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Summary 
 

Global Value Chain indicators based on the Leontief inverse such as TiVA or carbon foot-
prints offer a highly condensed view of complex global and national supply chain net-
works. For a better understanding of these indicators it is often important to look at the 
underlying value chains. 

Such a value chain decomposition can help to explain results of Input-Output research to 
certain stakeholders. Policy measures intended to affect these summary indicators often 
need to be targeted at specific stages of the global value chain in particular countries. For 
Input-Output analysts, such a GVC detail view helps to validate results, including the bias 
due to aggregation and certain simplifying assumptions. It is a valuable source for intui-
tive in-depth analysis of the results of complex matrix operations. 

The Visual Network Decomposition approach was developed precisely for this pur-
pose. It has already been implemented for several MRIO such as FIGARO or OECD ICIO 
and for national IO data like the detailed US BEA table. 

In the MRIO case, the analysis usually starts with a country-by-country table, e.g., of value 
added contribution or carbon footprints, followed by a product-by-product table for a 
country pair selected in the first chart. For any pair of input and output products in this 
table, the linking value chains can be displayed immediately as an interactive flowchart. 

A distinctive feature of this method is the close connection between visualization and cal-
culation. This enables the tracking of the calculation along the value chains and the eval-
uation of the extent to which the selected paths cover the total multiplier. 

The concept combines ideas of Structural Path Analysis (SPA), network analysis based on 
graph theory and Material Flow Analysis (MFA). The first implementation, "Product Chain 
Analysis", dates back as far as the late 1980s, when some key research outcomes in these 
areas were still to come. 

Various use cases demonstrate the feasibility of this approach for a range of extensions 
to input-output analysis, such as carbon footprint, decomposition by type of supply chain 
activity, by foreign and domestic ownership or the endogenization of capital consump-
tion. 
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CO2 Carbon dioxide 
DFS Depth-First Search (graph traversal) 
FD Final Demand 
FIGARO Full International and Global Accounts for Research in Input-Output Analysis 
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1 Why visualization of input-output networks matters? 
 

In the 21st century, almost 100 years after the opening of a new world of economic anal-
ysis by later Nobel price laureate Wassily Leontief, the international Input-Output com-
munity with its work on key challenges of global environmental, social and economic de-
velopment is addressing an even broader audience of politicians, decision makers, ana-
lysts and the interested public across the world. The content focus of IIOA conferences 
and related events clearly demonstrates, that Input-Output is alive and is making an ac-
tive contribution far beyond pure academic research. 

In this environment, the toolbox of Input-Output methods is continuously being improved 
and expanded to meet these requirements. Latest developments in economic and math-
ematical science as well as in computer technology facilitate this process. At the same 
time, the complexity and size of models is increasing, covering global and regional details 
and endogenizing more and more factors. 

Why this paper starts with such general statements? In order to have a real impact, the 
way of communication of modeling results to stakeholders beyond the Input-Output 
community and the world of academic journals is key. 

The approach presented in this paper goes back as far as four decades. It was born out of 
the necessity to explain Input-Output results to decision makers to win their trust in 
the analysis, get their buy-in and discuss options for action. For many of them, eco-
nomic models are "black boxes", abstract and simplified reflections of economic reality 
with often missing transparency about all their assumptions and the impact of the latter 
on calculation results. 

Hence the main challenge is to translate the dry language of mathematical models 
into the conceptual world and the terms of the recipients. Input-Output analysts must 
understand this world to a degree that empowers them to become "business partners" as 
it is used to say in the corporate business. 

In this context, expectation management is important. Models should be seen as tools to 
understand causalities rather than as the source of figures to be directly used in budgets 
or investment decisions. Real action has to be prepared using the decision making tools 
and policies of the area of application, supported by in-depth research by the respective 
scientific disciplines. 

Models can only provide the initial impetus for this, like scenarios as decision options. 

For this "translation" process, the key causal chains from inputs and model assump-
tions to final outcomes have to be revealed in an understandable and reproducible 
way. This should be done on an appropriate level of detail to make things "tangible" for 
the addressees. 
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In terms of Input-Output, this is, first of all, about the decomposition of "multipliers", not 
just as a set of driving factors, again described as matrix terms and still summarizing a 
whole set of numerous paths of inter-industry linkages, but referring to single paths. 

Finding the Paths. Product Chain Analysis. IOPathFinder. 

The transparency regarding the driving paths behind the Input-Output multipliers brings a 
number of benefits for the communication with stakeholders but also for Input-Output 
researchers, developers and analysts themselves: 

• Explaining: 
o "bringing light into the black box" - tracing calculation, understanding the 

principal logics of an Input-Output framework 
• Analyzing: 

o understanding contents, causality and dynamics, transmission of impacts 
referring to real-world processes 

• Addressing: 
o assigning responsibility and measures to specific political, economic and 

civil society agents along the chain of inter-industry linkages 
• Validating: 

o checking, identifying the bias due to model assumptions, including SUT 
methodology and aggregation level, eliminating data errors and outliers 

 
This example from the early days of visual network decomposition illustrates the principal 
idea of the approach. 
 

Figure 1 - Product Chain Analysis 1989: Caprolactam for Nylon stockings 

 

Source: Kammerath (1989), p. 13 (flowchart translated from German) 
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The flowchart shows a "Product Chain Analysis" report for the indirect use of caprolac-
tam, a major basic organic chemical, for the production of Nylon stockings. This is still an 
important supply chain of the textile industry today. 

The chart is based on a two-level national Input-Output framework with 16 aggregated 
sectors and 625 products in both monetary and physical units. The products covered 
around 75% of gross output (Köhler et al., 1981, chapter 5, p. 164). 

One might be surprised by the direct use of caprolactam for the production of cereals. A 
byproduct of the caprolactam production is ammonium sulfate, amounting to several 
tons per ton of caprolactam depending on the technology used. Ammonium sulfate is a 
nitrogen fertilizer. As it was not included in the high-coverage, but still selective list of 
products of the Input-Output model, a direct link to cereals was set up. 

To do so, substantial knowledge of the affected industries was required. 

The second example shows a result of the first implementation of the visual decomposi-
tion approach in 2023. The analysis of direct and indirect use of energy for the produc-
tion of beer in the US was based on the detailed commodity by commodity Input-Output 
table of the US Bureau of Economic Analysis for 2017 (402 commodities). 

Figure 2 - Electric energy for US beer production in 2017 

 

Source: own calculations based on U.S. Bureau of Economic Analysis (2026) 
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On the top left, the product under investigation is displayed - "Breweries". As the data ac-
tually refers to commodities, the proper description would be "Brewery products" 1. 

The report demonstrates the "Find Linking Chains" mode (see segment 2.1 below). The 
light green boxes show all cases where "Electric energy" was found in the backward links. 

A threshold of 7 M US$ is used to stop search, as soon as material consumption of a cer-
tain node is lower than this value. With this criteria in place, 9 relevant supply chains have 
been found. 

For example, the first chain shows the use of electric energy for the production of alumi-
num products, which then are used to produce aluminum cans 2. Finally, cans are used 
аs packaging for beer. 

The flowchart is aligned with the typical structure of a national IO table with distinction of 
domestic and import materials. The calculation can be traced along the chains with the 
figures to the left of the yellow and green boxes. More calculation detail (like direct and 
cumulated coefficients) is provided in a hierarchical table which will be discussed later in 
segment 2.2. 

The figures to the left of the dark green box on the top right show the total values for energy 
consumption represented in the chart: total, domestic and imported energy plus the 
value added embodied in the domestic part. 

Below the dark green box, a comparison to the total respective values according to the 
Leontief inverse is provided. The 9 selected chains represent already 70% of total and do-
mestic energy consumption according to the Leontief multiplier. 

A key message of the flowchart is the high share of energy consumption for packaging via 
aluminum cans (8 + 34 = 42 M US$) , glass bottles (42 M US$) and paperboard containers 
(13 + 9 = 22 M US$), amounting to 106 M US$ or 33% of the total consumption shown in 
the chart and 23% of the total from the inverse. 

The energy footprint of packaging for food and beverages has been discussed for a long 
time. A recent study on "sustainable beer packaging" (Marrucci et al., 2024) has provided 
deeper insights using Life Cycle Assessment (LCA), including recycling and waste man-
agement from a circular economy perspective. This study shows, that Input-Output re-
sults provide important signals, but due to their aggregate and simplified nature first of all 
give impulses for the necessary in-depth research by the respective scientific disciplines. 

 
1 Data files available on the BEA website in the case of the detailed Input-Output tables use the 

same descriptions for industries and commodities. In tables, e.g., of eurostat, there is a distinc-
tion between NACE and CPA codes and their respective descriptions. 

2 Possibly also aluminum pallets or crates. Beer barrels and bottle caps nowadays are mainly 
made of steel resp. tinplate. 
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2 The concept of visual network decomposition 
Wassily Leontief was, of course, entirely aware of the chains hidden behind his magic ta-
bles: 

"With this brief introduction" (to the basics of input-output tables in the article, note 
from JK) "the lay economist is now qualified to turn around and trace his way back 
into the table via whatever chain of interindustry relationships engages his inter-
est." (Leontief, 1951, p. 19) 

Let's help the "lay economist" to cope with this task with least manual effort. 

The approach of visual network decomposition presented here is connected to some con-
cepts that are part of or closely related to Input-Output analysis. 

a. Structural Path Analysis (SPA) is used to break down aggregate items like Leontief 
multipliers and derived values into contributing downstream or upstream paths 
(see, e.g., "8.5 Paths" in Miller/ Blair, 2022). A systematic overview of literature can 
be found in Xie et al. (2020). Defourny/ Thorbecke (1984) is often referenced as a 
key source for the concept, applied to Social Accounting Matrices (SAM). 

b. Looking at Input-Output frameworks as networks from a graph theory perspec-
tive has long been common practice. A survey of approaches can be found in Sar-
gent and Stachurski (2024), chapter "2 - Production". According to the authors, a 
weighted digraph (directed graph) can be derived from the production coefficient 
matrix 𝐴 = (𝑎𝑖𝑗) with the sectors being the nodes and the edges representing the 
backward linkages with the coefficients 𝑎𝑖𝑗 as the weights (see p. 60). 

c. Input-Output research is also closely linked to Material Flow Analysis (MFA). The 
foundations of this approach were laid by Ayres and Kneese (1969). A recent ex-
ample is a study by the JRC of the EC on "Plastics materials flows in the EU-27 and 
their environmental impacts" as part of the EC's RMIS Raw Material Information 
System (Amadei et al., 2025). This article contains, e.g., a number of Sankey dia-
grams showing flows of plastic materials for different using sectors, including re-
cycling and waste disposal from a circular economy perspective. 

