layered small-scale SUTs (100-1000 sectors, only 1 region, only mass layer), a wide range
of prior standard deviations and constraint tolerances rel_ tol, led to well-mixed chains. Different
settings primarily affected runtime rather than basic convergence. In contrast, for the full BONSAI
HSUT (1500 sectors, 49 regions, 4 property layers) the same tuning choices had a much stronger
impact on sampler behaviour. For the full BONSAI HSUT, very tight priors and/or small rel_tol,
values tended to over-constrain the system: many flows are simultaneously involved in product
balances, activity balances, cross-layer consistency and transfer-coefficient consistency, and strong
imbalances in the initial BONSAI table mean that these constraints can pull in incompatible
directions.

In such settings, chains frequently failed to move away from their initial values and NUTS adapted to
extremely small step sizes, indicating that the sampler struggled to find trajectories consistent with
all constraints and priors at once. At the other extreme, making priors and constraint tolerances
very wide reduced these problems but led to very long effective runtimes, with slow exploration and
occasional mixing issues that are possibly related to a poorly identified posterior.

Two sets of tuning parameters turned out to be particularly influential: the constraint tolerances
rel_tol, and the prior standard deviations o on the log scale. Increasing rel_ tol relaxes the soft
constraints and gives the sampler more freedom to adjust flows away from exact balance. Shrinking
rel_tol tightens the constraints and makes it harder to reconcile them with the prior when imbalances
are large. Similarly, very small o values leave little room to deviate from the initial BONSAI values,
whereas very large o values effectively hand over most of the influence to the constraints. In practice,
the most reliable behaviour for the full HSUT was obtained by choosing ¢ “wide enough but not
excessively wide” (Section Section and pairing this with moderate rel__tolx values as reported in
Table [1l Under these settings, chains mixed satisfactorily without divergences, while still producing
visibly improved balances.

Overall, the computational difficulties encountered so far are not prohibitive, but they highlight
where the current combination of priors and constraints creates challenging regimes for MCMC.
This, in turn, points to those parts where the initital BONSAI values need revision (due to large
prior imbalancess) or revised or prioritised constraints could be beneficial. The present configuration
should therefore be seen as a conservative baseline that yields workable inference while leaving room
for targeted improvements.

4.4 Future directions and extensions

The following subsections outline possible extensions and refinements of the current prototype.
They are not all required for using the present model, but indicate where additional work could
substantially improve realism, robustness and computational performance.

4.4.1 Refining prior and uncertainty specification

With the current prototype, posterior uncertainty statements are conditional on the way prior
uncertainties have been specified. A natural next step is to replace the current approach by a
more systematic uncertainty specification that exploits additional information on data quality for
individual flows, or by data source, sector and parameter type.

Firstly, flow- or source-specific uncertainty metadata (e.g. from expert judgment) could be incorpo-
rated directly. One simple approach would be to assign each data item (individually or grouped
by data source, sector, flow type etc.) a baseline log-scale standard deviation (or coefficient of

30



variation) and then define ofow = max(Obase, source, Ofrom imbalance). High-trust sources would receive
a low floor, low-trust sources a higher one, while large observed imbalances could still inflate o
where necessary. Alternatively, the current “equal-weight” imbalance heuristic could be refined by
introducing weights in the aggregation step: instead of a simple count k, an effective ke = > w;
based on source quality could be used, or the supply/use sums entering A could themselves be
weighted, so that high-quality data tighten the implied prior uncertainty more strongly.

Secondly, the treatment of transfer coeflicients and conversion factors could be made more het-
erogeneous. The current prototype applies global relative uncertainty parameters per parameter
type and property layer. The Stan model already supports parameter-specific o;. Extending the
data preparation to populate these with more differentiated values (for example, by process type,
physical vs. monetary factors, or technology group) would allow the priors for these quantities to
better reflect domain knowledge.

Finally, more formal Bayesian schemes could be used to learn uncertainty levels from the data. One
option would be to place hyperpriors on o (or on CVs per data source, sector or parameter class)
and infer them jointly with the flows, in a hierarchical model. The goal would be to move from
a single, manually tuned calibration to a more data-informed and transparent treatment of prior
uncertainty.

4.4.2 Refining and extending constraints

The current prototype focuses on internal consistency constraints (product and activity balances,
cross-layer conversion consistency, and transfer-coefficient consistency) within the HSUT. While
these are essential, they do not yet fully exploit available information that could anchor the system
more tightly to observed macro-economic and environmental aggregates.

One avenue for extension is to incorporate additional aggregate constraints. Examples include: (i)
GDP-type constraints, where the sum of monetary outputs per country is required to match external
national accounts (within some tolerance); (ii) emission constraints, where total GHG emissions
per country and/or sector are aligned with reported inventories (e.g. UNFCCC, including residence
adjustments); and (iii) technology-specific constraints, such as minimum energy requirements for
particular processes. In the here proposed model, these could be introduced as additional (soft)
likelihood terms, with their own uncertainty scales reflecting the reliability of the external data and
the desired strength of the constraint.

A second direction is to refine the formulation of the existing constraints. For example, the
assumption of normality for constraint residuals could be revisited: replacing the normal distribution
with a heavier-tailed Student-(t) likelihood would downweight occasional large discrepancies and
reduce the influence of individual outliers or mis-specified entries, potentially improving robustness
without abandoning the soft-constraint approach.

4.4.3 Computational strategies

Given the size and complexity of the BONSAI HSUT, computational efficiency is a central concern.
The current implementation already exploits sparse linear algebra and vectorised likelihood evalua-
tions, but there is scope for further improvement along two lines: faster MCMC for the existing
model, and approximate or staged inference schemes.

On the MCMC side, one natural extension is to introduce within-chain parallelisation using Stan’s
reduce_sum functionality. Several of the most expensive components of the log-density — in particular,
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the lognormal priors for use flows — can be decomposed into sums over relatively independent subsets.
Offloading these partial sums to multiple cores would reduce wall-clock time without changing the
underlying posterior. In addition, recent work on Stan compilation and runtime options suggests
that substantial speed-ups are sometimes achievable by adjusting compiler flags, math library
choices, and threading settings [2].

In parallel, it may be useful to investigate approximate or staged Bayesian methods that are less
computationally demanding than full NUTS sampling from the outset. One candidate is Pathfinder
[31] or related approximate Bayesian approaches, which can provide a fast approximation to the
posterior mode and local curvature. These approximations could either be used directly as a
computationally cheaper uncertainty description, or as an initialisation strategy for MCMC: for
example, first fit a model with relatively wide constraint tolerances using Pathfinder, and then
initialise NUTS from the resulting approximate posterior when running a second stage with tighter
tolerances. Such incremental schemes would not remove the need for careful diagnostics, but they
might reduce the number of expensive warm-up iterations required to reach the relevant region of
the posterior, thereby improving overall computational efficiency.

5 Conclusions and Outlook

This report presents and documents the ambitious, yet successful, development and implementation
of a running model of a novel and superior Bayesian balancing approach for SUTs, that with
realistic computational requirements handles uncertainty in a consistent manner for one of the
largest and most complex SUT-like databases currently available. Due to several pragmatic and
simplifying design decisions and the still existing computational challenges, we do not consider the
fully probabilistic model proposed here to be a finished model, but rather a starting point for further
research that will bring model assumptions closer to reality.

