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ABSTRACT: A new triple UDL-factorization (U represents an upper-triangular block matrix, L represents a
lower-triangular block matrix, and D represents the diagonal block matrix) of the Leontief inverse is based on the
Schur block-inversion of matrices. This factorization is applied to the decomposition of the Leontief inverse for
input-output systems within a central place hierarchy of the Christaller-Lésch, Bekmann-McPherson type. Such a
factorization reflects the process of gradual complication of the central place hierarchy and the parallel
augmentation of backward and forward linkages within it. In this scheme the classical Miyazawa interrelation
income multipliers play the role of spatial backward and forward linkages multipliers within developing hierarchical
central place systems of towns, cities and central capital.

1. Introduction: The problem posed.

The idea to investigate the input-output relationship within the central place system is not a new
one. The necessity to combine together the hierarchical structure of central place system with
the input-output structure of the transaction flows within one unifying framework was stressed in
the programmatic paper of Isard (1960, p.141). The next attempt to mention some ideas of
central place theory useful for the description of the regional economic interaction was made by
Chalmers et al., 1978; however, no attention was directed to the intricate hierarchical structure of
central place systems. A more systematic treatment of this problem was undertaken by Robison
and Miller (1991). They used the rudimentary structure of (capital and neighboring cities) an
intercommunity central place system, without paying attention to the fine structure of the central
place hierarchy. The complexity of mathematical presentation was limited to the level of a

simple two-community two-order sub region level with one dominant central place.

In this paper, the theory of central place hierarchies and multi-regional input-output analysis will
be integrated. As a result, it will be possible to show in what way the decomposition of the
Leontief inverse for input-output central place systems reflects the process of complication of the

evolving hierarchy of central places. The main feature of the discussion is the interpretation of



the classical Miyazawa interrelational multipliers as spatial multipliers in the developing
structure of backward and forward linkages within a three-level hierarchical central place

systems of towns, cities and central capital.

In the next section, the description of the central place system will be provided. Section 3 will
apply a triangular decomposition of the Leontief inverse for an input-output based central place
system. Sections 4 and 5 provide the decomposition for a top-down and a bottom-up system.
Section 6 introduced the Miyazawa income-consumption distribution framework that is then
integrated into the central place system in section 7. The fine structure of this distribution is
revealed in section 8 and the paper concludes with some reflections on challenges for empirical

implementation.

2. Structure of the Classical Central Place System.

The spatial description of the original Christaller central place model is based on three generic

geometric properties of central places associated this central place system (see Sonis, 1986):

1. The first property is that all hinterland areas of the central places at the same hierarchical
level form a hexagonal covering of the plane with the centers on the homogeneous triangular

lattice;

2. The second property is that the size of the hinterland areas increases from the smallest
(on the lower tier of the central place hierarchy) to the largest (on the highest tier of hierarchy)
by a constant nesting factor k. This nesting factor expresses one of the Christaller’s three

principles, namely, marketing (k=3), transportation (k=4) and administrative (k=7) principles;

3. The third property is that the center of a hinterland area of a given size is also the center

of an hinterland of each smaller size (Christaller, 1933, Sonis, 1985)

The Beckmann-McPherson (1970) central place model differs from the Christaller framework by
applying variable nesting factors and by using the Ldshian principle of all possible coverings of
the plane by hexagons of variable integer sizes. Their centers are the vertices of the initial
Christaller triangular lattice (Losch, 1940).



In this paper a stylized example of the Beckmann-McPherson three tier Central place system will

be used, including an urban hierarchy of single largest Central place K and the hierarchical levels
including towns T ={T,,T, T,,T,,T,,T,} and intermediate cities C ={C,,C,,C;,C,,C,,C;} (see

figure 1). (The reader should not associate the properties of real towns and cities to the central
places in this stylized example.). Finally, the system is assumed to be for a closed economy with

just one complete hierarchy; hence, there is no external trade.

<<insert figure 1 here>>

3. The Application of the Triangular Decomposition of Leontief Inverse for
the Analysis of the Input-Output Central Place System
To begin, the central place spatial organization of settlements is set aside and only the hierarchy

and the flow of intermediate goods between these three hierarchical levels will be considered. In

such a case, the matrix of direct inputs can be presented in the form:

A Ac Ay
A=|Ar Ac Ax 1)
Ac Ac A

For the analysis of such an input-output system, the following structure of the Leontief inverse
B :(I - A)ﬁ1 will be used together with the a triangular decomposition (cf Sonis and Hewings,
2000):
| B I AcBee (T) AnBi (T)
B=(1-A)"=[B%(T)A: | BZ.(T) | Aok By )
BiK (T)AIiT BK AKC I BK I
where the Leontief inverses of the economies on the three separate hierarchical levels of the