From the beginning, Visual Network decomposition was aiming at an intuitive, yet math-
ematically precise visual approach to reveal the driving paths behind Leontief multipli-
ers and related indicators. Economists should be enabled to interactively explore the 
network of a real Input-Output system, preferably with a high level of detail. 

The focus was on "moving" along the real paths, still keeping the link to a level-by-level 
perspective as represented by the series expansion of the Leontief inverse. 

In the late 1980ies, the early days of the concept presented here, several of the above-
mentioned research outcomes were still to come. 
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2.1 Recursive traversal of an Input-Output network 
When looking at the Input-Output table as a directed graph, there are two principal ways 
to scan, or "traverse" this graph to obtain a list of all possible paths: 

Figure 3 - Methods of graph traversal: BFS and DFS 

 

The top nodes in the two graphs represent products intended for final use, while the black 
arrows represent backward linkages of materials used directly or indirectly for the pro-
duction of this product. 

The direction of the arrows 𝐴 → 𝐵 means that material A is used in the production of prod-
uct B. 

Figure 4 - Breadth First Search: Series expansion of the Leontief inverse 
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Visual network decomposition is based on the Depth First Search approach (DFS). 

At the same time, it provides the link to the Breadth First Search (BFS) by grouping paths 
by the number of stages involved. 

There are three modes of operation of visual network decomposition: 

• Component mode: searching for paths of direct and indirect backward linkages 
• Find Linking Chains mode: searching for paths showing the direct and indirect 

use of a given material for a certain product 
• Usage mode: searching for paths of direct and indirect forward linkages 

 

2.1.1 Component mode 
 

In this mode, the graph is traversed backwards (upstream) to identify direct and indirect 
materials used for the production of a certain product. 

For each node in the graph, material consumption is calculated as the product of all di-
rect material requirement coefficients along the chain leading to the selected product on 
top. 

Figure 5 - Component mode: Calculating material consumption 

 

For the calculation of the value added content of the nodes, the terms of material con-
sumption for each node are multiplied with the value added/ output ratio of the material 
represented by the respective node. 
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Figure 6 - Component mode: Calculating Value Added content 

 

 

The calculation can be traced in detail in the following hierarchical table. 

Columns (b), (c) and (e) show the decomposition of the multipliers (i.e. the total material 
requirement coefficients), material consumption in absolute terms and value added con-
tent respectively. 

The different nesting depths, indicated by the level of indentation of the descriptions, cor-
respond to the respective stages of the series expansion of the Leontief inverse. 

 

Table 1 - Component mode: Hierarchical table with calculation 
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Line 6, for example, for the calculation of the total or cumulated material requirement 
coefficient for the path 

"Product 6" → "Product 4" → "Product 2" → "Product 1" 

shows the formula "𝑎64𝑎42𝑎21" as the product of 3 direct material requirement coeffi-

cients along the selected path. This term is related to the element 𝐴3 of the series expan-
sion of the Leontief inverse. 

As can be seen from these illustrations, a distinctive feature of the Visual Network De-
composition approach is the link between visualization and the underlying Input-
Output calculations.  

 

2.1.2 Find Linking Chains mode 
This mode searches for network paths that link a selected material to a given product. 
This is the most important mode for the decomposition of a certain multiplier in the Le-
ontief inverse and derived matrices. 

The algorithm in this mode works like in the components mode, but "remembers" only 
those paths, which end with the selected material - in this case "Product 5". 

 

Figure 7 - Find Linking Chains mode: Calculating material consumption 
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Figure 8 - Find Linking Chains mode: Calculating Value Added content 

 

 

Table 2 - Find Linking Chains mode: Hierarchical table with calculations 
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2.1.3 Usage mode 
In this mode, all paths of direct and indirect usage of a given material are identified. It can 
be used, e.g., for material footprint analysis. 

Please consider, that, unlike in the cases of "Component mode" and "Find linking chains 
mode", the products in this chart are not the same as in the first two modes. We have 
chosen the same node identifiers, just with the reverse direction of the arrows, for the 
sake of simplicity only. 

Figure 9 - Usage mode: Calculating material consumption 

 

 

Figure 10 - Usage mode: Calculating Value Added content 
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In this mode, the calculation can again be traced looking at a hierarchical table. 

Table 3 - Usage mode: Hierarchical table with calculations 

 

 

2.2 Instant inversion of self-consumption 
Already during the development of "Product Chain Analysis" in the 1980s an effect be-
came evident, that significantly impacted the readability and clarity of flowcharts and hi-
erarchical tables. 

The elements of the diagonal of the matrix of intermediate consumption represent the 
consumption of products as intermediate materials for the same products. The share of 
this "self-consumption" depends, first of all, on the level of aggregation. 

For the US Input-Output tables for 2017, the share of the total diagonal elements in total 
intermediate consumption amounts to 

• 15.27% for the aggregate table with 73 summary groups 
• 7.51% for the detailed table with 402 commodities (products) 

(Source: US BEA, 2026, own calculations) 

As an example, the summary group 

"3361 MV - Motor vehicles, bodies and trailers, and parts" 

in the detailed tables is split into 14 commodities: 
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Table 4 - Self-consumption of "USA Motor vehicles and parts" 

 

Source: own calculations based on U.S. Bureau of Economic Analysis (2026) 

Of the self-consumption of the aggregated group (domestic and import), 146 B US$ or 
85% are related to intermediate consumption of commodities within the group. The aver-
age self-consumption of commodities on detail level is just 4.3% of gross output. 

During the traversal of the Input-Output network, cases with relevant self-consumption 
lead to an "echo effect" of multiple repetitions of the same input structures: 

Figure 11 - Echo effect of self-consumption 
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As a pragmatic solution, the diagonal with the self-consumption coefficients can be sep-
arated from the A matrix of direct material requirement coefficients and subjected to "in-
stant inversion". For further processing, the A matrix will be used with a zero diagonal. 

First the A matrix will be split into the "self-consumption diagonal" and a matrix with a zero 
diagonal: 

𝐴 = 𝐴𝑠 + 𝐴𝑧  (1) 

𝑎𝑠𝑖𝑗 = {
𝑎𝑖𝑖 , 𝑖 = 𝑗
0, 𝑖 ≠ 𝑗

  
(2) 

𝑎𝑧𝑖𝑗 = {
0, 𝑖 = 𝑗

𝑎𝑖𝑗 , 𝑖 ≠ 𝑗  
(3) 

We substitute matrix A in the standard Input-Output equation and transform: 

𝑥 = 𝐴𝑥 + 𝑦 = (𝐴𝑠 + 𝐴𝑧)𝑥 + 𝑦  (4) 

(𝐼 − 𝐴𝑠)𝑥 = 𝐴𝑧 ∙ 𝑥 + 𝑦  (5) 

𝑥 = (𝐼 − 𝐴𝑠)−1[𝐴𝑧 ∙ 𝑥 + 𝑦]  (6) 

Defining the matrix of instant inversion of the self-consumption diagonal: 

𝐴𝑠𝑡 = (𝐼 − 𝐴𝑠)−1  (7) 

𝑎𝑠𝑡𝑖𝑗 = {

1

(1 − 𝑎𝑖𝑖)
, 𝑖 = 𝑗

0, 𝑖 ≠ 𝑗  

 

 (8) 

Substituting and factoring out in equation before 

[𝐼 − 𝐴𝑠𝑡 ∙ 𝐴𝑧] 𝑥 = 𝐴𝑠𝑡 ∙ 𝑦  (9) 

After multiplying with the inverse of the term in square brackets we get: 

𝑥 = [𝐼 − 𝐴𝑠𝑡 ∙ 𝐴𝑧]−1𝐴𝑠𝑡 ∙ 𝑦  (10) 

This equation means that for the traversal of the Input-Output graph we can proceed with 
matrix 𝑨𝒛 with a zero diagonal, as soon as we have applied instant inversion factors 
from matrix 𝑨𝒔𝒕 to final demand and any calculated material requirements before. 

The technique of "instant inversion of self-consumption" brings several benefits: 

• removes redundant replication of whole substructures 
• improves convergence speed of series expansion 
• increases coverage with fewer chains to be selected 
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This diagram illustrates, how the flowchart with the echo effect caused by self consump-
tion is reduced by applying the total effect of self consumption (i.e. the sum of the infinite 
series) at once: 

 

Figure 12 - Effect of instant inversion of self-consumption 

 

 

2.3 Link to the Leontief inverse – the coverage of decomposition 

2.3.1 The VA contribution matrix: starting point and coverage criteria 
The Visual Network Decomposition approach uses the Leontief inverse in two ways: 

• as the starting point of analysis via interactive drill-down 
• as the criteria to measure the coverage of the paths of direct and indirect backward 

and forward linkages selected by the algorithm 

What presentation of the Leontief inverse best fits the analysis objective? The different 
options correspond to the three calculated columns in the hierarchical tables presented 
in the previous section: 

A Multipliers, total material 
requirement coefficients: 

𝐿 = (𝐼 − 𝐴)−1 (11)  

B Total material consumption for 
final demand in absolute terms: 

𝐿𝑦̂ = (𝐼 − 𝐴)−1𝑦̂ (12) 

C Value Added contribution matrix 
(or VA decomposition matrix): 

𝑊 = 𝑣̂(𝐼 − 𝐴)−1𝑦̂ (13) 

 
where: 

𝐴 matrix of direct material requirement coefficients 
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𝑦̂ diagonal matrix of final demand 

𝑣̂ diagonal matrix of value-added/output ratios 

Options A and B, though equal or closest to the Leontief inverse by definition, imply dou-
ble-counting, e.g., when considering totals of columns or rows. 

In comparison, the Value Added contribution matrix (option C) has a number of clear ad-
vantages: 

• Each cell represents the value added contribution of the material shown in the row 
to final demand of the product displayed in the column 

• Column totals are equal to final demand of the respective products 
• Elements in a column describe the sources of the value of final demand, summa-

rizing backward linkages of this product 
• Row totals are equal to value added of the material assigned to the row 
• Elements of rows describe the final use of a material in terms of value added, sum-

marizing the forward linkages of this material 
• There is no double-counting in the matrix 
• The total of the matrix in principle equals Gross Domestic Product (GDP) 

Valuable information can be derived from the series expansion of matrix 𝑊: 

(𝐼 − 𝐴)−1 = ∑ 𝐴𝑘

∞

𝑘=0

  (14) 

𝑊 = 𝑣̂(𝐼 − 𝐴)−1𝑦̂ = 𝑣̂ ∑ 𝐴𝑘

∞

𝑘=0

𝑦̂ 

 

(15) 

𝑊(𝑘) = 𝑣̂𝐴𝑘𝑦̂ 
 (16) 

𝑊 = ∑ 𝑊(𝑘)

∞

𝑘=0

 
 

(17) 

 

There are some differences to keep in mind, when looking at Multiregional Input-Output 
frameworks (MRIO) and national Input-Output tables: 

• Whereas especially in global MRIOs trade is usually endogenous due to the inclu-
sion of artificial countries reflecting the "Rest of the World", in national tables with 
a standard distinction of domestic and import materials consumption, the value 
of final demand besides the value added of domestic production includes also to-
tal import requirements, represented in a second matrix 



The concept of visual network decomposition  

J. Kammerath - Visual Network Decomposition (2026)  22 of 77 

• For MRIOs, it makes a difference, whether the value added for exports, which are 
used directly for final demand, are assigned to the producing or the using country. 
In the second case, the diagonal of the final demand vector is replaced by a block 
matrix with diagonal blocks to ensure this reallocation (see 3.1). 