In particular, long runtimes and high RAM usage (for post-processing) make the application of the
here proposed Bayesian balancing approach a challenging and demanding task for such a huge and
complex system like BONSAI Yet, most SUTs that currently exist and are used for decision-making
(e.g. national monetary SUTs, monetary MRIOs such as EXIOBASE) are much smaller in size and
are easier to handle due to containing only one monetary layer. Hence, even without making the
adjustments to decrease computational burdens as described above, the here proposed method could
already be of great use for national statistical offices (as balancing tool for their national SUTS) or
compilation teams of purely monetary MRIOs such as Figaro or EXIOBASE. Moreover, applying
the method to a SUT of a smaller, more handleable, size would also ease the implementation and
testing/verification of the above discussed adjustments and extensions to the current prototype.
However, independent of the size of the SUT, one of the main challenges pertain: assigning prior
uncertainties to the flows/factors in a way that does not obstruct computational feasibility.
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6 Appendix

6.1 A detailed literature review on MCMC-based approaches to similar problems

There are few other studies that use MCMC-based approaches to similar problems. Those include
(non-extaustively):

1. Cencic and Frithwirth [5] and Cencic and Frithwirth [6] both use MCMC sampling for Data

reconciliation when observations follow arbitrary distributions and are subject to linear [5]
and non-linear [6] constraints. They model constraints as exact (non-)linear equalitities and
use the Independence Metropolis-Hastings sampler [20] to obtain the posterior distribution.
They apply their model to a very small system with nine flows and mention the computational
challenges for higher dimensions due to the drop of acceptance rate as dimensions grow.

. Tsionas [25] address the updating of an IO table (or Leontief inverse) when only limited new

information is available. They rewrite the IO model as a regression problem, with the entries
of the Leontief inverse treated as parameters and the observed productions as dependent
variables. They impose a mixture prior on the coefficients of the 10 table (normal prior or
LASSO prior enforcing sparsity). They apply their method on a 196x196 US IO table. The
author explicitly reports severe difficulties with standard MCMC on such a large parameter
space due very low acceptance rates and high autocorrelation in the draws.

. Lugovoy, Polbin, and Potashnikov [15] (conference contribution, not peer-reviewed) develop a

Bayesian framework for updating, disaggregating, and balancing IO tables when only partial
information is available. The authors model 10 coefficients as random variables with prior
distributions derived from previously available IO tables (Normal or Beta), and enforce
(hard) accounting constraints (row/column sums, aggregation relationships) using an indicator
likelihood (1 if constraint is satisfied, 0 otherwise). They use their model on the Russian 10
table comprising 69 sectors. The authors discuss computational difficulties and performance
limitations due to convergence problems.

. Boratyniski [3] estimate a mapping matrix that converts industry outputs from NACE Rev. 1.1

to NACE Rev. 2 classification. The mapping coefficients are treated as shares forming rows
of the mapping matrix, each modelled as a Dirichlet-distributed probability vector. The
likelihood enforces accounting consistency between the two industry classifications. Their
initial implemntation of the constraint as a zero—one indicator likelihood (i.e. hard constraints),
however, poses sampling problems. Thus they switched to modelling the accounting identity
as a soft constraint using a Gaussian error model. They apply their approach to a 44 x 63
mapping matrix.
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5. Wang et al. develope a method that can estimate flows and quantify uncertainty in very
large and highly disaggregated MFA systems while ensuring reasonable mass balance. They
formulate a Bayesian MFA model in which all flows and stock changes are explicit model
parameters with priors. Mass-balance constraints are a modelled as soft constraints, so that
the posterior does not assign zero probability to small mass imbalances, making sampling
feasible in high dimensions. Posterior inference is obtained via the NUTS sampler. They apply
their methods to a MFA system with around 60 flows and stocks and discuss computational
costs (“90 min to generate 24,000 posterior samples across two chains” Wang et al. )

6. Lupton and Allwood model an MFA system as a deterministic network of mass-conserving
processes, expressed through model parameters (external inflows, process efficiencies, and
allocation fractions). Prior probability distributions encode initial knowledge about these
parameters, and observed data are related to model predictions through likelihood functions.
Posterior distributions are obtained using Markov Chain Monte Carlo (PyMC3 / NUTS),
producing samples of flows and parameters that quantify uncertainty and update as new
information is introduced. They apply their approach to an MFA of the global steel cycle
comprising around 80 flows and discuss computational costs (“The case study results took
approximately 30 minutes to calculate on a 2 GHz Intel i5 laptop.”)

6.2 Additional results
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Figure 11: Traceplots for 16 randomly choosen variables.
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Figure 12: Traceplots for the 16 variables with the highest R (worst convergence between chains).
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6.3 The WLS balancing approach currently implemented in the BONSAI-IO

In the current version of BONSAI (v2) a Weighted-Least Squares (WLS) approach is used to balance

the HSUT across units.

Here is an excerpt of the documentation published on https://hybrid-sut-bonsamurais-bonsai-build-
cc0e2d2fdb158dc91033f198066.gitlab.io/methodology.html#balance.

The balance problem is formulated as follows:

I J K I J K
2
mm E [vij](oije — 1) + E E
i=1 j=1 k=1 i=1 j=1 k=1
7
subject to: E VijkCijk — E ik Bijk,

j=1

1
E vijkaigy < 10 E WijkBijies

i=1 i=1

j=1

—y

Upjk* Xpjk* — Th,j Ubjk* Xbjk* s

Upjie Otpjke = G, Ugjke Bajirs

v

-~ s N T
pike = Upik® ®pik = Vpjk*;

where:

2

|utﬁ\| ijk —

Vi, vk,

i,

¥p,b € Pj, p#b, s.t. vy is defined
Vg,

¥p e P, Vge Py, p#q, s.t.ayjis

vj=1,...,J, ¥p € P},

e ayji: Adjustment factor for supply of product 4, activity j, and unit k.

activity j (vpjk/Upjk)-

Constraints

Bijk: Adjustment factor for use of product 4, activity j, and unit k.

v;jk: Initial supply volume of product i by activity j in unit k.

vipk: Initial supply volume of the base/determining product b by activity j in unit k.
ui;k: Initial use volume of product ¢ by activity j in unit k.

Pj: Set of products co-produced by activity j.
74,5: By-product ratio indicating by-product b produced per unit of reference product &pé& by

aq,j: Technical coefficient between reference product
k*: The characteristic unit/layer of supply/use.

e Product Balance ensures total supply of a product equals its total use.

o Activity Balance ensures total input to

an activity does not exceed its total output.

e Output Ratio Constraint ensures the ratio of co-produced products for an activity remains

constant.
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6.4 Stan programming language

Our balancing model is written in Stan. Stan is a probabilistic programming language for describing
probabilisitc models and infering the posterior via MCMC simulations. It turns your model into
fast C++ code and uses HMC/NUTS to approximate the posterior. A Stan program is split into
blocks, each handling a well-defined stage of the model:

e data{}: declare observed inputs with types and dimensions.

o transformed data{} (optional): precompute deterministic quantities from the data.

o parameters{}: declare unknowns with constraints (e.g. positivity, simplex).

o transformed parameters{} (optional): deterministic functions of parameters for readability
and efficiency.

o model{}: specify priors and likelihood, i.e., the log-density Stan will target.

o generated quantities{} (optional): post-processing such as predictions or diagnostics
computed after sampling.