Beckmann-McPherson Central place system are:

BT:(I_ATT);BC:(I_A\:C);BK:(I_AKK) (3)



Further, the input-output partial central place system, including only two hierarchical levels of
central city K and intermediate cities C and not including the level of towns T, corresponds to the

block matrix of direct inputs

Acc A
= 4
(U ®

Its Leontief inverse

(M)=[1-AMT - {BEEU(/IK) e ©

includes the components

B2 (T)=[1-Acc ~ A BcAcc ] 3B (T)=[1 - A — AccBcAx | (6)

The triangular decomposition (see Sonis and Hewings, 2000, p.571)

), 50 ]

L=

allows interpretation of the component BZ.(T)as an extended Leontief inverse of the

(7)

hierarchical level of intermediate cities C under the influence of the central city K. The

backward and forward linkages together generate the feedback loop of the form:

K—->C->K

<insert figure 1 here>

The augmented inputs representing the coinfluence of different hierarchical levels (see Sonis and
Hewings, 1998) have a form:

A?c :ATC+ATKBKAKC;AT3K = A + AcBc A
AéTz'AbT"‘AbKBKAKT;ACSK:AbK"'ACTBTArK (8)
ATSC =Aq +AKchAbT;A1ic =Ac + A Br A



Moreover, the component

-1

B?T:[I_ATT_ATCBCZJC(T)AEST_ATKBEK(T)A;,T] (9)
represents the extended Leontief inverse of the hierarchical level of towns, T, under the influence

of the central city K and the intermediate cities C .

In the triangular decomposition (2) the lower triangular matrix

| |
L= Béc (T ) AéT I =| Ler | (10)
Ba (T)AY BeAe 1| Lhr Lie |

represents the backward linkages of all three hierarchical levels such that the second block

column of L:
0 0
| = |
BK AKC LKC

represents the new backward linkages of the subsystem of two hierarchical levels of central city
K and intermediate cities C appearing as a result of adding to the economics of central city K the

economics of intermediate cities C; the first column of the matrix L :

| |
Béc (T ) AiT = LCT
BIiK (T ) AliT Lyr

represents the extension of the backward linkages within the system C appearing as a result of
further extension of to the economics of central city K and intermediate cities C with the help of

adding the economy of hierarchical level of the towns T.

Analogously, the upper triangular matrix

TK

| ALBL(T) ABL(T)] [1 Uy U
| U (11)
I

U= | A By =
I



represents the growing system of forward linkages within the augmenting system of all three

hierarchical levels.

The backward and forward augmentation of linkages can be presented with the help of following

spatial scheme:
<Insert here scheme>
In this scheme three feedback loops of spatial economic dependencies:

Co>T->C
K—->T->K
K—->C->K

The diagonal block matrix
B,
D= B (T) (12)
BK

represents the Leontief inverse of the hierarchical level of the central city K and the extended
Leontief inverses corresponding to the augmentation of the level K to the two hierarchical levels
K,C and to the three hierarchical levels K, C, T.

The augmentation of the backward and forward linkages in three-tier hierarchical system is
presented in figure 2. This figure presents the stages of development of the Central Place system
starting from one central place (capital) and gradually expending to two hierarchical levels
(capital and neighboring cities) and further, to three hierarchical levels (capital, neighboring

cities and surrounding towns)
< insert figure 2 here>

In the two following sections, the decomposition will be presented for a top-down and bottom up

central place model respectively.

4. Decomposition of Leontief Inverse for Input-Output “top-down” Central
Place Model



If the forward linkages in the system K ,C, T are negligible, i.e. the matrix of direct inputs will

have the form

A 0 0
A=|A; Ac O (13)
Ao Ac A

then the triangular representation (2) will include only backward linkages:

! B,
B=|B.A | B (14)
BK (AKT +AKC Bc AbT ) BK AKC I BK

This decomposition corresponds to the circulation of flows of intermediate flows within the
central places and to the case of “top-down” transaction flows where each central place includes
the same structure of industries and is sending “transaction flows” of direct inputs to each
dependent central place within its own hinterland area and exchanging production with the

central places of the same hierarchical tier.

5. Decomposition of the Leontief Inverse for Input-Output “bottom-up”
Central Place Model

The “bottom-up” system of transaction flows corresponds to the case of negligible backward

linkages with the following block-matrix of direct inputs:

A Ac Ay
A=l 0 Ac Ax (15)
0 0 Ak
The corresponding triangular decomposition of the Leontief inverse will include only forward
linkages:
BT I (ATC+ATKBKAKC)BC ATKBK
B= B. | A By (16)

B, !