In Visual Network Decomposition, these differences are reflected in two different setups: 
one for national tables and one for MRIOs, with the options of "Final Demand produced" 
and "Final Demand used" for the latter. 

This approach can easily be adopted from Value Added contents to, e.g., the decompo-
sition of air emission footprints. In this case, in equation (15) the value added coefficient 
vector diagonal 𝑣̂ is replaced by the air emission coefficients vector diagonal 𝑐̂. This will 

give the total emission footprint contribution matrix 𝐶: 

𝐶 = 𝑐̂(𝐼 − 𝐴)−1𝑦̂ = 𝑐̂ ∑ 𝐴𝑘

∞

𝑘=0

𝑦̂ 

 

(18) 

In the same way, any other external stressors directly linked to output and free of dou-
ble-counting can be handled, like, e.g., labor requirements by gender or skill level. 

 

2.3.2 How many paths are required for sufficient decomposition coverage? 
In the first chapter, the use of energy for the US beer production was used as an example 
for Visual Network Decomposition in the "Find Linking Chains" mode. 

Table 5 shows the hierarchical table that was introduced in segment 2.1, Table 2, for this 
real-world example. This is a screenshot of the application "IOPathFinder", that has been 
developed by the author for all use cases of visual network decomposition described in 
the present paper. 

The calculation logic is described in the bottom line of the table heading. Please pay at-
tention to the "self-consumption adjustment" columns (b) and (c). They show the imple-
mentation of instant self consumption inversion introduced in section 2.2. 

Lines 1-4 represent the first linking chain on top of Figure 2 on page 8. The coefficient of 
total domestic requirement of energy for beer via this chain (red box in column "k") is the 
product of three coefficients of direct material requirements (blue box in column "h") 
along the chain and four coefficients of instantly inverted self-consumption (green box in 
column "b"). 

The product of the three direct material requirement coefficients is an element of the 
fourth member of the series expansion 𝐴3, or more precisely, matrix 𝐴𝑧3 from equation 
(10). 
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Table 5 - Hierarchical table: Electric energy for US Beer production in 2017 

 

Source: own calculations based on U.S. Bureau of Economic Analysis (2026) 

The self-consumption adjustment coefficients are elements of matrix 𝐴𝑠𝑡 in equation 
(10) - the first applied to final demand (to the right of the equation), the other three to di-
rect material requirements (in the bracket term to the left). 

In Table 5, the 9 linking chains marked in green represent 70.1% of the total value added 
contribution according to matrix obtained from formula (13). 

The application offers a diagram that shows the coverage by "stage", i.e. by length of link-
ing chains - see Figure 13. 

The blue line with the black numbers is derived from the series expansion of matrix 𝑊 
(see equation (17)), while the orange line with the red numbers is the summary of the 
green rows in Table 5. 

For example: 13.13 = 5 + 8 from rows 4 and 12 in the table (level 4 with 2 indents). 

The last line in the table shows the direct consumption of electric energy for the produc-
tion of beer. In the flowchart, the corresponding chain is the one at the very bottom. In the 
stage diagram, this path is shown as "stage 2". The coverage in this case is 100% (117 M 
US$), the only relevant path is included in the decomposition. 

Stage 1 is referring to the production of beer itself. In the "Find Linking Chains" mode, it 
is zero as soon as the material is not equal to the product. 
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Figure 13 - Value added content by stage (length of chain) 

 

Source: own calculations based on U.S. Bureau of Economic Analysis (2026) 

This chart links the "Depth First Search" approach of the Visual Network Decomposi-
tion with the IOPathFinder application to the "Breadth First Search" perspective of the 
series expansion of the Leontief inverse. 

The image points to the question of the length of the chains of backward and forward 
linkages, which is also linked the concept of downstreamness and upstreamness. 

How many linking chains (or paths) are required to obtain a representative decomposition 
of the total values derived from the Leontief inverse? Is it even possible get a full 100% 
breakdown? What can be considered a "representative" decomposition? 

In the following, we will consider some intuitive properties of digraphs without referring to 
exact proofs according to the theory of graphs. 

If for a given product the digraph derived from the matrix of direct material requirements 
from the perspective of backward linkages does not include any direct or indirect cy-
cles, this graph is considered a tree graph. Direct cycles correspond to self-consump-
tion. 

For a tree graph, the "depth first search (DFS)" algorithm always gives a finite number of 
paths, which still can be very large. The opposite is true for digraphs with cycles, which 
lead to an infinite number of paths. However, production networks without cycles are rare 
exceptions on an aggregated level, such as in Input-Output analysis. But even in a 
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corporate environment with materials represented on the lowest level of stock-keeping 
units (SKU), cycles can appear in cases of reuse, recycling or as a method to account for 
yield losses in the production process. 

To cope with the large number of paths, the IOPathFinder application uses a number of 
parameters to set limitations for the search. 

Figure 14 - Control parameters for the search for linkages 

Material consumption threshold: stops 
search as soon as material consumption, falls 
below this threshold in monetary terms. As 
direct material requirement coefficients 𝑎𝑖𝑗 <

1, the resulting absolute material consump-
tion gets smaller with each stage of the link-
ages. 

Maximum number of levels: maximum 
length of backward or forward chains 

Maximum number of products per stage: 
allows to show longer chains even with 
smaller thresholds, not showing all backward 
resp. forward linkages on reach stage ("-1" 
means "ignore parameter, show all".) 

 

Figure 15 illustrates how the coverage of the value added contribution and the number 
of selected chains increase with lower thresholds for our example of electric energy 
consumption for the US beer production in 2017. 

The fourth line with a threshold of 7 M US$ corresponds to the settings of our US exam-
ple as shown in Figure 2 and Table 5. 

The threshold is displayed on the x-axis. Please note the log scale used to match the wide 
range of values. The primary y-axis to the left shows the percentage coverage: the solid 
blue line with instant inversion of self-consumption, the solid orange line - the case with 
self-consumption handled as "normal coefficients". 

The dashed lines indicate the number of chains selected with the respective threshold for 
both cases. They refer to the secondary y-axis to the right (in thousands). Despite the large 
range of values, the linear scale was deliberately retained. Above a certain level of cov-
erage, further increases are only achieved at the cost of a large number of additional 
chains. 
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Figure 15 - Coverage of VA content depending on the threshold 

 

Source: own calculations based on U.S. Bureau of Economic Analysis (2026) 

The comparison of the lines with and without the self-consumption technique applied 
demonstrates the efficiency of the algorithm. With the same thresholds, a higher cov-
erage is gained. For smaller thresholds, much less and also shorter chains are selected 
with instant inversion of self-consumption. On the other hand, the coverage advantage 
of the algorithm tends to shrink for very small thresholds. 
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2.4 Visual Network Decomposition: the standard analysis path 
 

In the standard case, the Visual Network Decomposition 

A. starts with the Value Added contribution matrix on an aggregated level. 
B. In the following step, a selected item on the top level will be broken down to the 

next layer of detail, which provides summary figures already on the product level. 
C. From here, the actual visual network decomposition process can be invoked 

In the interactive "IOPathFinder" application, the drill-down to the next level of analysis is 
started by double-clicking on the respective cell in a report. 

For the US Input-Output table, analysis starts with this report as entry level "A": 

Table 6 - Decomposition of Final Demand by VA and import contribution 

 

Source: own calculations based on U.S. Bureau of Economic Analysis (2026) 

For each commodity, the value of Final Demand is broken down by the elements of total 
value added contribution and total intermediate and direct import contents. 

These items are calculated using formulas (48), (49) and (50) in Appendix C. Formula (48) 
is applied for each component value added to obtain the first three columns. 

We have scrolled down already to see the data for "breweries". When double-clicking on 
a data line, e.g., for "Breweries", the information will be broken down by contributing ma-
terial. This is level "B" in the list at the beginning of this chapter. 

The report can be sorted by any column, in this case by "Value of FD produced": 
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Table 7 - Decomposition of Final Demand of "Breweries" by contributing material 

 

Source: own calculations based on U.S. Bureau of Economic Analysis (2026) 

With a double-click on the line for "Electric power generation etc.", the reports shown be-
fore in Figure 2 (flowchart) and Table 5 (hierarchical table) will be displayed. All reports 
are fully interactive. Any boxes in the flowcharts or lines in the reports can be selected to 
start the analysis for another product or to switch between the three analysis modes. 

The next two flowcharts illustrate the other two analysis modes introduced earlier in seg-
ment 2.1. 

Figure 16 is an example of the "Components" mode. Just like the reports for the "Find 
Linking Chains" mode presented above, it reveals the direct and indirect components of 
brewery products, but this time not restricted to the consumption of electric energy at the 
beginning of the different chains. 

With a threshold for material consumption of 10 M US$, 16 chains are selected with a 
relatively high coverage of value added and import contents of 62.2%, 

Finally, Figure 17 illustrates the "Usage" mode for "Aluminum products from purchased 
aluminum". Besides the usage for brewery products, other usages are included such as 
canning of fruit and vegetables or architectural metal products for office, commercial and 
residential structures. 

The low coverage of the 13 selected chains of forward linkages (14.8%) can be explained 
by the wide range of applications of aluminum products in most industries. 
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Figure 16 - Direct and indirect components of US Brewery products 2017 

  

Source: own calculations based on U.S. Bureau of Economic Analysis (2026) 
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Figure 17 - Direct and indirect usage of US Aluminum products 2017 

 

Source: own calculations based on U.S. Bureau of Economic Analysis (2026) 



The concept of visual network decomposition  

J. Kammerath - Visual Network Decomposition (2026)  31 of 77 

 

In the case of Multiregional Input-Output tables (MRIO) like WIOD, FIGARO or OECD-
ICIO, the levels of the standard analysis path are different: 

A. The analysis starts with the Value Added contribution matrix aggregated by coun-
try. This can be either a table or a world map. Besides a geographical map, which 
might be difficult to read due to the clustering of countries depending on the re-
gional focus, a schematic world map may also be used. 