The Stan model can be called either from

1. Terminal via cmdstan: https://github.com/stan-dev/cmdstan

2. R via cmdstanR (used for this work) or Rstan (https://mc-stan.org/cmdstanr/| and https:
/ /mc-stan.org/rstan /)

3. Python via cmdstanpy: https://github.com/stan-dev/cmdstanpy

Links:

o Documentation: https://mc-stan.org/docs/
o Stan user forum: https://discourse.mc-stan.org/

6.5 Mapping between mathematical formulation and Stan implementation

This appendix links each mathematical component of the model to the corresponding implementation
in the Stan code in Section The goal is not to repeat the full model description, but to provide
an easy lookup for readers who want to verify how each equation is executed in code. The
symbol-variable mapping is provided in Table Table

Table 2: Mapping of the reported symbols to Stan variable names used in the implementation.

Symbol Stan variable names

(sup,l) .
z,; X_sup_tonnes, x_sup_Meuro, x_sup_items,

x_sup_TJ, x_sup_tonnesservice
:C(use,l)

i x_use_tonnes, x_use_Meuro, x_use_items,

x_use_TJ, x_use_tonnesservice

,uz(sup’l), ,uguse’l) mu_log_sup_tonnes, mu_log_sup_Meuro,
mu_log_sup_items, mu_log_sup_TJ,
mu_log_sup_tonnesservice, and
mu_log_use_x* equivalents
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Symbol

Stan variable names

O_(sup,l) : O_(use,l)

J1—l
J£Cf 1—12)

(cf,h —>l2)
7

l1—1
O,Z(Cﬁ 1—12)

w(tc)

ai(tc)’ 509

yz(tc)
O_Z(tc)
AI()IESUP) ’ Al()llluse)

Aalr,sup)’ A(l,use)

ar

(U0

Spr, Upr

U 0)

Oar , lar

rel_tol,roduct
relft()lactivity
€

sigma_log_sup_tonnes,
sigma_log_sup_Meuro, sigma_log_sup_items,
sigma_log_sup_TJ,
sigma_log_sup_tonnesservice, and
sigma_log_use_* equivalents
x_sup_Meuro_tonnes, x_use_Meuro_tonnes,
X_sup_tonne_item, x_use_tonne_item,
x_sup_TJ_tonnes, x_use_TJ_tonnes,
x_sup_Meuro_TJ, x_use_Meuro_TJ
y_sup_Meuro_tonnes, y_use_Meuro_tonnes,
y_sup_tonne_item, y_use_tonne_itemn,
y_sup_TJ_tonnes, y_use_TJ_tonnes,
y_sup_Meuro_TJ, y_use_Meuro_TJ
sigma_sup_Meuro_tonnes,
sigma_use_Meuro_tonnes,
sigma_sup_tonne_item,
sigma_use_tonne_item,
sigma_sup_TJ_tonnes, sigma_use_TJ_tonnes,
sigma_sup_Meuro_TJ, sigma_use_Meuro_TJ
X_tc

alpha_tc, beta_tc

y_tc

sigma_tc

CSR triplets: w_[unit] _pr_sup,

v_[unit] _pr_sup, 1_[unit]_pr_sup,
w_[unit] _pr_use, v_[unit] _pr_use,
1_[unit]_pr_use

CSR triplets: w_[unit] _ar_sup,

v_[unit] _ar_sup, 1_[unit]_ar_sup,
w_[unit] _ar_use, v_[unit]_ar_use,
1_[property layer]_ar_use
total_sup_[property layer]_pr,
total_use_[property layer]_pr
total_output_[property layer]_ar,
total_input_[property layer]_ar
rel_tol_product

rel_tol_activity

epsilon

6.5.1 Priors for supply and use flows

Mathematical definition:



(sup,l) N-/v('u(sup,l) O_(sup,l)2)

7 7 )

1ng(use,l) NN(M(use,l) O_(use,l)Q) (24)

log i i )
Stan implementation (model{}):

target += lognormal_lpdf (x_sup_tonnes | mu_log_sup_tonnes, sigma_log_sup_tonnes);
target += lognormal_lpdf (x_use_tonnes | mu_log_use_tonnes, sigma_log_use_tonnes);
// ... repeated equivalently for Meuro, items, TJ, tonnesservice

6.5.2 Conversion factors with measurement uncertainty

Mathematical definition:

[ Y

xl('cf,ll—ﬂz) NN(y(Cf,h—)lQ) O_(Cf,l1—)12)2) (25)

Stan implementation:

target += normal_lpdf(x_sup_Meuro_tonnes | y_sup_Meuro_tonnes, sigma_sup_Meuro_tonnes) ;
target += normal_lpdf(x_use_Meuro_tonnes | y_use_Meuro_tonnes, sigma_use_Meuro_tonnes) ;
// ... analogous blocks for t/item, TJ/t, €/TJ (supply & use)

6.5.3 Transfer coefficients: prior + noisy observation

Mathematical definition:

o) ~Beta(ar, ),y ~ N (@ i 0w te, i) (26)

Stan implementation:

target += beta_lpdf(x_tc | alpha_tc , beta_tc);
target += normal_lpdf(y_tc | x_tc , sigma_tc);

6.5.4 Aggregation to product- and activity—region totals

Mathematical definition:

s s pr = AWSP) o prx(supl), ul®) « pr = Aluse) y prx(usel) (27)

o) xar = AUSP) y qrx(suPd) i)« ar = A(Use) 4 grx(used) (28)

Stan implementation (example for tonnes; repeated for all units):

total_sup_tonnes_pr = csr_matrix_times_vector(N_pr, N_sup_tonnes, w_tonnes_pr_sup, v_tonnes_p:
total_use_tonnes_pr = csr_matrix_times_vector(N_pr, N_use_tonnes, w_tonnes_pr_use, v_tonnes_p:
// ... equivalent for activity-region and all other property layer layers
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6.5.5 Product & activity balance constraints (soft)

Mathematical form:

s *pr,j +€

2
MO N(0,rel_tol )

IOg product

oW xar k+e

—_—— ~ 1 tol?
PG E— N(0,rel__to )

IOg activity

Stan implementation (helper function):

(29)

(30)

target += apply_log_ratio_constraint_normal (sup_sub, use_sub, epsilon, rel_tol_product);
target += apply_log_ratio_constraint_normal (output, input, epsilon, rel_tol_activity);

Applied separately for all five property layers.

6.5.6 Conversion factor consistency across property layer layers

Mathematical definition:

! 11—l
Lconv,m = ‘737(711) : xngLf 1=l2)

ZTeonv,m T €

1
8 (i2) *m + €

~ N(0,rel_tol  convyac?)