The block-structure form of the triangular decomposition (2) allows the incorporation of the fine
structure of the spatial economic dependencies between central places within different
hierarchical levels. Each such specifications of this fine structure can be incorporated into the
triangular decomposition (2). Next, consideration will be given to the income generated from
production and the impact of its expenditures on goods and services produced in the system.
While exchange in production need not be hierarchical, it will be assumed that consumption of
goods is made according to the usual central place principles of seeking the good at the nearest

place.

6. Miyazawa Income-Consumption Distribution in the Input-Output Model.

Miyazawa (1968, and 1976 for the most complete exposition) introduced the matrix model:
X A C| X f
= + a7
Y V 0]lY g

A C
with a block matrix M :{V O} for the analysis of the interrelationships among various

income groups in the process of income formation. In the Miyazawa interpretation, the matrix

A represents the inter industry direct inputs; vector x is gross output, vector f is final demand

excluding consumption expenditures), vector Y represents the total income, the matrix V
represents the value-added ratios of household sectors; and the matrix C represents the

coefficients of consumption expenditures. Miyazawa considered the usual Leontief

interindustry inverse B = (1 - A)™; the matrix multiplier VB showing the induced income earned

from production activities among industries; the matrix multiplier BC showing the induced
production due to endogenous consumption (per unit of income) in each household sector; the
matrix multiplier L=VBC showing interrelationships among incomes through the process of
propagation from consumption expenditures.

The matrix K =(I - L)'1 =(1-VBC)™ is interpreted as the interrelational income multiplier, and

the matrix multiplier KVB is interpreted as the matrix multiplier of income formation.

Further, the following Frobenius-Schur form:



B,=(l-A-CV)* (18)

may be referred to as the enlarged Leontief inverse; its properties are:

KVB =VB,; BCK =B,C (19)

A C
For the Miyazawa income generation scheme based on block matrix M = [V O} the Leontief

block-inverse has the following decomposition that separates the backward and forward linkages

effects:

1 B. B.C B, BCK
B(M) = (1-M)" = [VB K }{KVB K } (20)

The structure of the interconnection between the interrelational income multiplier K and the

enlarged Leontief inverse B, can be seen and interpreted from the following formula:
K=1+VB,.C (21)

where the enlarged matrix multiplier L, =VB,C shows the interrelationships among incomes

through the process of enlarged propagation from consumption expenditures.

Next, the fundamental UDL-factorization

B(M) = (1-M)" = [KE\);B BEK} [:) Bﬂ[i E}{VIB (I)} (22)

separates multiplicatively the induced income earned from production activities among
industries VB and the induced production due to endogenous consumption (per unit of income)
in each household sector BC from the industrial production activities. In this factorization, the
interrelational income multiplier, K, appears explicitly and the enlarged Leontief inverse, B,,
appears implicitly. The structure of the interconnection between the enlarged Leontief inverse,

B. , and the interrelational income multiplier, K, can be seen and interpreted from the following

formula:

B, = B+ BCKVB (23)



7. Miyazawa Income-Consumption Distribution in Input-Output Central
Place Model

The Miyazawa income-consumption distribution in the input-output hierarchical central place

model can be presented with the help of the following matrix:

_ATT ATC ATK CT " _

Mol A A A Cof |AC 24)
Ac Ac A« G| |V
Vv, V. V|

where the matrix A is the block matrix of direct inputs on different hierarchical levels of towns,
cities and capital city, V= (VT V. VK) represents the income corresponding to the different
C

sectors in towns, cities and capital city and C =| C_ | represents the consumption in the central
C

T

K
place hierarchy. Analogously to formula (2), the following formula provides the following triple

decomposition:

B(M)=
1 I Dr I U Ugg | Cr
~ | Ler | D¢ I U | Cc
| Ler Lee | Dy | I Cx (25)
Vi Ve Vg | | | | |

fo 7]

where induced income and induced production are



VL=(V; Vo Vi) Ler = (Vg +VgLer +Vi Ly Ve +ViLr Vi)

L, L I
KT KC (26)
I CT CT
UC=|U, I C. |= U, C; +C,
Ug Uk TGk Uir G +U, G +Cy
Therefore, the Miyazawa interrelation income multiplier (see 23) will have the form:
| D, ! C,

K=1+(V; Vo V)| Ly | D. Uy | Cc |=

I‘KT LKC I DK U KT U KC I CK (27)

D, C,

= (VT +VC LCT +VK LKT VC +VK I‘KT VK) DC UCTCT +CC

Dy ||UC; +U.Cc +C,

Analogously to the spatial feedback loop interpretation of the formula (2), the Miyazawa
interrelation income multiplier can be interpreted as spatial multiplier in the central place input-

output system.