B. After selecting a pair of countries, the value added contribution of the first to the 
second will be broken down by product 

C. From here, the actual visual network decomposition process can be invoked 

 

Figure 18 illustrates this sequence of analysis, including the options to switch back and 
forth between the different reports and analysis modes. 

 

Figure 18 - Standard analysis path for MRIOs 

 

The reports for MRIOs will be discussed in detail in the next chapter. 
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3 Use cases – Input-Output Analysis and extensions 
 

The technique of visual network decomposition offers a unique perspective on the world 
of Input-Output tables. In this chapter, it will be demonstrated how this approach can be 
used to gain deeper insights into several analytical applications and special extensions 
of Input-Output analysis. 

So far, the detailed Input-Output table of the U.S. Bureau of Economic Analysis for 2017 
has been used an example. 

The natural next step was to take a look at Multiregional Input-Output models (MRIO). 
A major milestone in this area was the development of the World Input-Output Database 
(WIOD), which is still often used as a key reference (Timmer et al., 2015). This was the first 
MRIO database for which the visual network decomposition with its main "IOPathFinder" 
application approach was applied. 

In 2021, Eurostat started to publish official FIGARO MRIO tables on an annual basis - a 
joint development of the JRC and Eurostat (Rémond-Tiedrez et al., 2019). Next, with 
FIGARO-E3, the JRC developed a much more detailed version of FIGARO with special fo-
cus on air emissions, energy and labor contents (Cazcarro et al., 2025). 

Segments 3.1 and 3.2 will deal with the visual network decomposition for FIGARO-E3 to 
explore value added contents (including TiVA) and carbon footprints respectively. 

Segments 3.3 and 3.4 illustrate how visual network decomposition can be used to attrib-
ute the different linking paths of the Input-Output network to components of a decompo-
sition of the value added content matrix that was introduced in section 2.3.1. 

The investigation follows the approach developed in Wang et al. (2017, 2021), using 
FIGARO-E3 (3.3) and - for the distinction of foreign-owned and domestic-owned enter-
prises (3.4) - the OECD AMNE database (Cadestin, C. et al., 2018). 

A standard approach to assign value added contents and energy footprints of capital 
goods to the products, for which these fixed assets are used, is based on capital flow ma-
trices (see, e.g., Ye M. et al., 2024). Visual network decomposition can be extended to 
show this use of capital goods, beyond just intermediate material consumption. This type 
of "capital endogenization" will be demonstrated in segment 3.5. 

Table 8 provides an overview of the setup of data structures for the different cases. In 
most cases, original data sources can be used directly or with some basic rearrangement. 

Certain properties of the rows and columns, such as countries or ownership are reflected 
by including them in the descriptions and keys of the objects 

For use cases 3.3, 3.4 and 3.5, the algorithm has been extended to detect certain charac-
teristics of supply chains and to display them besides the nodes in the flowchart. 
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Table 8 - Overview of use cases with main characteristics 

 

 

For the first three use cases, the FIGARO-E3 MRIO for 2015 is used as an example for 
demonstration (Cazcarro et al., 2025, data source: European Commission, Joint Re-
search Centre, 2025). This database is an extension of the Eurostat FIGARO Input-Output 
tables, with 213 instead of 64 products for the same 45 countries plus "Rest of the World". 
It includes data on air emissions, labor by gender and skill level as well as on primary sup-
ply and net use of energy. 

FIGARO-E3, just as FIGARO, is published both in a "product by product" and an "industry 
by industry" version. We will strictly focus on the "product by product" tables. 

The implementation of the concept will now be described in detail for each of the use 
cases. 
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3.1 Value Added contents – Trade in Value Added 

3.1.1 Decomposition of the Value Added Contribution Matrix 
The visual network decomposition of the elements of the value added contribution matrix 
is the standard case. It follows the MRIO analysis path as described in Figure 18. 

The data on intermediate consumption, final demand by component and value added by 
component from the original files provided by the JRC can be used directly. 

There is one modification to the calculation of the value added contribution matrix as de-
scribed in equation (13). The expression 𝑦̂ implies that final demand is represented by a 
single vector, i.e. with one value per country and product. 

However, in a standard MRIO setup, final demand is given as a matrix 𝑌𝑐𝑐  with one column 
per country and component of final demand and one row per country and product. Ele-
ments of this matrix show for each producing country and each product, which amounts 
of this product are used in which country for the different final demand components.  

If now using the vector of row totals of this matrix 𝑦 = 𝑌𝑐𝑐𝑒 with 𝑒 being a vector of ones 
according to the number of countries times the number of final demand components, the 
resulting value added contribution matrix would assign the export for direct final use in 
other countries to the exporting country instead of the using country. 

In this way, e.g., the value added embodied in exports of motor vehicles from Spain for 
direct final use in France would be shown in Spain rather than in France as the using coun-
try. 

The solution is a blockwise diagonalization of final demand by using country. First, matrix 
𝑌𝑐𝑐  is transformed into a matrix 𝑌𝑐  by summarizing all final demand components for each 
using country. 𝑌𝑐  has one column per country. In a second step, each block of 𝑌𝑐  for a pair 

of producing and using countries is diagonalized. The resulting matrix 𝑌̂𝑐  is a block matrix 
with diagonal blocks, a square matrix with a number of rows and columns both equal to 
the number of countries time the number of products. 

For the Sample WIOT presented in Appendix B, this transformation would look like this: 
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Figure 19 - Final Demand by country with diagonal blocks for the Sample WIOT 

 

Equation (13) will be adjusted as follows: 

𝑊𝑢 = 𝑣̂(𝐼 − 𝐴)−1𝑌̂𝑐   (19) 

Where 𝑊𝑢  denotes the value added contribution matrix for final demand (used). 

According to Figure 18, the analysis starts with matrix 𝑊𝑢, aggregated by country. 

Table 9 shows the matrix, sorted by the sequence of countries in the original MRIO data 
table. For example, the value added contribution of Argentina for Brazil amounts to 6.7 
billions of €. 

In Table 10, columns are sorted by descending column totals (final demand) and de-
scending row totals (value added). 

To start an in-depth analysis of Germany's value added contribution to Spain's final de-
mand, in Table 11 columns and rows are sorted respectively. 
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Table 9 - Value added contribution matrix (VACM) by country, no sorting 

 

 

Table 10 - VACM by country, descending VA (rows) and FD (columns) 

 

 

Table 11 - VACM by country, sorted by Germany (columns) and Spain (rows) 

 

Source: own calculations based on FIGARO-E3 2015 (EC, Joint Research Center, 2025) 
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The value added contribution of Germany for Spain is 24.7 billions of €. A double click on 
this value opens the breakdown by product as presented in Table 12. 

Please note, that on the top-left appears the value we have just clicked on. Because "Mo-
tor Vehicles" absorb 4.6 billions of € or 18.7% of the total value added contribution, the 
rows with the contribution materials have been sorted by this column. 

Table 12 - Value added contribution of Germany to Spain by product 

 

Source: own calculations based on FIGARO-E3 2015 (EC, Joint Research Center, 2025) 

Next we want to understand how "Rubber and plastic products" from Germany contribute 
to the value added absorbed by "Motor vehicles" in Spain. A double-click on the value in 
the red box invokes the respective "Find linking chains" reports - as a flowchart (Figure 21) 
and a nested (hierarchical) table (Table 13). 

Figure 20 - Find Linking Chains mode for FIGARO-E3: Flowchart legend 
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Figure 21 - Linking chains: German "Rubber & plastic" for Spanish "Motor vehicles" 

 

 

Table 13 - Nested table: German "Rubber & plastic" for Spanish "Motor vehicles" 

 

Source: own calculations based on FIGARO-E3 2015 (EC, Joint Research Center, 2025) 
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How to read the flowchart? 

With a threshold of 5 M € for material consumption, the visual network decomposition 
algorithm of the IOPathFinder application detected 8 linking chains for the selected prod-
uct and material. These 8 chains cover already 65.4% of the total value added contribu-
tion derived from the Leontief inverse. 

The first set of four chains linked to the grey box reflects the domestic production for final 
demand of "Motor vehicles" in Spain and backward linkages of intermediate consumption 
with a connection to "Rubber and plastic products" from Germany.  

The third chain, besides Spain and Germany, even involves Czechia as a third country: 

• Rubber and plastic products (DE095) are imported from Germany to Czechia 
• ... to be used as intermediates for the production of motor vehicles (including parts 

and assemblies) in Czechia (CZ123) 
• ... which then are imported by Spain to be used in the production of Motor vehicles 

(ES123) for domestic final demand 

The highest single value added contribution (41 M €) comes from the fifth chain. It is 
caused by the use of German rubber and plastic products (DE095) for the production of 
motor vehicles in Germany (DE123), that are be exported to Spain to be directly used for 
final demand with no further processing (indicated by the blue box). 

As mentioned earlier (see 2.4), instead of the value added contribution matrix aggregated 
by country, a world map can be used as an alternative starting point for the analysis.  

Figure 22 - Schematic world map with top 5 value added source countries of Spain 
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Besides a geographic map, there is a schematic map for easier navigation, as the EU-27 
countries are difficult to distinguish on a physical map with Mercator projection. 

Figure 22 shows this schematic map with arrows depicting the top 5 source countries in 
terms of value added contribution to final demand in Spain. 

Clicking on the arrow that links Germany to Spain will produce the report by product pre-
sented earlier in Table 12. 

It must be emphasized, that the arrows in this map do not represent the value added 
content of bilateral trade between the two countries, but total value added contribu-
tion, part of which might be routed via third countries. The example presented in Figure 
21 and Table 13 shows several of these paths involving third countries. Besides the above-
mentioned chain via Czechia, the last three paths with imports for final demand from 
France, again Czechia, and Slovakia are of the same category. 

 

3.1.2 The link to "Trade in Value Added" (TiVA) 
 

"Trade in Value Added" or "TiVA" is mentioned both in the title of this paper and of the cur-
rent segment. How is TiVA linked to the value added contribution matrix? Can the IOPath-
Finder application be used for the visual network decomposition of TiVA? 

TiVA indicators were developed to measure international trade not just in gross values of 
trade flows, but also in terms of direct and indirect value added embodied in these flows. 
These indicators provide a more appropriate measure of the real contribution of the indi-
vidual countries to global value chains. 