Stan implementation:

converted_sup_Meuro_tonnes = x_sup_tonnes[idx_cf_sup_Meuro_tonnes_tonnes]

reference_sup_Meuro_tonnes = x_sup_Meuro[idx_cf_sup_Meuro_tonnes_Meuro];
target += apply_log_ratio_constraint_normal(converted_sup_Meuro_tonnes,
reference_sup_Meuro_tonnes,
epsilon, rel_tol_conv_fac);
// ... analogous for use side and for t/item, TJ/t, €/TJ

6.5.7 Transfer coefficient consistency
Expected supply derived from uses via transfer coefficients:

expectedSup * ¢ = Z *n 1, use(n) — sup(n) = qz*) % n - u * par, use(n)
Constraint:

expectedSup * q + €
Sup(tonnes) xq+e

~ N(0,rel_tolZ)

Stan implementation:
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for (n in 1:N_tc)
expected_sup_tcl[idx_par_tc_sup[n]] += x_tc[n] * total_use_tonnes_par[idx_par_tc_use[n]];

target += apply_log_ratio_constraint_normal (expected, observed, epsilon, rel_tol_tc);

6.5.8 Applying the constraints to subsets of the data

All four constraints (activity & product balance, transfer coefficient and conversion factor constraints)
are not applied to all supply/use flows but only to a subset. In the Stan code those subsets are
specified in the idx_* vectors.

o The product constraint is applied to commodities (C_), market products (M_) and energy
products (EF_). Products being produced but not used or vice versa are excluded. (Stan:
idx_p_constr_[property layer]).

e The activity constraint is applied to all activities A_ and markets M_, excluding final
consumption, markets of fuel mixes, service activities (= activities with physical inputs
but only monetary outputs). Activities without inputs/outputs are excluded. (Stan:
idx_a_constr_[property layer])

e The conversion factor constraint is applied to those flows which are recorded at
least in two units and have a conversion factor. (Stan: idx_cf_sup_[property
layer_numerator]_[property layer_denominator]_[property layer_quantityl,

e.g. idx_cf_sup_Meuro_tonnes_tonnes selects the tonne quantities (x_sup_tonnes) to
multiply by the Meuro/tonnes factors (x_sup_Meuro_tonnes))

e The transfer cofficient constraint is applied to those flows for which a transfer coefficient is
provided. (Stan: idx_par_sup_tc_constr)

6.6 The Stan model code

functions {
real apply_log_ratio_constraint_normal (

vector vi,

vector v2,

real epsilon,

real rel_tol) {
int N = num_elements(vl);
vector[N] log_ratio = log(vl + epsilon) - log(v2 + epsilon);
return normal_lpdf(log_ratio | O, rel_tol);

}

data {

// _A) Observation COUNTS
// Qbservation COUNTS for flows (SUPPLY / USE) - one per *property layersx
int<lower=1> N_sup_tonnes;
int<lower=1> N_sup_Meuro;
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int<lower=1>
int<lower=1>
int<lower=1>

int<lower=1>
int<lower=1>
int<lower=1>

N_sup_items;
N_sup_TJ;

N_sup_tonnesservice;

N_use_tonnes;
N_use_Meuro;
N_use_items;

int<lower=1> N_use_TJ;
int<lower=1> N_use_tonnesservice;

// Observation COUNTS for conversion-factor ("price") layers

int<lower=1> N_sup_Meuro_tonnes; // €/t (01d)
int<lower=1> N_use_Meuro_tonnes;

int<lower=1> N_sup_tonne_item; // t / item (new)
int<lower=1> N_use_tonne_item;

int<lower=1> N_sup_TJ_tonnes; // T / t (new)
int<lower=1> N_use_TJ_tonnes;

int<lower=1> N_sup_Meuro_TJ; // €/ TJ (new)

int<lower=1> N_use_Meuro_TJ;

// Number of transfer coefficients
int<lower=1> N_tc;

) B 1 € T S Il I G T S T I — — — — —— — = ———

int<lower=1> N_p;
int<lower=1> N_a;
int<lower=1> N_pr; // product-regions
int<lower=1> N_ar; // activity-regions
int<lower=1> N_par; // product-activity-regions

// products
// activities

// _C) PRIORS: best guess mu & sigma for every flow observation

// __1. SUPPLY
vector [N_sup_tonnes]
vector<lower=0>[N_sup_tonnes] sigma_log_sup_tonnes;
vector [N_sup_Meuro] mu_log_sup_Meuro;
vector<lower=0>[N_sup_Meuro] sigma_log_sup_Meuro;
vector [N_sup_items] mu_log_sup_items;
vector<lower=0>[N_sup_items] sigma_log_sup_items;
vector [N_sup_TJ] mu_log_sup_TJ;
vector<lower=0>[N_sup_TJ] sigma_log_sup_TJ;

mu_log_sup_tonnes;
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vector [N_sup_tonnesservice] mu_log_sup_tonnesservice;
vector<lower=0>[N_sup_tonnesservice] sigma_log_sup_tonnesservice;

A B S e I
vector [N_use_tonnes] mu_log_use_tonnes;
vector<lower=0>[N_use_tonnes] sigma_log_use_tonnes;

vector [N_use_Meuro] mu_log_use_Meuro;

vector<lower=0>[N_use_Meuro] sigma_log_use_Meuro;

vector [N_use_items] mu_log_use_items;

vector<lower=0>[N_use_items] sigma_log_use_items;

vector [N_use_TJ] mu_log_use_TJ;

vector<lower=0>[N_use TJ] sigma_log_use_TJ;

vector [N_use_tonnesservicel mu_log_use_tonnesservice;
vector<lower=0>[N_use_tonnesservice] sigma_log_use_tonnesservice;

// __3. Conversion Factors
// OBSERVED prices / conversion factors
// (Normal likelihood centred on y)

/] €/ t

vector [N_sup_Meuro_tonnes] y_sup_Meuro_tonnes;
vector<lower=0>[N_sup_Meuro_tonnes] sigma_sup_Meuro_tonnes;
vector [N _use Meuro_ tonnes] y_use_Meuro_tonnes;

vector<lower=0>[N_use_Meuro_tonnes] sigma_use_Meuro_tonnes;

// t / item

vector [N_sup_tonne_item] y_sup_tonne_item;
vector<lower=0>[N_sup_tonne_item] sigma_sup_tonne_item;
vector [N_use_tonne_item] y_use_tonne_item;
vector<lower=0>[N_use_tonne_item] sigma_use_tonne_item;
// TI / t

vector [N_sup_TJ_tonnes] y_sup_TJ_tonnes;
vector<lower=0>[N_sup_TJ_tonnes] sigma_sup_TJ_tonnes;
vector [N_use_TJ_tonnes] y_use_TJ_tonnes;
vector<lower=0>[N_use TJ tonnes] sigma_use_TJ_tonnes;
// €/ TJ

vector [N_sup_Meuro_TJ] y_sup_Meuro_TJ;
vector<lower=0>[N_sup_Meuro_TJ] sigma_sup_Meuro_TJ;
vector [N_use_Meuro_TJ] y_use_Meuro_TJ;
vector<lower=0>[N_use Meuro_ TJ] sigma_use_Meuro_TJ;