8. The Fine Structure of the Miyazawa Income-Consumption Distribution in

Input-Output Central Place Model

Next, a simple case of the structure will be presented that includes, the circulation of flows of
intermediate goods within the central places and the “top-down” structure of the transaction

flows between the dependent central places only. Such a structure is presented in figure 2.
<insert figure 2 here>

This scheme generalizes slightly the usual assumption of classical central place theory
demanding that both income earned from production and consumption expenditures from this
income will be concentrated in same location. The corresponding block-matrix of direct inputs

reflecting the central place hierarchy of such system has a form:



A
A=| A
Acr

aT1T1

aCle

L aKTl

A
Acc
A

aTsz

acsz

aCst

a KT,

A
A |=
Ak
aT3T3
aT4T4
aC3T3
a1, A,
aC5T4
Ar, &,

aTsTs
aTeTe
aC1T6
aC5T5
aCsTs aCsTe
Ar, A,

Acc,

e,

Ac,c,

Ayc,

Ac,c,

Axc,

Ac,c,

Axc,

Ac,c,

Ak,

Ac,c,

Ak,

A |

(28)

The LD-substructure of the Leontief inverse for this input-output central place system has a form

drawing on (14) that is as follows:

LD =| B,

Acr

BK (AKT +AKC BCAbT) BK AKC I

where

by,
br,r,
bryr,
br,r,

stTs

bTeTe i

(29)



_bClCl _
bczc2
b
B. = % (30)
bcz‘c4
b0505
L bcece i

where

-1 -1 .
bTiTi =(I _aTiTi) ;bCiCi =(I _aCiCi) ’I:l’z”6 (31)
and

i bclcl aCITl bClcl aC1T1 |

C.C, aCITl bclcl aClTl
BC Ab-r _ bclcl aClTl bclcl aClTl 1 (32)
bclcl aClTl bclcl aClTl

bclcl aClTl bclcl aClTl

beccr,  Boc ey, |

BK AiT = BK (AKT + AKC Bc AKC) = (bKTl bKT2 bKT3 bKT4 bKT5 bKTG)

33
where bKTi = BK (aKTi + e, bcici ar t aKchcMcH1 ac..m ),i =12,..,5, (33)
and bKT6 =By (aKT6 + a‘KclelClaclTG + 8y, bcacﬁ aCGTG)
By Acc = ( By Ake, By Akc, By Akc, By Akc, By Ak, By aKCG) (34)

So the places of non-zero blocks in the matrix L of the backward linkages can be seen on the

following scheme:



® ® | (35)
® ®
® ®
®

®
®

®
® ®

1 ® ¥ ® ® ® ® ® ® @ ® &

corresponding to the scheme of backward linkages that was described in figure 2.

The structure of the income generation in this input-output central place system is given by
following diagonal matrix reflecting the income generation within towns, cities and the central

city:

VTGTG

<l
I

ve,c, (3 6)

VCZCZ
Ve e,
vc,c,
Ve,C,
VC,Cs

VKK |

The consumption in this central place system is given by the following matrix whose block
structure reflects the “bottom-up” spatial organization of consumption in which the income

generated in the towns, cities and capital is spent also in the neighboring central places:



orm
CT2T1

T
C=|tm

CCGTI

| °KT,

on,
CTZTZ
CT3T2

CCITZ
c,T,

CkT,

CT,T
CT,T,
CT.T

€Ty
CC3T3

CKT,

CT3T4
CT4T4
oryT,

CeyT,
Cc,T,

CKT,

CT.Ts
C1:Ts
CTeTs

Cc,T,
CceTs

CKTy

1T,

CTsTe
CTETG

CCqTs
CCETG
CKT,

e,
CTZ Cl

CCICI

Cke,

CTZ C 2
CT3c2

tc,c,

Cke,

CT,Cs
CT,Cs

CC3C3

CKeC,

CT4C4
CTsCs

Cc,c,

Cke,

CTCs
CTGCG

€CsCs

CKC,

CT,Cs

CT1T1

€CeCs
CKCq

CT.K

CT,K
CrK
C1,K
CT,K
CTeK
CcK
Cc,K
Cck
Cc,K
Cc.K
CcgK

CKK |

(37)

The formulae (24-37) include all blocks of the Miyazawa interelational income multiplier (27)

and can be used for its analysis.

9. Conclusions

In this paper the attempt is described to unify two central theories in the regional science: the

classical input-output theory of Leontief and the classical Christaller-Losch central place theory.

The considerations are presenting the elaboration of complete theoretical framework for such

unification. It is expected that the proposed theoretical methodology will be useful for the

analysis of organization of the production economics in geographical space.
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