In order to determine the value added content of exports, in equation (19) the expression 

for the diagonal matrix of total final demand 𝑌̂𝑐  can be replaced by an analogous expres-
sion for total exports: 

𝑇𝑖𝑉𝐴𝑢 = 𝑣̂(𝐼 − 𝐴)−1𝐸̂𝑐   (20) 

The elements 𝑒𝑟𝑠𝑖  of matrix 𝐸𝑐  (subscript "c" for "by using country") include exports for 
both intermediate consumption (first term) and final consumption (second term) in the 
importing country: 

∀ 𝑟 ≠ 𝑠, ∀ 𝑖:  𝑒𝑟𝑠𝑖
(𝑐)

= 𝑒𝑟𝑠𝑖
(𝑖𝑛𝑡)

+ 𝑒𝑟𝑠𝑖
(𝑓𝑖𝑛)

= ∑ 𝑎𝑟𝑠𝑖𝑗𝑥𝑠𝑗

𝑛

𝑗

+ 𝑦𝑟𝑠𝑖  
  

(21) 

where: 

𝑟, 𝑠 indices of supplying and using country 
𝑖, 𝑗 indices of input and output product with 𝑛 as the number of products 
𝑎𝑟𝑠𝑖𝑗  direct material requirement coefficients 
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𝑥𝑠𝑗  output by product and using country 

𝑦𝑟𝑠𝑖  final demand by product, supplying and using country 

By substitution in (20) we obtain 

𝑇𝑖𝑉𝐴𝑢 = 𝑣̂(𝐼 − 𝐴)−1𝐸̂𝑐
(𝑖𝑛𝑡)

+ 𝑣̂(𝐼 − 𝐴)−1𝐸̂𝑐
(𝑓𝑖𝑛)

 
 (22) 

Subscripts "u" and "c" and the "hat" accent above the export matrices indicate that these 

are block matrices with diagonal blocks, just like the matrix 𝑌̂𝑐  introduced before in Figure 
19. A major difference is that the block matrices on the diagonal are zero matrices, as they 
stand for domestic intermediate and final consumption, which is excluded here. 

It is worth noting that this does not mean that the blocks on the diagonal of the TiVA matrix 
are also zero matrices. They are populated by exports used abroad as intermediates for 
the production of goods and services, possibly over several stages, which then are im-
ported again to the current country. 

The crux of the TiVA equation (22) is that it involves double-counting. Value added em-
bodied in exports for intermediate consumption eventually will end up as value added 
embodied in final demand. Hence, for the MRIO as a whole, the first term is part of the 
second term. But even when looking at individual countries or bilateral trade, there are 
always cases of value added embodied in intermediate exports, which return from abroad 
on some stage to be used for domestic final demand, where they, however, have already 
been accounted for. 

The issue is inherent already in the TiVA definition, as it mixes the final demand perspec-
tive with that of gross values like output and material consumption. Usually the Leontief 
inverse would not be applied to such gross values. 

The TiVA double-counting issue has since been intensively discussed by several authors 
- see, e.g., Koopman et al. (2014) and Arto et al. (2019). The identification and elimination 
of different double-counting components involves complex decomposition procedures. 

Zhi Wang, one of the coauthors of Koopman et al. (2014), has continued this work and 
developed a decomposition approach, which will be discussed later in segments 3.3 and 
3.4. Like the visual network decomposition technique, this concept focusses on the Value 
Added contribution matrix, which does not imply double-counting. 

These can also be applied for the decomposition of TiVA, in particular to identify and to 
eliminate double-counting. This is one point on the agenda for future improvements (see 
4 - Conclusions and prospects). 
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3.2 Footprint of CO2 and other air emissions 
For many years, environmental extensions and applications have been a strong and ever 
growing part of Input-Output analysis. Global environmental models based on MRIOs in 
particular have proven to provide transparent insights into worldwide interrelationships 
of climate impacts. For good reason, many research reports related to Input-Output anal-
ysis are published in renowned ecological journals. Scientists with a profound Input-Out-
put background are recognized as partners by key stakeholders. 

In section 2.3.1 it was already mentioned, that the visual network decomposition ap-
proach can be applied to track the footprint of CO2 and other air emissions along supply 
chains. In the following this will be demonstrated, using the air emission data provided 
together with the FIGARO-E3 tables. 

For a proper allocation of emission footprint to countries of final use, in formula (18) for 
the total emission footprint contribution matrix final demand has to be switched to the 
format with diagonal blocks, just like in equation (19): 

𝐶𝑢 = 𝑐̂(𝐼 − 𝐴)−1𝑌̂𝑐 = 𝑐̂ ∑ 𝐴𝑘

∞

𝑘=0

𝑌̂𝑐   (23) 

 

FIGARO-E3 offers air emission data for four types of green house gases (GHG), both in 
original values and CO2 equivalents. The following explanations will focus on CO2 emis-
sions. 

Table 14 - CO2 intensity of VA contribution 2015 by country, sorted by emission in kg 

 

Source: own calculations based on FIGARO-E3 2015 (EC, Joint Research Center, 2025) 
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As a starting point, the application displays a heatmap by country of total CO2 footprint 
per value added contribution in kg per €. This indicator is aligned with "carbon intensity 
of GDP" and combines the results of equations (23) and (19). 

In the next step, the total CO2 contribution from India to Germany will be examined. A 
double-click on the crossing of the respective row for India and column for Germany 
opens the report by product - see Table 15. 

On the top left, the average value from the selected cell Table 14 is displayed. The values 
in the rows should be equal across columns, because both CO2 emission and value 
added in relation to output depend only on the material. Small deviations are caused by 
rounding errors due to the amount of detail involved in the calculation. 

In terms of absolute emission, used as a sorting criteria, the indirect CO2 contribution of 
"Electricity by coal" in India to the final use of "Wearing apparel, furs" is first in ranking. 
Coal-based power generation shows a high CO2 intensity of almost 70 kg/€. 

As can be seen in Table 16, in terms of the absolute footprint, 5.6% of total CO2 contribu-
tions from India to Germany can be attributed to this relation. When including "Textiles" 
(to the right of the table), the share is even 8.9%. 

 

Table 15 - CO2/VA by product, India to Germany, sorted by emission in kg 
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Table 16 - CO2 emission by product, India to Germany, sorted by emission in kg 

 

Source: own calculations based on FIGARO-E3 2015 (EC, Joint Research Center, 2025) 

In the next step, a double-click on the value for "Electricity by coal" for "Wearing apparel, 
furs" will start the "Find Linking Chains" analysis. 

 

Figure 23 - CO2 footprint of India electricity by coal for German Wearing apparel 

 

Source: own calculations based on FIGARO-E3 2015 (EC, Joint Research Center, 2025) 
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Figure 24 - CO2 footprint: Flowchart legend 

 

Instead of value added contribution, CO2 contents are displayed. In the hierarchical ta-
ble, special columns are added that show the underlying values and allow to trace the 
calculation: 

 

Table 17 - CO2 footprint of India electricity by coal for German Wearing apparel 

 

Source: own calculations based on FIGARO-E3 2015 (EC, Joint Research Center, 2025) 

This approach can be applied to other "stressors" directly linked to output and free of 
double-counting, such as additional emissions, labor requirements by gender and skill 
level or primary supply of energy. 
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3.3 Decomposition by type of supply chain activity 
 

For a deeper understanding of the nature and complexity of global value chains (GVC), 
Wang et al. (2017) have proposed a concept of decomposition of the value added contri-
bution matrix (VACM) in a MRIO by the "type of supply chain activity". In a later article 
(Wang et al., 2107), the approach was applied to the OECD AMNE database with a dis-
tinction of foreign-owned and domestic-owned firms. 

In the following, it will be shown, how visual network decomposition can provide even 
more transparency for such a concept by identifying single GVCs and assigning them to 
the elements of the decomposition. 

In this segment, the analysis will start with the case without ownership distinction using 
the FIGARO-E3 database. 

In their articles (Wang et al., 2017, 2021) the authors split the value added contribution 
matrix into four types of supply chain activity. We retain the notation of the original source, 
which slightly differs from variable names used in the current paper. 

𝑉̂𝐵𝑌̂ = 𝑉̂𝐿𝑌̂𝐿 + 𝑉̂𝐿𝑌̂𝐸 + 𝑉̂𝐿𝐴𝐸𝐿𝑌̂𝐿 + 𝑉̂𝐿𝐴𝐸(𝐵𝑌̂ − 𝐿𝑌̂𝐿)  (24) 

Source: Wang et al. (2021), p. 13, equation (1) 3 

where: 

𝐴𝐿 diagonal submatrix of 𝐴 (intermediate consumption in the same country) 

𝐴𝐸  off-diagonal submatrix of 𝐴 (intermediate consumption in other countries 

𝑌̂𝐿  diagonal submatrix of 𝑌̂ 4 - domestic final demand 

𝑌̂𝐸  off-diagonal submatrix of 𝑌̂ - export for final demand in other countries 

𝐿 local Leontief inverse, 𝐿 = (𝐼 − 𝐴𝐿)−1  

𝐵 global Leontief inverse, 𝐵 = (𝐼 − 𝐴𝐿 − 𝐴𝐸)−1  

 

The four components of equation (24) are explained in Table 18 (numbers in first column 
and text in quotation marks from Wang et al., 2017). 

  

 
3 In Wang et al. (2017), instead of superscripts "L" for "local" and "E" for "export", superscripts "D" and "F" 

were used. In the 2021 article, they were replaced to allow the use of "D" and "F" for the additional dis-
tinction of domestic-owned and foreign-owned firms. 

4  𝑌̂ is equivalent to matrix 𝑌̂𝑐  according to the notation shown in Figure 19 
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Table 18 - Types of supply chain activity 

No. ID Formula Contents border 
cross. 

1 D 𝑉̂𝐿𝑌̂𝐿  "Value added that is domestically pro-
duced and consumed" (pure domestic VC) 

0 

2 E 𝑉̂𝐿𝑌̂𝐸  "Value-added that is embodied in final 
product exports" ("classic trade") 

1 

3a S 𝑉̂𝐿𝐴𝐸𝐿𝑌̂𝐿  VA embodied in "simple cross country pro-
duction sharing activities" ("simple GVC") 

1 

3b C 𝑉̂𝐿𝐴𝐸(𝐵𝑌̂ − 𝐿𝑌̂𝐿) VA embodied in "complex cross country 
production sharing activities" ("complex 
GVC") 

>= 2 

 
The letters in the "ID" column will be used to identify the different supply chain types in 
flowcharts and hierarchical tables. The last column specifies the number of border cross-
ings (see Wang et al., 2017, Figure 1b on page 9).  

Like in the previously described MRIO use cases, the starting point for analysis is again 
the value added contribution matrix aggregated by country. Now in this report the type of 
supply chain activity can be selected. 