70 __8, Tensicr COeiiieClenty ——————————————————————— e
vector<lower=0, upper=1>[N_tc] y_tc; // Observed transfer coefficients
vector<lower=0>[N_tc] sigma_tc; // Measurement errors for y_tc
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// Beta prior parameters for transfer coeffs
vector<lower=0>[N_tc] alpha_tc;
vector<lower=0>[N_tc] beta_tc;

// _D) SPARSE-MATRIX triplets

// (map observations - product/activity regions)

// identical structure repeated for every *flow* unit

//

// 1. USE mmmmmmm e o
// tonnes

vector [N_use_tonnes] w_tonnes_pr_use;

array[N_use_tonnes]
array[N_pr + 1]

int v_tonnes_pr_use;
int u_tonnes_pr_use;

vector [N_use_tonnes] w_tonnes_ar_use;

array[N_use_tonnes]
array[N_ar + 1]

// Meuro

vector [N_use_Meuro]
array[N_use_Meuro]
array[N_pr + 1]

vector [N _use Meuro]
array[N_use_Meuro]
array[N_ar + 1]

// items

vector [N_use_items]
array[N_use_items]
array[N_pr + 1]

vector [N _use_items]
array[N_use_items]
array[N_ar + 1]

// TJ

vector [N_use_TJ]
array [N_use_TJ]
array[N_pr + 1]

vector [N_use_TJ]
array[N_use_TJ]

array[N_ar + 1]

// tonnesservice

int v_tonnes_ar_use;
int u_tonnes_ar_use;

w_Meuro_pr_use;
int v_Meuro_pr_use;
int u_Meuro_pr_use;

w_Meuro_ar_use;
int v_Meuro_ar_use;
int u_Meuro_ar_use;

w_items_pr_use;
int v_items_pr_use;
int u_items_pr_use;

w_items_ar_use;
int v_items_ar_use;
int u_items_ar_use;

w_TJ_pr_use;
int v_TJ_pr_use;
int u_TJ_pr_use;

w_TJ_ar_use;

int v_TJ_ar_use;
int u_TJ _ar_use;
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vector [N _use_tonnesservice]
array[N_use_tonnesservice]
array[N_pr + 1]

w_tonnesservice_pr_use;

int v_tonnesservice_pr_use;
int u_tonnesservice_pr_use;
vector [N_use_tonnesservice] w_tonnesservice_ar_use;
array[N_use_tonnesservice]
array[N_ar + 1]

int v_tonnesservice_ar_use;
int u_tonnesservice_ar_use;

/] 2. SUPPLY —mmmmmm oo oo

// tonnes

vector [N_sup_tonnes] w_tonnes_pr_sup;

array [N_sup_tonnes]
array [N_pr + 1]

int v_tonnes_pr_sup;
int u_tonnes_pr_sup;

vector [N_sup_tonnes] w_tonnes_ar_sup;

array [N_sup_tonnes]
array[N_ar + 1]

// Meuro

vector [N_sup_Meuro]
array[N_sup_Meuro]
array[N_pr + 1]

vector [N_sup_Meuro]
array [N_sup_Meuro]
array[N_ar + 1]

// items

vector [N_sup_items]
array[N_sup_items]
array[N_pr + 1]

vector [N_sup_items]
array[N_sup_items]
array[N_ar + 1]

// T3

vector [N_sup_TJ]
array [N_sup_TJ]
array [N_pr + 1]

vector [N_sup_TJ]
array[N_sup_TJ]

array[N_ar + 1]

// tonnesservice

vector [N_sup_tonnesservice] w_tonnesservice_pr_sup;

int v_tonnes_ar_sup;
int u_tonnes_ar_sup;

w_Meuro_pr_sup;
int v_Meuro_pr_sup;
int u_Meuro_pr_sup;

w_Meuro_ar_sup;
int v_Meuro_ar_sup;
int u_Meuro_ar_sup;

w_items_pr_sup;
int v_items_pr_sup;
int u_items_pr_sup;

w_items_ar_sup;
int v_items_ar_sup;
int u_items_ar_sup;

w_TJ_pr_sup;
int v_TJ_pr_sup;
int u_TJ_pr_sup;

w_TJ_ar_sup;

int v_TJ_ar_sup;
int u_TJ_ar_sup;
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array[N_sup_tonnesservice] int v_tonnesservice_pr_sup;
array[N_pr + 1] int u_tonnesservice_pr_sup;

vector [N_sup_tonnesservice] w_tonnesservice_ar_sup;
array[N_sup_tonnesservice] int v_tonnesservice_ar_sup;
array[N_ar + 1] int u_tonnesservice_ar_sup;

// tonnes for transfer coeff constraint
vector [N_sup_tonnes] w_tonnes_par_sup;
array[N_sup_tonnes] int v_tonnes_par_sup;
array[N_par + 1] int u_tonnes_par_sup;

vector [N_use_tonnes] w_tonnes_par_use;
array[N_use_tonnes] int v_tonnes_par_use;
array[N_par + 1] int u_tonnes_par_use;

// _E) BALANCE-CONSTRAINT index Sets ————————=m=m= = mm oo oo

//  (which product/activities must balance?)

/) __il. et Palanee s e e e e e e e e
int<lower=1> N_p_constr_tonnes;

array[N_p_constr_tonnes] int<lower=1,upper=N_pr> idx_p_constr_tonnes;
int<lower=1> N_p_constr_Meuro;

array[N_p_constr_Meuro] int<lower=1,upper=N_pr> idx_p_constr_Meuro;
int<lower=1> N_p_constr_items;

array[N_p_constr_items] int<lower=1,upper=N_pr> idx_p_constr_items;
int<lower=1> N_p_constr_TJ;

array[N_p_constr_TJ] int<lower=1,upper=N_pr> idx_p_constr_TJ;
int<lower=1> N_p_constr_tonnesservice;

array[N_p_constr_tonnesservice] int<lower=1,upper=N_pr> idx_p_constr_tonnesservice;

// __2. activity balance ——————————— === ——————
int<lower=1> N_a_constr_tonnes;

array[N_a_constr_tonnes] int<lower=1,upper=N_ar> idx_a_constr_tonnes;
int<lower=1> N_a_constr_Meuro;

array[N_a_constr_Meuro] int<lower=1,upper=N_ar> idx_a_constr_Meuro;
int<lower=1> N_a_constr_items;

array[N_a_constr_items] int<lower=1,upper=N_ar> idx_a_constr_items;
int<lower=1> N_a_constr_TJ;

array[N_a_constr_TJ] int<lower=1,upper=N_ar> idx_a_constr_TJ;

int<lower=1> N_a_constr_tonnesservice;

array[N_a_constr_tonnesservice] int<lower=1,upper=N_ar> idx_a_constr_tonnesservice;
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// €/ t

(origin)

array [N_sup_Meuro_tonnes]
array [N_sup_Meuro_tonnes]
array[N_use_Meuro_tonnes]
array[N_use_Meuro_tonnes]

// t / item

array[N_sup_tonne_item]
array[N_sup_tonne_item]
array[N_use_tonne_item]
array[N_use_tonne_item]

// TI/ t

array[N_sup_TJ_tonnes]
array[N_sup_TJ_tonnes]
array[N_use_TJ_tonnes]
array[N_use_TJ_tonnes]

// €/ TJ

array [N_sup_Meuro_TJ]
array[N_sup_Meuro_TJ]
array[N_use_Meuro_TJ]
array[N_use_Meuro_TJ]

// __4. Transfer coeff index arrays

int<lower=1,upper=N_sup_Meuro>
int<lower=1,upper=N_sup_tonnes>
int<lower=1,upper=N_use_Meuro>
int<lower=1,upper=N_use_tonnes>

int<lower=1,upper=N_sup_tonnes>
int<lower=1,upper=N_sup_items>
int<lower=1,upper=N_use_tonnes>
int<lower=1,upper=N_use_items>

int<lower=1,upper=N_sup_tonnes>
int<lower=1,upper=N_sup_TJ>
int<lower=1,upper=N_use_tonnes>
int<lower=1,upper=N_use_TJ>

int<lower=1,upper=N_sup_TJ>
int<lower=1,upper=N_sup_Meuro>
int<lower=1,upper=N_use_TJ>
int<lower=1,upper=N_use_Meuro>

idx_cf_sup_Meuro_tonnes_Meuro;
idx_cf_sup_Meuro_tonnes_tonnes;
idx_cf_use_Meuro_tonnes_Meuro;
idx_cf_use_Meuro_tonnes_tonnes;

idx_cf_sup_tonne_item_tonnes;
idx_cf_sup_tonne_item_items;
idx_cf_use_tonne_item_tonnes;
idx_cf_use_tonne_item_items;

idx_cf_sup_TJ_tonnes_tonnes;
idx_cf_sup_TJ_tonnes_TJ;
idx_cf_use_TJ_tonnes_tonnes;
idx_cf_use_TJ_tonnes_TJ;

idx_cf_sup_Meuro_TJ_TJ;
idx_cf_sup_Meuro_TJ_Meuro;
idx_cf_use_Meuro _TJ_TJ;
idx_cf_use_Meuro_TJ_Meuro;

array[N_tc] int<lower=1, upper=N_par> idx_par_tc_use;
array[N_tc] int<lower=1, upper=N_par> idx_par_tc_sup;
int<lower=1> N_par_sup_tc_constr;

array[N_par_sup_tc_constr] int<lower=1, upper=N_par> idx_par_sup_tc_constr; // Indices of

// _F) Tolerances & misc. constants

real<lower=0> rel_tol_product;
real<lower=0> rel_tol_activity;
real<lower=0> rel_tol_conv_fac;

real<lower=0> rel_tol_tc;
int<lower=0>
real<lower=1e-12> epsilon;
real<lower=0> nu;

grainsize;

parameters {
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vector<lower=0>[N_sup_tonnes]

X_sup_tonnes;
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vector<lower=0>[N_use_ tonnes] X_use_tonnes;

vector<lower=0>[N_sup_Meuro] x_sup_Meuro;
vector<lower=0>[N_use_ Meuro] x_use_Meuro;
vector<lower=0>[N_sup_items] X_sup_items;
vector<lower=0>[N_use_ items] X_use_items;
vector<lower=0>[N_sup_TJ] x_sup_TJ;
vector<lower=0>[N _use TJ] x_use_TJ;

vector<lower=0>[N_sup_tonnesservice] x_sup_tonnesservice;
vector<lower=0>[N_use_tonnesservice] x_use_tonnesservice;

// B) Conversion factors ————————————————————————————
/] €/t

vector<lower=0>[N_sup_Meuro_tonnes] x_sup_Meuro_tonnes;
vector<lower=0>[N_use Meuro_tonnes] x_use Meuro_tonnes;

// t / item

vector<lower=0>[N_sup_tonne_item] X_sup_tonne_item;
vector<lower=0>[N_use_tonne_item] x_use_tonne_item;
// TI/ t

vector<lower=0>[N_sup_TJ_tonnes] x_sup_TJ_tonnes;
vector<lower=0>[N_use TJ_ tonnes] x_use_TJ_tonnes;
// €/ TJ

vector<lower=0>[N_sup_Meuro_TJ] x_sup_Meuro_TJ;
vector<lower=0>[N _use Meuro TJ] x_use_Meuro_TJ;

// C) Transfer coefficient ———-—————————————————————————————————————
vector<lower=0, upper=1>[N_tc] x_tc; // True transfer coefficients

model {
// _A) Aggregated totals by product-region (pr) & activity-region (ar) ---------

// tonnes

vector [N_pr] total_sup_tonnes_pr;
vector [N_pr] total_use_tonnes_pr;
vector [N_ar] total_output_tonnes_ar;
vector[N_ar] total_input_tonnes_ar;

// Meuro

vector [N_pr] total_sup_Meuro_pr;
vector [N_pr] total_use_Meuro_pr;
vector [N_ar] total_output_Meuro_ar;
vector [N_ar] total_input_Meuro_ar;

// items
vector [N_pr] total_sup_items_pr;
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vector [N_pr]
vector [N_ar]
vector [N _ar]

// T

vector [N_pr]
vector [N_pr]
vector [N_ar]
vector [N_ar]

// tonnesservice
vector [N_pr]
vector [N_pr]
vector [N _ar]
vector [N_ar]

// _B) Helper vectors for conversion-factor constraints

// €/ t (original)

vector [N_sup_Meuro_tonnes]
vector [N_use_Meuro_tonnes]
vector [N_sup_Meuro_tonnes]
vector [N _use Meuro_ tonnes]

// t / item

vector [N_sup_tonne_item]
vector [N_use_tonne_item]
vector [N_sup_tonne_item]
vector [N_use_tonne_item]

// TI/ t

vector [N_sup_TJ_tonnes]
vector [N_use_TJ_tonnes]
vector [N_sup_TJ_tonnes]
vector [N_use_TJ_tonnes]

// €/ TJ

vector [N_sup_Meuro_TJ]
vector [N_use_Meuro_TJ]
vector [N_sup_Meuro_TJ]
vector [N_use_Meuro_TJ]

// _C) Helper
vector [N_par]
vector [N_par]
vector [N_par]

total_use_items_pr;
total_output_items_ar;
total_input_items_ar;

total_sup_TJ_pr;
total_use_TJ_pr;
total_output_TJ_ar;
total_input_TJ_ar;

total_sup_tonnesservice_pr;
total_use_tonnesservice_pr;
total_output_tonnesservice_ar;
total_input_tonnesservice_ar;

converted_sup_Meuro_tonnes;
converted_use_Meuro_tonnes;
reference_sup_Meuro_tonnes;
reference_use_Meuro_tonnes;

converted_sup_tonnes_item;
converted_use_tonnes_item;
reference_sup_tonnes_item;
reference_use_tonnes_item;

converted_sup_TJ_tonnes;
converted_use_TJ_tonnes;
reference_sup_TJ_tonnes;
reference_use_TJ_tonnes;

converted_sup_Meuro_TJ;
converted_use_Meuro_TJ;
reference_sup_Meuro_TJ;
reference_use_Meuro_TJ;

vectors for transfer coefficient constraint
total_use_tonnes_par;
total_sup_tonnes_par;
expected_sup_tc =

o1

rep_vector (0.0, N_par);