Table 19 - Value added contribution by country for simple GVC 

 

Source: own calculations, Wang et al. (2017), FIGARO-E3 (EC, Joint Research Centre, 2025) 
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Diagonal elements are marked in brown. In the case of simple GVCs, they are zero, as 
borders are crossed only once, so there is no value added contribution of countries to 
themselves. For the same reason, diagonal elements are zero for case 2, final product 
exports. 

For pure domestic use (case 1), only diagonal elements of the VACM by country can be 
greater than zero, because there are no border crossings. 

In case 4 (complex GVC), diagonal elements can have non-zero values again, since with 
two and more border crossings, GVCs can return to the country they started from. 

For a deeper analysis of the VA contributions of Germany to other countries via simple 
GVCs, the columns have been sorted by the VA contribution from Germany. A double-
click on the value added contribution of Germany for the US will invoke the report with the 
product detail for this relation, now limited to simple GVCs. 

Table 20 - VA contribution by product for simple GVC, Germany to US 

 

Source: own calculations, Wang et al. (2017), FIGARO-E3 (EC, Joint Research Centre, 2025) 

The rows have been sorted by their relevance for the final use of "Motor vehicles etc." in 
the US. 

From here, the "Find Linking Chains" mode can be started to reveal the product chain de-
tail of the value added contribution of "Fabricated metal products" from Germany for the 
production of cars in the US. 

For an explanation of the flowchart elements, please refer to the legend in Figure 20. 
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Figure 25 - Simple GVC - DE Fabricated metal products for US Motor vehicles 

 

Source: own calculations, Wang et al. (2017), FIGARO-E3 (EC, Joint Research Centre, 2025) 

Four selected chains cover already 82% of the total value added contribution according 
to the formula in line "3a" in Table 18. 

The supply chain types are displayed as markers in the circles on the bottom right of each 
of the boxes. In order to obtain these markers, the recursive traversal algorithm of the 
IOPathFinder application was extended by counting the border crossings with a distinc-
tion between final demand from production or import. 

Table 21 lists the rules how supply chain activity types are derived from the initial source 
of final demand and the number of border crossings. 

Table 21 - Derivation of supply chain activity type 

Starting point: 
final demand from... box color 

No. of border 
crossings Supply chain activity type 

domestic production grey 0 D - domestic for final demand 

(D)  1 S - simple GVC 

  >= 2 C - complex GVC 

import = export by blue 1 E - export for final demand 

other country (E)  >= 2 C - complex GVC 
 

Special attention should be paid to the way, how the type of supply chain activity changes 
along the supply chain. In the first value chain on top of the flowchart, grey box 2 is still 
"domestic (D)", as is the consumption of US fabricated metal products for US cars. The 
next box reflects intermediate use of German fabricated metal products for US fabricated 
metal products. As this involves a border crossing, the type of supply chain activity 
switches to "simple GVC (S)". 
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In the hierarchical table, the type of supply chain activity is displayed in the column to the 
right of the product descriptions. 

Table 22 - Simple GVC - DE Fabricated metal products for US Motor vehicles 

 

Source: own calculations, Wang et al. (2017), FIGARO-E3 (EC, Joint Research Centre, 2025) 

To get the full picture across all types of supply chain activity, in Figure 26 the selection is 
adjusted accordingly. The threshold for material consumption is increased from 10 M € to 
50 M € to keep the flowchart at a reasonable size. 

Figure 26 - DE Fabricated metal products for US Motor vehicles - all types of activity 

 

Source: own calculations, Wang et al. (2017), FIGARO-E3 (EC, Joint Research Centre, 2025) 
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Due to the higher threshold, from all chains of type "S" in  Figure 25 only the last one with 
the highest value added contribution has remained in the picture. 

For example, the supply chain activity type for the last chain at the bottom of the chart 
was derived as follows: 

1. Export of "Motor vehicles" from Slovakia to the US for direct final demand (blue, 
"E"), first border crossing (counted from end of chain) 

2. Intermediate use of "Fabricated metal products" imported from Germany, for the 
production of "Motor vehicles" in Slovakia, second border crossing 

3. Target material "Fabricated metal products" from Germany found. As the chain 
starts with export for final demand and crosses two borders, the fourth line of Ta-
ble 21 applies. The type of supply chain activity is "C - complex GVC". 

The respective hierarchical table is listed her again, with the supply chain activity type 
indicators shown to the right of the product descriptions. 

Table 23 - DE Fabricated metal products for US Motor vehicles - all types of activity 

 

Source: own calculations, Wang et al. (2017), FIGARO-E3 (EC, Joint Research Centre, 2025) 

How to check, whether the derivation of the supply chain activity types according to the 
rules in Table 21 are in line with the matrix terms in Table 18? 

When decreasing the threshold for material consumption, e.g., from 50 M € to 0.1 M €, the 
coverage of total values according to the formulas in  increases from 66.9% to 90.9%. 
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With the lower threshold, instead of the 7 GVCs in the initial flowchart (Figure 26) and 
table (Table 23) now 983 GVCs are identified.  

 

Table 24 - Supply chain activity types: Total VA contribution vs. selected GVCs 

 

Source: own calculations, Wang et al. (2017), FIGARO-E3 (EC, Joint Research Centre, 2025) 

With these 983 GVCs, the coverage has substantially increased not only on average, but 
also for the three relevant supply chain activity types. 

There are no values in the category "D - pure domestic value chains", because the search 
for linking chains between "Fabricated metal products" from Germany as a material and 
"Motor vehicles" in the US as a finished product implies already crossing the border at 
least once. 

This is a check, not a proof. On the other hand, if the coverage in only one of the three 
relevant categories had exceeded 100%, that would have indicated a misattribution of at 
least one global value chain. 

 

  



Use cases – Input-Output Analysis and extensions  

J. Kammerath - Visual Network Decomposition (2026)  53 of 77 

3.4 Foreign-owned and domestic-owned enterprises 
In 2018, the Organization of Economic Cooperation and Development (OECD) started the 
publication of the Analytical AMNE (Activities of Multinational Enterprises) database 
(Cadestin et al., 2018). 

The AMNE database is consistent with the standard OECD ICIO tables with 41 industries 
and 76 countries plus an entry for the "Rest of the World". In addition, all information is 
subdivided into the shares of foreign-owned and domestic-owned firms5. 

In Wang et al. (2021), the decomposition by type of supply chain activity presented above, 
was extended to the OECD AMNE database. Visual network decomposition can follow 
this extension and provide additional insights based on the distinction between foreign-
owned and domestic-owned firms. This will be illustrated based on the data for 2020 in-
cluded in the 2024 edition of the OECD AMNE database (see OECD, 2025). 

In the AMNE database, for each country there are two sets of rows and columns by prod-
uct - one with the values for domestic-owned firms , one for foreign-owned firms. In the 
following, they will be distinguished by the letter "(D)" and "(F)" respectively. 

In technical terms, further calculations follow the same steps like for a standard MRIO 
table (see 3.1), just as if there were twice as many countries. Consequently, in the value 
added contribution margin aggregated by country there is a square field with 4 cells for 
each pair of countries: 

Table 25 - Value added contribution matrix with distinction of ownership 

 

Source: OECD AMNE database, OECD (2025), own calculations 

 
5 It should be mentioned, that parent companies of multinational groups of companies (MNE) are consid-

ered "domestic MNE" and as such are subsumed under "domestic-owned". Information about the  share 
of these domestic-owned MNE is provided by the OECD as additional information, but is not shown 
throughout the AMNE database. 



Use cases – Input-Output Analysis and extensions  

J. Kammerath - Visual Network Decomposition (2026)  54 of 77 

In Wang et al. (2021) the authors have applied the decomposition approach laid out in the 
previous segment (3.3) to the OECD AMNE Database. 

Formula (24) is extended according to the distinction by domestic and foreign ownership. 
This results in four times as many components - see Wang et al. (2021), p. 14, formula (5): 

𝑉̂𝐵𝑌̂ =  (25) 

𝑉̂𝐷𝐿𝑌̂𝐷
𝐿 + 𝑉̂𝐷𝐿𝑌̂𝐷

𝐸 + 𝑉̂𝐷𝐿𝐴𝐸𝐿𝑌̂𝐷
𝐿 + 𝑉̂𝐷𝐿𝐴𝐸(𝐵𝑌̂𝐷 − 𝐿𝑌̂𝐷

𝐿) (D → D)  

+𝑉̂𝐷𝐿𝑌̂𝐹
𝐿 + 𝑉̂𝐷𝐿𝑌̂𝐹

𝐸 + 𝑉̂𝐷𝐿𝐴𝐸𝐿𝑌̂𝐹
𝐿 + 𝑉̂𝐷𝐿𝐴𝐸(𝐵𝑌̂𝐹 − 𝐿𝑌̂𝐹

𝐿) (D → F)  

+𝑉̂𝐹𝐿𝑌̂𝐷
𝐿 + 𝑉̂𝐹𝐿𝑌̂𝐷

𝐸 + 𝑉̂𝐹𝐿𝐴𝐸𝐿𝑌̂𝐷
𝐿 + 𝑉̂𝐹𝐿𝐴𝐸(𝐵𝑌̂𝐷 − 𝐿𝑌̂𝐷

𝐿) (F → D)  

+𝑉̂𝐹𝐿𝑌̂𝐹
𝐿 + 𝑉̂𝐹𝐿𝑌̂𝐹

𝐸 + 𝑉̂𝐹𝐿𝐴𝐸𝐿𝑌̂𝐹
𝐿 + 𝑉̂𝐹𝐿𝐴𝐸(𝐵𝑌̂𝐹 − 𝐿𝑌̂𝐹

𝐿) (F → F)  

 
Diagonal matrices of value added coefficients and final demand are named 

𝑉̂𝐷 , 𝑌̂𝐷, 𝑌̂𝐷
𝐿, 𝑌̂𝐷

𝐸  for domestic-owned enterprises and 

𝑉̂𝐹 , 𝑌̂𝐹 , 𝑌̂𝐹
𝐿 , 𝑌̂𝐹

𝐸  for foreign-owned enterprises. 

In the visual network decomposition, the different types of supply chain activity are im-
plemented as separate matrices, while the distinction of ownership is reflected in addi-
tional rows and columns. As before, the analysis starts with the value added contribution 
matrix aggregated by country, this time for "S - Simple GVC": 

Table 26 - VACM by country and ownership, Simple GVC 

 

Source: own calculations based on OECD (2025), Wang et al. (2021) 
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In Table 26, rows and columns by the totals of both domestic-owned and foreign-owned 
enterprises in order to keep together the data for each country. 

As an example, the value added contribution of Chinese domestic-owned enterprises to 
the final demand produced by US domestic-owned firms or imported to the US directly 
for final use will be investigated. As a reminder, it should be mentioned again, that Chi-
nese and US parent companies of multinational enterprises are subsumed under domes-
tic-owned firms in China and in the US respectively (see footnote 5 on page 53). 