// _C) Compute total supply/use input/output -—————————————————————— -
profile("Compute totals - USE") {

total_use_tonnes_pr = csr_matrix_times_vector(N_pr, N_use_tonnes, w_tonnes_pr_use, v_tonn
total_input_tonnes_ar = csr_matrix_times_vector(N_ar, N_use_tonnes, w_tonnes_ar_use, v_ton

total_use_Meuro_pr = csr_matrix_times_vector(N_pr, N_use_Meuro, w_Meuro_pr_use, v_Meuro_|
total_input_Meuro_ar csr_matrix_times vector (N _ar, N use Meuro, w_Meuro ar_use, v_Meuro_

total_use_items_pr = csr_matrix_times_vector(N_pr, N_use_items, w_items_pr_use, v_items_]
total_input_items_ar csr_matrix_times_vector(N_ar, N_use_items, w_items_ar_use, v_items_

total_use_TJ_pr = csr_matrix_times_vector(N_pr, N_use_TJ, w_TJ pr_use, v_TJ_pr_use, u
total_input_TJ_ar csr_matrix_times_vector(N_ar, N_use_TJ, w_TJ ar_use, v_TJ_ ar_use, u

total_use_tonnesservice_pr = csr_matrix_times_vector(N_pr, N_use_tonnesservice, w_tonnesse
total_input_tonnesservice_ar = csr_matrix_times_vector(N_ar, N_use_tonnesservice, w_tonnes

profile("Compute totals - SUPPLY") {
total_sup_tonnes_pr = csr_matrix_times_vector(N_pr, N_sup_tonnes, w_tonnes_pr_sup, v_tonn
total_output_tonnes_ar = csr_matrix_times_vector(N_ar, N_sup_tonnes, w_tonnes_ar_sup, v_to

total_sup_Meuro_pr = csr_matrix_times_vector(N_pr, N_sup_Meuro, w_Meuro_pr_sup, v_Meuro_]
total_output_Meuro_ar = csr_matrix_times_vector(N_ar, N_sup_Meuro, w_Meuro_ar_sup, v_Meuro

total_sup_items_pr = csr_matrix_times_vector(N_pr, N_sup_items, w_items_pr_sup, v_items_]
total_output_items_ar = csr_matrix_times_vector(N_ar, N_sup_items, w_items_ar_sup, v_items

total_sup_TJ_pr = csr_matrix_times_vector(N_pr, N_sup_TJ, w_TJ_pr_sup, v_TJ_pr_sup, u
total_output_TJ_ar csr_matrix_times_vector(N_ar, N_sup_TJ, w_TJ_ar_sup, v_TJ_ar_sup, u

total_sup_tonnesservice_pr = csr_matrix_times_vector(N_pr, N_sup_tonnesservice, w_tonnes.
total_output_tonnesservice_ar = csr_matrix_times_vector(N_ar, N_sup_tonnesservice, w_tonne

// _D) Compute converted layers ———————————————————————————— oo

profile("Compute converted layers") {
// naming convention: converted_[[typel]_[[target_unit]]_[[source_unit]]
// x_[[typel]l_[[unit_numerator]]_[[unit_denominator]], e.g. Price input Meuro/tonnes
// index for conversion factor to convert tonnes input Meuro: idx_cf_[[type]]_Meuro_tonnes
/] €/ t

converted_sup_Meuro_tonnes = x_sup_tonnes[idx_cf_sup_Meuro_tonnes_tonnes] .* x_sup_Meuro_t
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converted _use Meuro tonnes = x_use_tonnes[idx_cf use Meuro tonnes_tonnes] .* x_use Meuro_ t

x_sup_Meuro[idx_cf_sup_Meuro_tonnes_Meuro] ;
x_use_Meuro[idx_cf use Meuro_tonnes Meuro] ;

reference_sup_Meuro_tonnes
reference_use_Meuro_tonnes

// t / item
converted_sup_tonnes_item = x_sup_items[idx_cf_sup_tonne_item_items] .* x_sup_tonne_item;
converted_use_tonnes_item = x_use_items[idx_cf_use_tonne_item_items] .* x_use_tonne_item;

reference_sup_tonnes_item = x_sup_tonnes[idx_cf_sup_tonne_item_tonnes];
reference use_tonnes_item = x_use_ tonnes[idx_cf_use_tonne_item_tonnes];
// TI / t

converted_sup_TJ_tonnes = x_sup_tonnes[idx_cf_sup_TJ_tonnes_tonnes] .* x_sup_TJ_tonnes;
converted_use_TJ_tonnes x_use_tonnes[idx_cf use_TJ_tonnes_tonnes] .* x_use_TJ_tonnes;
reference_sup_TJ_tonnes x_sup_TJ[idx_cf_sup_TJ_tonnes_TJ];
reference_use_TJ_tonnes x_use_TJ[idx_cf_use_TJ_tonnes_TJ];

// €/ T3

converted_sup_Meuro_TJ
converted_use_Meuro_TJ
reference_sup_Meuro_TJ
reference_use_Meuro_TJ

x_sup_TJ[idx_cf_sup_Meuro_TJ_TJ] .* x_sup_Meuro_TJ;
x_use_TJ[idx_cf_use_Meuro_TJ_TJ] .* x_use_Meuro_TJ;
x_sup_Meuro[idx_cf_sup_Meuro_TJ_Meuro];
x_use_Meuro[idx_cf_use_Meuro_TJ_Meuro];

// _E) Compute totals required for transfer coeff constraint ------—-——---"-""----—---—

profile("Compute transfer coeff totals") {
// Compute the total supply/use by product-activity-region combination
// total_sup_tonnes_par is actually equal x_sup_tonnes but just reshaped into a N_par long
total_sup_tonnes_par = csr_matrix_times_vector(N_par, N_sup_tonnes, w_tonnes_par_sup, v_t
total_use_tonnes_par = csr_matrix_times_vector(N_par, N_use_tonnes, w_tonnes_par_use, v_t

// Compute expected supply from transfer coeff ---—-—--—-—--—----—--————
for (n in 1:N_tc) {
expected_sup_tc[idx_par_tc_sup[n]] += x_tc[n] * total_use_tonnes_par[idx_par_tc_use[n]];

}

// 1) Likelihood for SUPPLY flows (log-normal, vectorised) --—-—--—--——--———-———-
profile("log-likelihood SUPPLY") {

target += lognormal_lpdf (x_sup_tonnes | mu_log_sup_tonnes, sigma_log_sup_tonnes) ;
target += lognormal_lpdf (x_sup_Meuro | mu_log_sup_Meuro, sigma_log_sup_Meuro);
target += lognormal_lpdf (x_sup_items | mu_log_sup_items, sigma_log_sup_items);
target += lognormal_lpdf (x_sup_TJ | mu_log sup_TJ, sigma_log_sup_TJ);

target += lognormal_lpdf (x_sup_tonnesservice | mu_log_sup_tonnesservice, sigma_log_sup_to:
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70 2) Lilelinees fer USE Flofs ———————————————————————c——————cc———meee—— e
profile("log-likelihood USE") {
target += lognormal_lpdf (x_use_tonnes
target += lognormal_lpdf (x_use_Meuro

| mu_log use_tonnes, sigma_log_use_tonnes) ;

I
target += lognormal_lpdf (x_use_items | mu_log use_items, sigma_log_use_items);

I

I

mu_log_use_Meuro, sigma_log_use_Meuro);

target += lognormal_lpdf (x_use_TJ mu_log _use_TJ, sigma_log use_TJ);
lognormal_lpdf (x_use_tonnesservice mu_log_use_tonnesservice, sigma_log_use_to:

target +

// 3) Price / conversion-factor likelihoods (Normal) ---——————-——----——--————-
profile("log-likelihood Conversion Factors") {

/] €/ t

target += normal_lpdf (x_sup_Meuro_tonnes | y_sup_Meuro_tonnes, sigma_sup_Meuro_tonnes);
target += normal_lpdf(x_use_Meuro_tonnes | y_use_Meuro_tonnes, sigma_use_Meuro_tonnes);
// t / item

target += normal_lpdf(x_sup_tonne_item | y_sup_tonne_item, sigma_sup_tonne_item);
target += normal_lpdf(x_use_tonne_item | y_use_tonne_item, sigma_use_tonne_item);

// T3/ t

target += normal_lpdf (x_sup_TJ_tonnes | y_sup_TJ_tonnes, sigma_sup_TJ_tonnes);
target += normal_lpdf (x_use_TJ_tonnes | y_use_TJ_tonnes, sigma_use_TJ_tonnes);

// €/ T3

target += normal_lpdf(x_sup_Meuro_TJ | y_sup_Meuro_TJ, sigma_sup_Meuro_TJ);

target += normal_lpdf (x_use_Meuro_TJ | y_use_Meuro_TJ, sigma_use_Meuro_TJ);

profile("Prior for transfer coefficients") {
target += beta_lpdf( x_tc | alpha_tc , beta_tc ); // x_tc ~ beta(...)
target += normal_lpdf( y_tc | x_tc , sigma_tc ); // y_tc ~ normal(...)
}

// 4) PRODUCT-balance constraints (all five flow units) ---———————-——-—--——-——-
profile("Product balance constraint") {

{
vector [N_p_constr_tonnes] sup_sub = total_sup_tonnes_pr[idx_p_constr_tonnes] ;
vector [N_p_constr_tonnes] use_sub = total_use_tonnes_pr[idx_p_constr_tonnes] ;
target += apply_log_ratio_constraint_normal(sup_sub, use_sub, epsilon, rel_tol_product);

vector [N_p_constr_Meuro] sup_sub = total_sup_Meuro_pr[idx_p_constr_Meuro];
vector [N_p_constr_Meuro] use_sub = total_use_Meuro_pr[idx_p_constr_Meuro];
target += apply_log_ratio_constraint_normal (sup_sub, use_sub, epsilon, rel_tol_product) ;
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}

}

vector [N_p_constr_items] sup_sub = total_sup_items_pr[idx_p_constr_items];
vector [N_p_constr_items] use_sub
target += apply_log_ratio_constraint_normal (sup_sub, use_sub, epsilon, rel_tol_product);

total_use_items_pr[idx_p_constr_items];

vector [N_p_constr_TJ] sup_sub = total_sup_TJ_pr[idx_p_constr_TJ];
vector [N_p_constr_TJ] use_sub = total_use_TJ_ pr[idx_p_constr_TJ];
target += apply_log_ratio_constraint_normal (sup_sub, use_sub, epsilon,
rel_tol_product);

vector [N_p_constr_tonnesservice] sup_sub = total_sup_tonnesservice_pr[idx_p_constr_tonne
vector [N_p_constr_tonnesservice] use_sub total_use_tonnesservice_pr[idx_p_constr_tonne:
target += apply_log_ratio_constraint_normal (sup_sub, use_sub, epsilon, rel_tol_product);

// 5) ACTIVITY-balance constraints ———————————————————————————————————
profile("Activity balance constraint") {

}

{

¥

vector [N_a_constr_tonnes] output = total_output_tonnes_ar[idx_a_constr_tonnes];
vector[N_a_constr_tonnes] input
target += apply_log_ratio_constraint_normal(output, input, epsilon, rel_tol_activity);

total_input_tonnes_ar[idx_a_constr_tonnes] ;

vector [N_a_constr_Meuro] output = total_output_Meuro_ar([idx_a_constr_Meuro] ;
vector [N_a_constr_Meuro] input
target += apply_log_ratio_constraint_normal (output, input, epsilon, rel_tol_activity);

total_input_Meuro_ar[idx_a_constr_Meuro] ;

vector[N_a_constr_items] output = total_output_items_ar[idx_a_constr_items];
vector [N_a_constr_items] input total_input_items_ar[idx_a_constr_items];
target += apply_log_ratio_constraint_normal (output, input, epsilon, rel_tol_activity);

vector [N_a_constr_TJ] output = total_output_TJ_ ar[idx_a_constr_TJ];
vector[N_a_constr_TJ] input = total_input_TJ_ar[idx_a_constr_TJ];
target += apply_log_ratio_constraint_normal(output, input, epsilon, rel_tol_activity);

vector[N_a_constr_tonnesservice] output = total_output_tonnesservice_ar[idx_a_constr_to:
vector[N_a_constr_tonnesservice] input = total_input_tonnesservice_ar[idx_a_constr_tomn
target += apply_log_ratio_constraint_normal (output, input, epsilon, rel_tol_activity);

// 6) Conversion-factor constraints (all four layers) ——-——--———-—————————————
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profile("Conversion factor constraint") {

}

/] €/t
{
target +=
target +=
}
// t / item
{
target +=
target +=
+
// T3/ t
{
target +=
target +=
}
// €/ TJ
{
target +=
target +=

¥

apply_log_ratio_constraint_normal (converted_sup_Meuro_tonnes, reference_sup_Me
apply_log_ratio_constraint_normal (converted_use_Meuro_tonnes, reference_use_Me

apply_log_ratio_constraint_normal (converted_sup_tonnes_item, reference_sup_ton:
apply_log_ratio_constraint_normal (converted_use_tonnes_item,reference_use_tonn

apply_log_ratio_constraint_normal (converted_sup_TJ_tonnes, reference_sup_TJ_to:
apply_log_ratio_constraint_normal (converted_use_TJ_tonnes, reference_use_TJ_to:

apply_log_ratio_constraint_normal (converted_sup_Meuro_TJ, reference_sup_Meuro_
apply_log_ratio_constraint_normal (converted_use_Meuro_TJ, reference_use_Meuro_

/7 ) Trengier COCHRICiGt COMSERRIncE —————ro—reseo e e e e oo
profile("Transfer coefficient constraint") {

vector [N_par_sup_tc_constr] expected = expected_sup_tc[idx_par_sup_tc_constr];

vector [N_par_sup_tc_constr] observed = total_sup_tonnes_par[idx_par_sup_tc_constr];
target += apply_log_ratio_constraint_normal (expected, observed, epsilon, rel_tol_tc);

}
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