A double-click on the respective cell in the VACM by country leads to the report by in-
dustry: 

Table 27 - VA of CN domestic for US domestic firms by product, simple GVC 

 

Source: own calculations based on OECD (2025), Wang et al. (2021) 

The sum on the top left of the table matches the value that was just selected in the VACM 
by country. 

In the next step, special attention will be paid to the value added contribution of "Com-
puter, electronic and optical products" from Chinese domestic-owned companies to the 
final demand of "Motor vehicles, trailers and semi-trailers" produced by US domestic-
owned firms or imported for direct final use. 

A double-click on the respective cell in the VACM by product starts the generation of the 
flowchart (see Figure 27). Chart elements are explained in  

Figure 28. The assignment of the industries to domestic-owned or foreign-owned firms is 
represented by the letters "D" and "F" respectively, both in the code and after the country 
description. 

The five selected chains cover already 71% of the total value added contribution via "Sim-

ple GVC" according to the term 𝑉̂𝐷𝐿𝐴𝐸𝐿𝑌̂𝐷
𝐿  in equation (25), first line (D → D), third term. 
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Figure 27 - CN (domestic) Electronic products for US (domestic) Cars, Simple GVC 

 

Source: own calculations based on OECD (2025), Wang et al. (2021) 

 

Figure 28 - Find Linking Chains mode for OECD-AMNE: Flowchart legend 

 

 

Like in the previous segment (3.3), in the next step the flowchart is expanded to show all 
types of supply chain activity. The material consumption threshold is increased from 10 
M US$ to 50 M US$ to keep the flowchart at a reasonable size (see Figure 29). 

For both flowcharts - Figure 27 and Figure 29, hierarchical tables can be used again to 
trace calculation in detail. 
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Figure 29 - CN (domestic) Electronic products for US (domestic) Cars, total SCA types 

 

Source: own calculations based on OECD (2025), Wang et al. (2021) 

When decreasing the threshold to 0.01 M US$, 5578 chains are selected, covering 
84.9% of total values. The coverage by SCA type shows a similar pattern as in Table 24. 

Table 28 - OECD AMNE SCA types: Total VA contribution vs. selected GVCs 

 

Source: own calculations based on OECD (2025), Wang et al. (2021) 
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3.5 Endogenizing Value Added embodied in capital goods 
 

The initial approach of Input-Output analysis was focusing on intermediate material con-
sumption, while Gross Fixed Capital Formation (GFCF) as part of final demand and Con-
sumption of Fixed Capital (CDC) as a component of value added were considered as ex-
ogenous outputs and inputs. With increasing attention to energy use, it soon became ap-
parent that the energy content of final demand is undervalued if it does not also con-
sider the energy embodied in capital goods used in the various economic sectors. 

For the US, proposals to extend Input-Output analysis by including the use of capital 
goods were already referring to capital flow matrices published by the US Bureau of Eco-
nomic analysis, e.g. for 1963, 1967 and 1972 (see, e.g. Casler, 1981). 

Environmental extensions of Input-Output analysis were affected by the same potential 
bias when neglecting, e.g., the carbon footprint of capital goods used in production. 

Lenzen and Treloar (2004) compared two methods of capital endogenization6 - the aug-
mentation method with just one additional row and column for capital goods, and the flow 
matrix method with a full distinction of the use of capital goods by supplying and using 
industry. The latter takes much better account of the different factor intensity across sec-
tors, "but has the disadvantage of high data requirements" (p. 1). 

Södersten et al. (2018) have implemented the flow matrix method for the EXIOBASE MRIO 
model. A capital flow matrix was created with the column sums aligned with CFC. 

A recent study of Ye et al. (2025) applies the flow matrix approach to the calculation of 
Trade in Value Added (TiVA), using the OECD ICIO with newly constructed capital flow ma-
trices. 

In the context of capital endogenization, visual network decomposition again pro-
vides deeper additional insights about the driving global value chains, now including 
those caused by the use of capital goods. 

The method will be illustrated using the eurostat FIGARO database for 2021. For capital 
endogenization, a capital flow matrix for 2021 is used which was constructed and pub-
lished by Blain (2026) and which is compatible with the FIGARO database. 

This capital flow matrix 𝑪 is a square table with rows and columns by industry per coun-
try, just like the matrix of intermediate material consumption. In this version, column to-
tals are aligned with the values of CFC in value added. Row totals correspond, but are 
usually not equal to GFCF as part of final demand by suppling industry. In this way, the 
matrix provides a hypothetical breakdown of depreciation by industry supplying the re-
spective capital goods. 

 
6 The term "capital endogenization" as it is used here must be distinguished from "capital endogenization" 

in dynamic economic models, where it links economic growth to the demand for capital as a production 
factor. 
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Dividing each column of matrix 𝐶 by the output 𝑥 of the respective industry in the different 
countries gives the matrix of direct capital requirements: 

𝐾 = 𝐶𝑥̂−1  (26) 

Column sums of 𝐾 are equal to the ratio 𝑣𝑘  of depreciation to output, while the row sums 
of matrix 𝐶 are related, but not necessarily equal to the contribution 𝑦𝑘  of the different 
supplying industries to GFCF. The remaining elements of value added coefficients 𝑣 and 
final demand 𝑦 are referred to as 𝑣𝑟  and 𝑦𝑟  respectively: 

𝑣𝑇 = 𝑣𝑘
𝑇 + 𝑣𝑟

𝑇   (27) 

𝑦 = 𝑦𝑘 + 𝑦𝑟   (28) 

𝑣𝑘
𝑇 = 𝑒𝑇𝐾  (29) 

𝑦𝑘 = 𝐶 ∙ 𝑒 = 𝐾𝑥  (30) 

where 𝑒 and 𝑒𝑇are column and row vectors with ones. 

The basic Input-Output equation can now be transformed as follows: 

𝑥 = 𝐴𝑥 + 𝑦  (31) 

𝑥 = 𝐴𝑥 + 𝑦𝑘 + 𝑦𝑟 substituting (28) (32) 

𝑥 = 𝐴𝑥 + 𝐾𝑥 + 𝑦𝑟 substituting (30) (33) 

(𝐼 − (𝐴 + 𝐾)) 𝑥 = 𝑦𝑟  factoring out (34) 

𝑥 = (𝐼 − (𝐴 + 𝐾))
−1

𝑦𝑟 multiplying with inverse (35) 

An analog transformation can be applied to the price equation: 

𝑒𝑇 = 𝑒𝑇𝐴 + 𝑣𝑇  standard price equation (36) 

𝑒𝑇 = 𝑒𝑇𝐴 + 𝑣𝑘
𝑇 + 𝑣𝑟

𝑇  substituting (27) (37) 

𝑒𝑇 = 𝑒𝑇𝐴 + 𝑒𝑇𝐾 + 𝑣𝑟
𝑇 substituting (29) (38) 

𝑒𝑇(𝐼 − (𝐴 + 𝐾)) = 𝑣𝑟
𝑇  factoring out (39) 

𝑒𝑇 = 𝑣𝑟
𝑇(𝐼 − (𝐴 + 𝐾))

−1
 multiplying with inverse (40) 

From (40), the modified value added content matrix can be derived by right-hand mul-
tiplication with the new final demand diagonal and switching to the diagonal of the value 
added coefficient vector. It will replace 𝑊 introduced in equation (13): 

 𝑊𝑘 = 𝑣̂𝑟(𝐼 − (𝐴 + 𝐾))
−1

 𝑦̂𝑟   (41) 

 



Use cases – Input-Output Analysis and extensions  

J. Kammerath - Visual Network Decomposition (2026)  60 of 77 

It should be mentioned, that with this notation, value added embodied in exports for di-
rect final use is assigned to the producing country.  

How to set up the information for visual network decomposition? For the exploration of 
the effect of capital endogenization, GVCs caused by intermediate demand should be 
separated from those induced by the use of capital goods and the respective intermediate 
demands for the production of capital goods. 

For this reason, matrices 𝐴 for direct intermediate material requirements and 𝐾 for direct 
capital requirements will not just be added, but kept separate. To this end, additional col-
umns and rows are inserted representing the supply and the use of capital goods by sup-
plying (rows) and using (columns) country and industry. 

Figure 30 shows the extended MRIO coefficient matrix 𝐴𝑘  that will be used by the visual 
decomposition algorithm instead of the original matrix 𝐴 of direct material requirements. 
"𝐼" and "∅" denote the identity matrix and a matrix filled with zeros. 

 

Figure 30 - Extended MRIO table with separate matrices A and K 
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As shown in Figure 31, the search for backward linkages is not restricted any more to in-
termediate inputs (blue line), but includes the use of capital goods (red line). The grey line 
to the right establishes the connection between the use of a capital good and its produc-
tion via the identity matrix in the upper right part. The production of the capital good, in 
turn, creates further demands for intermediates and, again, other capital goods. 

 

Figure 31 - Component search in extended MRIO with endogenized capital 

 

 

When inverting the extended coefficient matrix 𝐴𝑘, the upper left submatrix of the result-

ing inverse 𝐵𝑘 is equal to the modified Leontief inverse (𝐼 − (𝐴 + 𝐾))
−1

in equations (35) 
and (41) on page 59. The structure of the extended inverse  is presented in Figure 32. 

The visual network decomposition algorithm uses this inverse as a benchmark for the cal-
culation of the coverage achieved with the selected global value chains. 
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Figure 32 - Inverse of the extended matrix with endogenized capital  

 

 

As an example, Figure 33 shows the direct an indirect consumption of electrical equip-
ment from Germany for the "manufacture of motor vehicles, trailers and semitrailers" (in 
the following "motor vehicles") in Germany. Due to the endogenization of capital con-
sumption, the flowchart includes: 

• direct and indirect intermediate consumption - marked with "(M)" 
• direct and indirect capital consumption - represented by red-bordered boxes 

marked with "(C)" 
• direct and indirect intermediate consumption for this capital consumption - rep-

resented by black-bordered boxes marked with "(C)" 

Since the analysis is based on an industry by industry perspective, all boxes refer to in-
dustries, not products. Although the underlying FIGARO table as well as the capital flow 
matrix are multi-country databases, with the threshold of 20 M € only domestic backward 
linkages have been selected. 
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Figure 33 - DE: electrical equipment for motor vehicles, with capital endogenization 

  

Source: own calculations based on data sources Eurostat (2025) and Blain (2026) 

 

For the explanation of the flowchart elements, please refer to Figure 20 on page 37. 

There are three cases of capital consumption (see red-bordered boxes) - motor vehicles 
themselves (box 6), machinery and equipment (box 11) and electrical equipment (box 17). 

In each of these cases, the first box to the right (boxes 6, 12 and 18 respectively) repre-
sents the production of these capital goods. Due to the instant inversion of the self-con-
sumption (see segment 2.2), the coefficients of direct consumption (to the left of the 
boxes, above the arrows) are greater than 1 in all three cases. 

For comparison, Figure 34 shows the same relationship without including capital con-
sumption. All red-bordered boxes representing capital consumption and the depending 
intermediate inputs disappeared. For comparability, the same final demand (produced) 
of motor vehicles was used, i.e. excluding GFCF aligned with CFC. 

The total direct and in direct consumption of electrical equipment shown in the flowchart 
with endogenized capital (692 M €) is 39.8% higher than in the chart with just intermediate 
consumption (495 M €). 
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Figure 34 - DE: electrical equipment for motor vehicles, w/o capital endogenization 

 

Source: own calculations based on data sources Eurostat (2025) and Blain (2026) 

 

The application of Visual Network Decomposition to the case of an Input-Output frame-
work with endogenized capital consumption confirms once again the advantages of this 
approach in terms of additional transparency and deeper understanding of the underlying 
value chain detail.  
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4 Conclusions and prospects 
 

Visual Network Decomposition of the Leontief inverse and derived indicators can be ef-
fectively used to gain deeper insights into the underlying network of backward and for-
ward linkages. The interactive application enables a flexible, exploratory approach to re-
veal the main driving value chains behind multipliers. 

The concept can be applied to both national and multiregional input-output frameworks. 
In addition to the standard input-output tables, the methodology can also be used to in-
vestigate extensions such as carbon footprint, decomposition by type of supply chain ac-
tivity, by foreign and domestic ownership or the endogenization of capital consumption. 

There are a number of possible directions for future research: 

▪ Dynamic analysis: For most national and global input-output tables, comparable 
time series allow for the examination of changes in the input-output network over 
time. Visual Network Decomposition can help identify those value chains that 
have the greatest impact on changes in multipliers. 

▪ While the starting point for the analysis so far has been the Value Added Contribu-
tion Matrix, the approach can also be applied to the decomposition of "Trade in 
Value Added (TiVA)" indicators (see section 3.1.2). The typical cases of double-
counting can be identified and visualized in the flowcharts of backward linkages. 

▪ National (Social) Accounting Matrices (NAM/SAM): Eurostat has recently 
started publishing National Accounting Matrices compatible with the FIGARO 
MRIO database (FIGARO-NAM, Pedauga et al., 2025). First tests with the NAM ta-
bles for selected countries have shown, that Visual Network Decomposition can 
provide a visual presentation of flows in a NAM framework and help to understand 
the driving paths behind NAM multipliers and their changes. 

▪ Revealing driving causal chains in econometric models: The application for 
NAM already goes beyond just intermediate and capital consumption by including 
income distribution, capital and financial flows. The biggest challenge in applying 
the Visual Network Decomposition approach to econometric models is that the 
latter contain a number of nonlinear equations. 

▪ Extending web-based dashboards: The Visual Network Decomposition applica-
tion "IOPathFinder" is currently a local stand-alone solution. A similar approach 
could be implemented as an extension of existing online dashboards, e.g., for TiVA 
indicators. 
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Appendix A – Implementation in Excel with Python integration 
 

From the very beginning in the 1980ies, then still as "Product Chain Analysis", the appli-
cation was intended for use by researchers and analysts as well as economists and 
experts in the different industries as an interactive tool (Kammerath, 1989). 

The early versions were developed in the C language under MS DOS. At that time it already 
used sparse matrix techniques similar to the CSC and CSR formats in today's 
"scipy.sparse" Python library. This made it possible to store the program with all data on a 
single 1.44 MB floppy disk for the Input-Output model with 625 products and later the 
Ownership tool with more than 50,000 companies and owners. The program was running 
on standard personal computers with 1 MB of RAM and less with sufficient response 
times, often less than a second. 

The version for the analysis of ownership and control soon became a Windows applica-
tion using the Windows API for flowcharts. This version was used by a renowned German 
business data publisher on their "Corporate Group database CD" over 14 years with more 
than 100,000 entries. Among the users were several consultancies, banks, insurance 
companies and industrial enterprises. 

For the analysis of global bills of materials (BOM) on corporate level, MS Excel was used 
with VBA for both flowchart generation and part of the calculations. Excel as a frontend 
very much contributed to the user acceptance. Due to the high number of products and 
materials (ca. 300,000), the traversal of the supply chains was executed mostly with re-
cursive SQL statements on fast servers with direct access, invoked from the Excel work-
book. 

The "IOPathFinder" development started in 2023 for the detailed US BEA tables with this 
Excel/VBA setup. When moving to MRIOs like the WIOD, then FIGARO and FIGARO-E3, the 
increasing matrix dimensions provided a clear motivation for switching to Python. After 
starting with standard numpy arrays, the scripts were soon recoded to sparse techniques 
of the scipy.sparse library. The efficient implementation of these libraries gives an amaz-
ing performance, thereby keeping the tool truly interactive with minimal response times. 

It was a deliberate decision to stay with MS Excel as the frontend to make the tool as user-
friendly as possible. The standard view is always a report, not an IDE like PyCharm or VS 
code. This keeps the focus on the content, with a flexible and transparent step-by-step 
analysis path. 

The core function of flowchart generation is implemented in VBA with more than 800 
lines of code. There is also a version with Python libraries networkx and matplotlib (see 
example in Appendix B). However, VBA offers much more flexibility when creating interac-
tive, pixel-perfect flowcharts with embedded complex numeric information, fully inte-
grated in MS Excel as collections of moveable connected shapes. 
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The application is calling Python via a Windows process execution call with a check for 
process completion (CreateProcessA). Beforehand, the location of Python, either 
standalone or with an Anaconda distribution, is detected, which works for most local in-
stallation setups.  

In each report, the respective Python scripts can be viewed. Error handling is supported 
by redirecting and displaying the output for both syntax and runtime errors. Even for the 
development standard IDE's were used only in exceptional cases. 

 

Figure 35 - Architecture of the Excel/Python interface 

 

Source: own development 

 

As a text editor, a program with syntax-highlighting like "NotePad++" is recommended. 

Microsoft recently released an Excel/Python Add-In. It allows to enter Python scripts in 
cells of a spreadsheet. The light version of this Add-In is free to use. For professional use 
with more complex scripts and, first of all, the necessary control of the sequence of cal-
culations, a separate subscription is required. Therefore, that was not an option. 

Nevertheless, the Microsoft Excel/Python Add-In is used by the author for the demonstra-
tion of certain Input-Output techniques with a Sample World Input-Output table (SWIOT) 
with 3 countries and 3 products (see Appendix B). 

The whole process of data preparation, starting with the download of original source files 
from data providers, is also included in the workbook. 
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Figure 36 - The Python Data Lab, part of the application workbook 

 

 

Figure 37 - Running the calculation of the Leontief inverse from the Data Lab 
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Figure 38 - Input-Output File-Explorer, part of the Python Data Lab 

 

 

The process of data preparation can look a bit different depending on the data source. For 
the US BEA table, e.g., the BEA web site in the past offered the total and domestic Leontief 
inverses, which had to be reinverted first to obtain the matrices of direct material require-
ments. For another Input-Output database, some data has to be converted from MATLAB 
"mat" files using the respective Python libraries. 

The Excel/Python interface with the Python Data Lab has proven to be very efficient. A new 
database can be integrated within a few days, if it follows the standard structure of an 
MRIO or of a national table with distinction of domestic and import material require-
ments. 
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Appendix B - A Sample World Input-Output Table 
For demonstration of different algorithms, a Sample World Input-Output Table with 3 
countries and 3 products was created. It follows the standard MRIO structure like WIOD, 
FIGARO, OECD-ICIO or EXIOBASE: 

Figure 39 - A Sample World Input-Output Table 

 

 

Figure 40 - Find Linking Chains with the Sample World Input-Output Table 
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Appendix C - VA contribution in a national Input-Output table 
This Appendix provides the formulas that underlie the tables related to the US model in 
section 2.4. 

In many standard national Input-Output tables, the matrix of direct material requirement 
coefficients is split into a domestic and an import part: 

𝑥 = 𝐴𝑥 + 𝑦 = 𝐴𝑥 + 𝑦𝑝 + 𝑦𝑖 − 𝑖  (42) 

𝑥 + 𝑖 = (𝐴𝑑 + 𝐴𝑖)𝑥 + 𝑦𝑝 + 𝑦𝑖   (43) 

Where 

𝑥 Vector of output by commodity 
𝑦 Vector of final demand by commodity 
𝑦𝑝 Vector of produced final demand by commodity 

𝑦𝑖  Vector of imported final demand by commodity 
𝑖 Vector of total import by commodity 

Matrices of direct material requirement coefficients: 
𝐴 total (domestic and import) 
𝐴𝑑  domestic (produced) 
𝐴𝑖  import requirements 

Split of equation (2) into the domestic (produced) and the imported part: 

𝑥 = 𝐴𝑑𝑥 + 𝑦𝑝  (44) 

𝑖 = 𝐴𝑖𝑥 + 𝑦𝑖   (45) 

Leontief inverse and Value Added contribution matrix for produced final demand: 

(𝐼 − 𝐴𝑑)𝑥 = 𝑦𝑝  (46) 

𝑥 = (𝐼 − 𝐴𝑑)−1𝑦𝑝  (47) 

𝑊𝑑 = 𝑣̂(𝐼 − 𝐴𝑑)−1𝑦̂𝑝  (48) 

Where 
𝑣̂ diagonal matrix of value added coefficients 

Import requirements for final demand of each commodity: 

𝑖 = 𝐴𝑖(𝐼 − 𝐴𝑑)−1𝑦𝑝 + 𝑦𝑖   (49) 

𝑊𝑖 = 𝐴𝑖(𝐼 − 𝐴𝑑)−1𝑦𝑝  (50) 
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Disclaimer 
 

The author bears the sole responsibility for all statements, reports, methods of calcula-
tion and definitions of indicators presented in this document unless otherwise stated. 

Multiregional and national Input-Output tables used as the database for this presentation 
are copyright of the publishing organizations referred to in the different sections (JRC of 
the EC, eurostat, OECD, US BEA, La Société Nouvelle). 

The publication of this paper does not imply endorsement by any of the organizations that 
published this underlying data. 

Images with no source specified are created by and copyright of the author. 

The software application "IOPathFinder" for Visual Network Decomposition was devel-
oped by the author independently, without any external assistance. 

Microsoft Excel® is a registered trademark of Microsoft Corporation. 
Python® and the Python Logo are trademarks of the Python Software Foundation. 
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